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Abstract—This paper considers a Gaussian multiple-access
channel with random user activity where the total number
of users ¢, and the average number of active users k, may
grow with the blocklength n. For this channel, it studies the
maximum number of bits that can be transmitted reliably per
unit-energy as a function of ¢, and k,. When all users are
active with probability one, i.e., ¢/, = k,, it is demonstrated
that, if k,, is of an order strictly below n/logn, then each user
can achieve the single-user capacity per unit-energy (loge)/Ny
(where Ny/2 is the noise power) by using an orthogonal-access
scheme. In contrast, if k, is of an order strictly above n/logn,
then the users cannot achieve any positive rate per unit-energy.
Consequently, there is a sharp transition between orders of
growth where interference-free communication is feasible and
orders of growth where reliable communication at a positive
rate per unit-energy is infeasible. It is further demonstrated
that orthogonal-access schemes in combination with orthogonal
codebooks, which achieve the capacity per unit-energy when the
number of users is bounded, can be strictly suboptimal.

When the user activity is random, i.e., when ¢,, and %, are
different, it is demonstrated that, if %, log ¢, is sublinear in n,
then each user can achieve the single-user capacity per unit-
energy (loge)/No. Conversely, if k,log/, is superlinear in n,
then the users cannot achieve any positive rate per unit-energy.
Consequently, there is again a sharp transition between orders
of growth where interference-free communication is feasible and
orders of growth where reliable communication at a positive
rate is infeasible that depends on the asymptotic behaviors of
both ¢, and k,. It is further demonstrated that orthogonal-
access schemes, which are optimal when all users are active with
probability one, can be strictly suboptimal in general.

Index Terms—Capacity per unit-energy, many-access channel,
multiple access, random access.

I. INTRODUCTION

HEN et al. [1] introduced the many-access channel
(MnAC) as a multiple-access channel (MAC) where the
number of users grows with the blocklength and each user is
active with a given probability. This model is motivated by
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systems consisting of a single receiver and many transmitters,
the number of which is comparable or even larger than the
blocklength. This situation may occur, e.g., in a machine-
to-machine communication scenario with many thousands of
devices in a given cell that are active only sporadically. In [1],
Chen et al. considered a Gaussian MnAC with ¢,, users, each
of which is active with probability a,, and determined the
number of messages M,, each user can transmit reliably with
a codebook of average power not exceeding P. Since then,
MnACs have been studied in various papers under different
settings.

An example of a MAC is the uplink connection in a cellular
network. Current cellular networks follow a grant-based access
protocols, i.e., an active device has to obtain permission from
the base station to transmit data. In MnACs, this will lead to a
large signalling overhead. Grant-free access protocols, where
active devices can access the network without a permission,
were proposed to overcome this [2]. The synchronization issues
arising in such scenarios have been studied by Shahi er al. [3].
In some of the MnACs, such as sensor networks, detecting
the identity of the device that sends a particular message
may not be important. This scenario was studied under the
name of unsourced massive access by Polyanskiy [4], who
further introduced the notion of per-user probability of error.
Specifically, [4] analyzed the minimum energy-per-bit required
to reliably transmit a message over an unsourced Gaussian
MnAC where the number of active users grows linearly in the
blocklength and each user’s payload is fixed. Low-complexity
schemes for this setting were studied in many works [5]-[9].
Generalizations to quasi-static fading MnACs can be found
in [10]-[12]. Zadik et al. [13] presented improved bounds on
the tradeoff between user density and energy-per-bit for the
many-access channel introduced in [4].

Related to energy per-bit is the capacity per unit-energy C,
which is defined as the largest number of bits per unit-energy
that can be transmitted reliably over a channel. Verdd [14]
showed that C' can be obtained from the capacity-cost function
C(P), defined as the largest number of bits per channel use
that can be transmitted reliably with average power per symbol
not exceeding P, as

- c(pP)
C = sup —=.
pso P

For the Gaussian channel with noise power Ny/2, this is
equal to log ©. Verdd further showed that the capacity per unit-
energy can ’be achieved by a codebook that is orthogonal in
the sense that the nonzero components of different codewords
do not overlap. Such a codebook corresponds to pulse position
modulation (PPM) either in time or frequency domain. In
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general, we shall say that a codebook is orthogonal if the inner
product between different codewords is zero. The two-user
Gaussian multiple access channel (MAC) was also studied
in [14], and it was demonstrated that both users can achieve
the single-user capacity per unit-energy by timesharing the
channel between the users, i.e., while one user transmits the
other user remains silent. This is an orthogonal-access scheme
in the sense that the inner product between codewords of
different users is zero.! To summarize, in a two-user Gaussian
MAC, both users can achieve the rate per unit-energy I(I)\%
by combining an orthogonal-access scheme with orthogonal
codebooks. This result can be directly generalized to any finite
number of users.

The picture changes when the number of users grows without
bound with the blocklength n. In this paper, we consider a
setting where the total number of users ¢,, may grow as an
arbitrary function of the blocklength and the probability .,
that a user is active may be a function of the blocklength, too.
The contributions of this paper are as follows:

1) We consider the capacity per unit-energy of the Gaussian
MnAC as a function of the order of growth of users when
all users are active with probability one. In Theorem 1,
we show that, if the order of growth is above n/logn,
then the capacity per unit-energy is zero, and if the order
of growth is below n/logn, then each user can achieve
the singe-user capacity per unit-energy kj’vgoe. Thus, there
is a sharp transition between orders of growth where
interference-free communication is feasible and orders
of growth where reliable communication at a positive
rate is infeasible. We further show that, if the order of
growth is proportional to n/logn, then the capacity per
unit-energy is strictly between zero and 1‘;\%. Finally, we
show that the capacity per unit-energy can be achieved
by an orthogonal-access scheme.

2) Since an orthogonal-access scheme in combination with
orthogonal codebooks is optimal in achieving the capacity
per unit-energy for a finite number of users, we study the
performance of such a scheme for an unbounded number
of users. In particular, we characterize in Theorem 2 the
largest rate per unit-energy that can be achieved with an
orthogonal-access scheme and orthogonal codebooks. Our
characterization shows that this scheme is only optimal if
the number of users grows more slowly than any positive
power of n.

3) We analyze the behavior of the capacity per unit-energy of
the Gaussian MnAC as a function of the order of growth
of the number of users for the per-user probability of
error which, in this paper, we shall refer to as average
probability of error (APE). In contrast, we refer to the
classical probability of error as joint probability of error
(JPE). We demonstrate that, if the growth is sublinear, then
each user can achieve the capacity per unit-energy kj’\%

of the single-user Gaussian channel. Conversely, if the

growth is linear or superlinear, then the capacity per unit-

Note, however, that in an orthogonal-access scheme the codebooks are
not required to be orthogonal. That is, codewords of different codebooks are
orthogonal to each other, but codewords of the same codebook need not be.
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energy is zero (Theorem 3). Comparing with the results in
Theorem 1, we observe that relaxing the error probability
from JPE to APE shifts the transition threshold separating
the two regimes of interference-free communication and
no reliable communication from n/logn to n.

4) We consider MnACs with random user activity. As before,
we consider a setting where the total number of users
£, may grow as an arbitrary function of the blocklength.
Furthermore, the probability «,, that a user is active may
be a function of the blocklength, too. Let &k, = o, ¢,
denote the average number of active users. We demonstrate
in Theorem 7 that, if k, log/, is sublinear in n, then
each user can achieve the single-user capacity per unit-
energy. Conversely, if k, log ¢, is superlinear in n, then
the capacity per unit-energy is zero. We also demonstrate
that, if k, log/¢, is linear in n, then the capacity per
unit-energy is strictly between zero and loge

5) We show in Theorem 8 that orthogonal-access schemes,
which are optimal when «,, = 1, are strictly suboptimal
when «,, — 0. In Theorem 9, we then characterize the
behavior of the random MnAC under APE.

6) We conclude the paper with a comparison of the setting
considered in this paper and the setting proposed by
Polyanskiy in [4]. Since an important aspect of the
Polyanskiy setting is that the probability of error does
not vanish as the blocklength tends to infinity, we briefly
discuss the behavior of the e-capacity per unit-energy,
i.e., the largest rate per unit-energy for which the error
probability does not exceed a given e. For the case where
the users are active with probability one, we show that, for
JPE and an unbounded number of users, the e-capacity
per unit energy coincides with C. In other words, the
strong converse holds in this case. In contrast, for APE,
the e-capacity per unit-energy can be strictly larger than
C, so the strong converse does not hold.

The rest of the paper is organized as follows. Section II
introduces the system model and the different notions of
probability of error. Section III presents our results for the case
where all users are active with probability one (‘“non-random
MnAC"). Section IV presents our results for the case where the
user activity is random (“random MnAC"). Section V briefly
compares our results with those obtained in [4] under non-
vanishing probability of error. Section VI concludes the paper
with a summary and discussion of our results.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Model and Definitions

Consider a network with ¢ users that, if they are active, wish
to transmit their messages W;,7 = 1,...,¢ to one common
receiver, see Fig. 1. The messages are assumed to be inde-
pendent and uniformly distributed on M) £ {1, .. M,(f’)}.
To transmit their messages, the users send a codeword of
n symbols over the channel, where n is referred to as the
blocklength. We consider a many-access scenario where the
number of users ¢ may grow with n, hence, we denote it as
£,. We assume that a user is active with probability «,,. We
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denote the average number of active users at blocklength n by
kn, 1., kn = aply,.

Let U,, denote the set of active users at blocklength n,
defined as

A . .. .
U, ={i=1,...,0, :user i is active}.

We consider a Gaussian channel model where the received
vector Y is given by

Y=Y xi(W,

ield,

Here, x;(W;) is the length-n transmitted codeword from user
i for message W;, and Z is a vector of n i.i.d. Gaussian
components Z; ~ N(0,Ny/2) (where N (u,0?) denotes
the Gaussian distribution with mean p and variance o?)
independent of X; 2 x;(W;). The decoder produces an
estimate of the users that are active and estimates their

transmitted messages.

ey

Wi

Z

(Zj ~ N (0, No/2))

Fig. 1. Many-access channel with ¢,, users at blocklength n.

There are different ways to define the overall probability
of error. Let Z/{n and W denote the decoder’s estimates of
the set of active users and the message transmitted by user
i, respectively. Further let D denote the event that the set
of active users was detected erroneously, i.e., that ZJ #+ Uy,
and let M denote the event that W; # W; for some i € U,
(where we set W; = 0 for every i ¢ U,). One possibility to
measure the likelihood of these two events is via the probability
of error

P™ = Pr(Dp U Mp). )

Another possibility is to consider
P — max(Pr(Dg), Pr(Mg)). (3)
These probabilities are related through the inequality

P < P < opM [ndeed, the first inequality follows since
Pr(Dg U Mpg) > Pr(Dg) and Pr(Mg U Mg) > Pr(Mg).
The second inequality follows because, by the union bound,
P < Pr(Dg) + Pr(Mg) < 2P So, in general, P s
more optimistic than Pe(” . However, if we wish the probability
of error to vanish as n — oo, then the two definitions are
equivalent since Pe(n) vanishes if, and only if, Pég,z vanishes.

In this paper, we will mainly consider the more pessimistic
definition of probability of error Pe(n). For this definition, one
can model an inactive user by an active user that transmits
message W; = 0 and an encoder that maps the zero message
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to the all-zero codeword. The decoder then simply guesses the
transmitted messa, d ili M) is gi

ge, and the error probability e’ is given
by the probability that the decoder’s guess W; is different
from W;. Mathematically, this can be described as follows. We
enhance the message set to

M, 2 M U0}
and define the distribution of the i-th user’s message as
PE(IV, 1—a,, w =20 4
r{Wi = w} = 225, we{l,..., Py @

We assume that the codebook is such that message 0 is mapped
to the all-zero codeword. Then, the channel model (1) can be
written as

ln
=1

We next introduce the notion of an (n, { My ¢ )} {E( },€) code.
Definition 1: For 0 < ¢ < 1, an (n, { M}, {E{’}, €) code
for the Gaussian MnAC consists of:
1) Encoding functions f; {0,1,..., M,(f)} - R~

1 =1,...,¢, which map user ’s message to the codeword
x;(W;), satisfying the energy constraint

j=1

with probability one  (5)

where z,;;(W;) is the j-th symbol of the transmitted
codeword. We set z;;(0) =0, j =1,...,n for all users
i=1,....0,.

2) Decoding function g : R® — {0,1,.. .,Mr(ll)} X ... X
{0,1,..., M,(f”)} which maps the received vector Y to
the messages of all users and whose probability of error
Pe(") satisfies

Pe('n) 2 Pr{g(Y)# (Wy,...,W;, )} <e.

Note that the probability of error in (6) is equal to Pe(")
defined in (2). Indeed, the event g(Y) # (Wh,..., Wy, ) occurs
if, and only if, there exists at least one index i = 1,...,¢,
for which Wi =% W;. This in turn implies that either event
Dg occurs (if W; = 0) or event Mg occurs (if W; # 0).
Conversely, if the event Dy U Mg occurs, then there exists
either some i ¢ U,, for which WZ # 0 or some i € U,, for
which W, # W;. Consequently, there exists at least one index
i=1,...,¢, for which Wi % W;. It follows that the events
9(Y) # (Wq,...,W,,) and Dg U Mg are equivalent.

We shall say that the codebook of user i is orthogonal
if the inner product between x;(w) and x;(w’) is zero for
every w # w', where w,w’ = 1,..., M. Similarly, we
shall say that an access scheme is orthogonal if, for any two
users ¢ and j, the inner product between x;(w) and x;(w’)
is zero for every w = 1,...,M7(Li) and w’ .,M,Sj).

n (n, {M,(L')},{E,(L')E,e) code is said to be symmetric if
M =M, and B = E, for all i = 1,...,¢,. For
compactness, we denote such a code by (n, M,, E,,¢). In
this paper, we restrict ourselves to symmetric codes.

(6)
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Definition 2: For a symmetric code, the rate per unit-energy
R is said to be e-achievable if for every ¢ > 0 there exists
an ng such that, if n > ng, then an (n, M, E,L, €) code can
be found whose rate per unit-energy satisfies log » > R—4.
Furthermore, R is said to be achievable if it is e- achlevable for
all 0 < e < 1. The capacity per unit-energy C is the supremum
of all achievable rates per unit-energy. The e-capacity per
unit-energy C. is the supremum of all e-achievable rates per
unit-energy.

Remark 1: In [14, Def. 2], a rate per unit-energy R is said to
be e-achievable if for every o > 0 there exists an F such that,
if E > Ey, then an (n, M, E, ¢) code can be found whose rate
per unit-energy satisfies logTM > R — o Thus, in contrast to
Definition 2, the energy E is required to be larger than some
threshold, rather than the blocklength n. For the MnAC, where
the number of users grows with the blocklength, we believe
it is more natural to impose a threshold on n. Definition 2
is also consistent with the definition of energy-per-bit in [4],
[13]. Further note that, for the capacity per unit-energy, where
a vanishing error probability is required, Definition 2 is in fact
equivalent to [14, Def. 2], since Pe(”) — O only if E,, — o0
(see Lemma 4 ahead).

Remark 2: Many works in the literature on many-access
channels, including [4], [5], [10]-[13], consider a per-user
probability of error

P&~ ZPr{W £ Wi} (7)

rather than the probability of error in (6). In this paper, we
shall refer to (6) as joint error probability (JPE) and to (7) as
average error probability (APE). While we mainly consider

the JPE, we also discuss the capacity per unit-energy for APE.

To this end, we define an (n, {M,(L‘)}, {Efl')}, €) code for APE
with the same encoding and decoding functions described in
Definition 1, but with the probability of error (6) replaced
with (7). The capacity per unit-energy and the e-capacity per
unit-energy for APE, denoted by C# and CGA respectively, are
then defined as in Definition 2.

B. Order Notation

Let {a,} and {b,} be two sequences of nonnegative real

numbers. We write a,, = O(b,) if limsup,,_,, 3= < oo.

Similarly, we write a, = o(b,) if lim, . 7= = 0, and

n = Q(b,) if liminf = > 0. The notation a,, = ©O(b,)
n— o0 n

indicates that a,, = O(b,
an = w(by) if lim 3
n—oo

) and a,, = Q(b,,). Finally, we write

n o —

III. CAPACITY PER UNIT-ENERGY OF NON-RANDOM
MANY-ACCESS CHANNELS

In this section, we study the Gaussian MnAC under the
assumption that all users are active, i.e., a, = 1 and
n = {n. We present our results on the non-random MnACs in
Subsection III-A. In particular, in Theorem 1, we characterize

the capacity per unit-energy as a function of the order of k,,.

Then, in Theorem 2, we give a characterization of the largest
rate per unit-energy achievable using an orthogonal-access
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scheme with orthogonal codebooks. Finally, in Theorem 3, we
present our results on the capacity per unit-energy for APE.
The proofs of Theorems 1-3 are given in Subsections III-B,
II-C, and HI-D, respectively.

A. Main Results

Theorem 1: The capacity per unit-energy of the Gaussian

non-random MnAC has the following behavior:

1) If k, = o(n/logn), then C = I‘Jj\%e Moreover, the
capacity per unit-energy can be achieved by an orthogonal-
access scheme.

2) If k,, = w(n/logn), then C' = 0.

3) If ky = O(527), then 0 < C < 1<,

Proof: See Section III-B. |

Theorem 1 demonstrates that there is a sharp transition

between orders of growth of k,, where each user can achieve
the single-user capacity per unit-energy log °, i.e., where users
can communicate as if free of 1nterference, and orders of
growth where no positive rate per unit-energy is feasible. The
transition threshold separating these two regimes is at the
order of growth n/logn. The capacity per unit-energy can
be achieved using an orthogonal-access scheme where each
user is assigned an exclusive time slot. As we shall show in
Section IV, such an access scheme is wasteful in terms of
resources and strictly suboptimal when users are active only
sporadically. The theorem also demonstrates that, when the
order of growth of k,, is exactly equal to n/logn, the capacity
per unit-energy is strictly positive, but also strictly less than

As mentioned in the introduction, when the number of users

is finite, all users can achieve the single-user capacity per
unit-energy 1°ge by an orthogonal-access scheme where each
user uses an orthogonal codebook. In the following theorem,
we show that this is not necessarily the case anymore when
the number of users grows with the blocklength.

Theorem 2: The largest rate per unit-energy C| | achievable

with an orthogonal-access scheme and orthogonal codebooks
has the following behavior:

1) If k,, = o(n®) for every ¢ > 0, then CL.= 1‘;\%.
2) If k,, = © (n®), then
lge 1 if0<c<1/2
Co=4 N 0 =) <1/
s2<(1—c), if1/2<c<1.
Proof: See Section III-C. [ |

Theorem 2 shows that an orthogonal-access scheme in
combination with orthogonal codebooks is optimal only if
k, grows more slowly than any positive power of n. Part 2)
of Theorem 2 gives the largest rate per unit-energy achievable
when the order of k,, is a positive power of n.

Remark 3: Observe that the behavior of C L1 as a function
of ¢ can be divided into two regimes: if 1/2 < ¢ < 1, then
C’LL decays linearly in ¢; if 0 < ¢ < 1/2, then the dependence
of C| | on c is nonlinear. This is a consequence of the behavior
of the error exponent achievable with orthogonal codebooks.
More specifically, Theorem 2 follows from lower and upper
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bounds on the probability of error that become asymptotically
tight as ¥ — oo; see Lemma 6. The lower bound follows from
the sphere-packing bound [15]. The upper bound is obtained by
applying Gallager’s p-trick to improve upon the union bound
[16, Sec. 2.5], followed by an optimization over the parameter
0 < p < 1. When the rate per unit-energy is smaller than ik]’\%ﬂe,
the optimal value of p is 1, and the exponent of the upper
bound depends linearly on the rate per unit-energy. For rates per
unit-energy above %l‘l’\ie, the optimal value of p depends on the
rate per unit-energy, which results in a nonlinear dependence
of the exponent on the rate per unit-energy. This behavior of
the error exponent as a function of the rate per unit-energy
translates to the two regimes of C 'L | observed in Theorem 2.

Next we discuss the behavior of the capacity per unit-energy
for APE. We show that, if the order of growth of k,, is sublinear,
then each user can achieve the single-user capacity per unit-
energy l‘;\ie. Conversely, if the growth of k,, is linear or above,
then the capacity per unit-energy is zero. We have the following
theorem.

Theorem 3: The capacity per unit-energy C4 for APE has

the following behavior:

1) If k,, = o(n), then C4 = lngoe. Furthermore, the capacity
per unit-energy can be achieved by an orthogonal-access
scheme where each user uses an orthogonal codebook.

2) If k, = Q(n), then C4 = 0.

Proof: See Section III-D. [ |

Theorem 3 demonstrates that, under APE, the capacity per

unit-energy has a similar behavior as under JPE. Again, there
is a sharp transition between orders of growth of k,, where
interference-free communication is possible and orders of
growth where no positive rate per unit-energy is feasible. The
main difference is that the transition threshold is shifted from
n/logn to n. Such an improvement on the order of growth
is possible because, for the probability of error to vanish as
n — oo, the energy F,, needs to satisfy different necessary
constraints under JPE and APE. Indeed, we show in the proof
of Theorem 1 that the JPE vanishes only if the energy E,
scales logarithmically in the number of users (Lemma 5), and a
positive rate per unit-energy is feasible only if the total power
knE,/n is bounded in n. No sequence {E,,} can satisfy both
these conditions if k,, = w(n/logn). In contrast, for the APE
to vanish asymptotically, the energy E,, does not need to grow
logarithmically in the number of users, it suffices that it tends
to infinity as n — co. We can then find sequences {E,,} that
tend to infinity and for which k,, F,, /n is bounded if, and only
if, k,, is sublinear in n. Also note that, for APE, an orthogonal-
access scheme with orthogonal codebooks is optimal for all
orders of k,,, whereas for JPE it is only optimal if &k, grows
more slowly than any positive power of n.

B. Proof of Theorem 1

We first give an outline of the proof of Theorem 1. To
prove Part 1), we use an orthogonal-access scheme where the
total number of channel uses is divided equally among all
users. Each user uses the same single-user code in the assigned
channel uses. The receiver decodes the message of each user
separately, which is possible because the access scheme is
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orthogonal. We next express the overall probability of error
in terms of the number of users k,, and the probability of
error achieved by the single-user code in an AWGN channel,
which we then show vanishes as n — oo if k,, = o(n/logn).
The proof of Part 2) hinges mainly on two facts. The first
one is that the probability of error vanishes only if the energy
E,, scales at least logarithmically in the number of users, i.e.,
E,, = Q(logk,).> The second one is that we have R > 0 only
if the total power k,, E,, /n is bounded as n — oo, which is a
direct consequence of Fano’s inequality. If k,, = w(n/logn),
then there is no sequence {E,} that simultaneously satisfies
these two conditions. Part 3) follows by revisiting the proofs
of Parts 1) and 2) for the case where k, = ©(n/logn).

1) Proof of Part 1): The achievability uses an orthogonal-
access scheme where, in each time step, only one user transmits,
the other users remain silent. We first note that the probability
of correct decoding of any orthogonal-access scheme is given
by

kn

M =T[a-P.)

i=1

where P, ; = Pr(Wi # W;) denotes the probability of error in
decoding user 7’s message. In addition, if each user follows the
same coding scheme, then the probability of correct decoding
is given by

P = (1 P,k (8)

For a Gaussian point-to-point channel with blocklength N
and power constraint P, i.e., ETN < P, there exists an encoding
and decoding scheme whose average probability of error is
upper-bounded by

P(&) < M% exp[-NEy(p, P)], forevery 0 <p<1 (9)

where
2P )
(L+p)No /)

This bound is due to Gallager and can be found in [18, Sec. 7.4].

Now let us consider an orthogonal-access scheme in which
each user gets n/k, channel uses and we timeshare between
users. Each user follows the coding scheme that achieves (9)
with power constraint P,, = nEgn . Note that this coding scheme
satisfies also the energy constraint (5). Then, we obtain the
following upper bound P, ; for a fixed rate per unit-energy
R = &Ma by substituting in (9) N by n/k, and P by

_ _En .
Pn T n/kp’

Eo(p, P) 2 gln <1+

n
P < M ewp |1 Balp. )|

np 2E,k,/n
= InM, — ——=In(1+ ———
exp{pn kn2n< TN
2E,kn/n .
=exp |—FEnp (1 + (Hp)NO) _ (10)
" 2E,kn/n loge

2A similar bound was presented in [17, p. 82] for the case where M, = 2.
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Combining (10) with (8), we obtain that the probability of
correct decoding can be lower-bounded as
) )

1—p™
1D

2E, kn/n .
Enp<ln(1+ Tion,) R )

2E,k,/n - loge

> <1—exp —

We next choose E,, = ¢, Inn with ¢,, £ ln( ™ hm) Since, by
assumption, k,, = o(n/logn), this implies that BBl 5 () as
n — oo. Consequently, the first term in the inner- most bracket
in (11) tends to 1/((1 4 p)Np) as n — oo. It follows that for
R < Oge , there exists a sufficiently large ng, a 0 < p < 1,
and a 5 > 0 such that, for all n > ng, the right- hand side
(RHS) of (11) is lower-bounded by (1 — exp[—FE,pd])*". Since
cndp — 00 as n — 0o, we have

(1- eXp[—Enp(S])k" >

IV
7~ N
—
|
SM‘ —_
N———

g

[(1_712) ] (12)

for n > no and sufficiently large ny such that cnép > 2 and
kn < foa7- Noting that (1 — n—)"2 — 1/e and 1Ogn -0
as n — oo we obtain that the RHS of (12) tends to one as
n — oo. This implies that, if k, = o(n/logn), then any rate
per unit-energy R < logoe is achievable.

2) Proof of Part 2): Let W and W denote the vectors

(Wi,...,Wy,) and (Wy,..., Wy, ), respectively. Then
knlog M, = H(W)
= HW|W) + [(W; W)
<14 P™k,log M, + I(X;Y)

by Fano’s inequality and the data processing inequal-
ity. By following [19, Sec. 15.3], it can be shown that
P log M, n

I(X;Y) < Flog (1 + QIffTEO“) Consequently,
+ log (1+ 2kn By,
E, By C nNy )’

(log M)/ E,,

log M, 1
<
E’I’L - knEn

This implies that the rate per unit-energy R=
is upper-bounded by
log( 1+ 2’; NL; )
1 _ pm '
6

1
< Tl T Ty (13)
We next show by contradiction that, if k, = w(n/logn),
then P(") — 0 as n — oo only if C = 0. Thus, assume that
ky = w(n/logn) and that there exists a code with rate per
unit-energy R > 0 such that P( ™ 50 as n— 0o. To prove
that there is a contradiction we need the following lemma.
Lemma 4: It M, > 2, then P{™ — 0 only if B, — oo.
Proof: See Appendix 1. ]
By the assumption R > 0, we have that M,, > 2. Since
we further assumed that Pe(") — 0, Lemma 4 implies that
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E,, — oo. Together with (13), this in turn implies that R>0
is only possible if &, F,/n is bounded in n. Thus,

B, = O(n/ky).

The next lemma presents another necessary condition on the
order of E,, which contradicts (14).

Lemma 5: If R > 0 and k, > 5, then Pe(") — 0 only if
E, =Qlogk,).

Proof: This lemma is a special case of Lemma 12 stated
in the proof of Theorem 7 in Section IV-B and proven in
Appendix IV. [ ]

We finish the proof by showing that, if k, = w(n/logn),
then there exists no sequence {F,} of order Q(logk,,) that
satisfies (14). Indeed, E,, = Q(log k) and k,, = w(n/logn)
imply that

(14)

E, =Qlogn) (15)

because the order of E,, is lower-bounded by the order of
logn — loglogn, and logn — loglogn = ©(logn). Further-
more, (14) and k,, = w(n/logn) imply that

E, = o(logn). (16)

Since no sequence {E,} can simultaneously satisfy (15)
and (16), this contradicts the assumption that there exists
a code with a positive rate per unit-energy such that the
probability of error vanishes as n tends to infinity. Consequently,
if k, = w(n/logn), then no positive rate per unit-energy is
achievable. This proves Part 2) of Theorem 1.

3) Proof of Part 3): To show that C > 0, we use the
same orthogonal-access scheme as in the proof of Part 1) of
Theorem 1. Thus, each user is assigned n/k, channel uses,
and only one user transmits at a time. We further assume
that each user uses energy F, = clogn, where c is some
positive constant to be determined later. By the assumption
k, = ©(n/logn), there exist ng > 0 and 0 < a; < as such
that, for all n > ng, we have

ay < ag (17

logn logn’

The probability of error in decoding the first user’s message is
then given by (10), namely,

In(1 4 2Enha/ny

(1+p)No
P, < -FE,
1= &P p 2E.kn/n loge
ln(l + @ az(N ) R
< exp [—clognp ( 2;21’)) L Toge (18)

for every 0 < p <1, n > ng, where the last inequality follows
since k, E,/n < agc for n > ng.

We next set
ln(l + —2a2c_ )
log e (T+p)No
2 2asc

which is clearly positive for fixed as, ¢, and p. The upper
bound (18) then becomes

In(1 4 ~222¢
P.1 <exp|—logn 50(2;;0)%) , n>ng. (19)



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2021.3139430

For every fixed as and p, the term

2ao 2azc
p o 01+ mgw) _ o0+ e
2 2asc 2 2a9

is a continuous, monotonically increasing, function of ¢ that
is independent of n and ranges from zero to infinity. We can
therefore find a ¢ such that (19) simplifies to

n > ng.

1
P.;1 <exp[—Inn] = —,
n

The above scheme has a positive rate per unit-energy. It
remains to show that this rate per unit-energy is also achievable,
i.e., that the overall probability of correct decoding tends to
one as n — oo. To this end, we use (8) to obtain that

1—PM™ = (1P, )k
1 azn/logn
Z<1_n> L ncne Q)

Since (1 — 1)" — 1/e and oan — 0 asn — oo, the RHS of
(20) tends to one as n — oo, hence so does the probability of
correct decoding.

We next show that C' < 1‘;\%06

. Lemma 5 implies that, if

kn = ©(n/logn), then P{™ vanishes only if E,, = Q(logn).

Furthermore, if E, = w(logn), then it follows from (13)
that C' = 0 since, in this case, k,F,/n tends to infinity as
n — oo. Without loss of generality, we can thus assume
that E, must satisfy E, = ©(logn). Thus, there exist
ny > 0 and 0 <y <ly such that, for all n > nj, we
have [; logn < E,, < lslogn. Together with (17), this implies
that £2Bn > g7, for all n > max(ng,ng). The claim that
C < 1‘;\% follows then directly from (13). Indeed, using that

w < log e for every x > (0, we obtain that

n 1 1+ anEn < 1 ] 14 24i 2(11[1
(0] (0]
2knEn & 77,N0 - 2a1l1 & N()
1
&, n > max(ng, ng).
0

ey

By (13), in the limit as P\ — 0 and E, — oo, the rate

per unit-energy is upper-bounded by (21). It thus follows that
C < loge
No ’

C. Proof of Theorem 2

The proof of Theorem 2 is based on the following lemma,
which presents bounds on the probability of error achievable
over a Gaussian point-to-point channel with an orthogonal
codebook.

Lemma 6: The probability of error P, = Pr(W # W)
achievable over a Gaussian point-to-point channel with an
orthogonal codebook with M codewords and energy less than
or equal to FE satisfies the following bounds:

1) For 0 < R < 1198,

_1nM(logc _1nM(logc
= 2

(B -Reos) o p (B R) ) (o)
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which concludes the proof of Part 3) of Theorem 1.

1 loge loge
2) For <R< N,

(23)

In (22) and (23), B and B are some functions of E that are
of order O(ﬁ)

Proof: The upper bounds in (22) and (23) are obtained by
upper-bounding the probability of error using Gallager’s p-trick
to improve upon the union bound [16, Sec. 2.5], followed by
a maximization over p. For 0 < R < }llcj\%e, the optimal p

ll‘]’\%e <R< l‘;vﬁ, the optimal p is a
function of R. Hence, the upper bounds in (22) and (23) have
different dependencies on R. The lower bounds in (22) and (23)
follow from the sphere-packing bound by Shannon, Gallager,
and Berlekamp [15]. However, their approach to improve the
sphere-packing bound at low rates by writing codewords as
concatenations of subcodewords and lower-bounding the error
exponent by the convex combination of the error exponents of
these subcodewords does not directly apply to our setting where
log M/E is held fixed and E — oo (rather than log M/n is
held fixed and n — c0). The reason is that, for some orthogonal
codebooks, the energy of one of the subcodebooks is always
zero, resulting in a trivial case where the Shannon-Gallager-
Berlekamp approach cannot improve upon the original sphere-
packing bound. To sidestep this problem, we lower-bound the
probability of error by first rotating the orthogonal codebook in
such a way that the energy of each subcodeword is proportional
to its blocklength, after which the Shannon-Gallager-Berlekamp
approach can be applied. For a full proof of Lemma 6, see
Appendix II. [ ]

Next, we define

()

(V)

is equal to 1; for

. if 0 < k< }i%e

a 24)

if loge < RS lc])\,%e
0 [

Ll

)

and let ag = a+max{Sg, 3% }. Then, the bounds in Lemma 6
can be written as

1/M®® < P,y <1/M*°. (25)

Next, let us consider the case where the users apply an
orthogonal-access scheme together with orthogonal codebooks.
For such a scheme, the collection of codewords from all users
is orthogonal, hence there are at most n codewords of length
n. Since, with a symmetric code, each user transmits the
same number of messages, it follows that each user transmits
M,, = n/k, messages with codewords of energy less than or
equal to E,,. In this case, we obtain from (8) and (25) that

(- (5 s (- ()



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2021.3139430

. . A .
which, denoting a,, = ag,, can be written as
k1+a

ay ()] e
(-5
n
k};f’an
e\ 9 (£=)*n] “nam
<(1-Poa)fr < (1— () ) . (26)
n

Since Theorem 2 only concerns a sublinear number of users,

we have
a\ (#2)°
kn Fen 1
lim (1_ () ) _L
n—o00 n e

Furthermore, if P then, by Lemma 4, E,, — oo as
n — oo. In this case, a,, converges to the finite value a as
n — 00, and we obtain

) 1 kn An (ﬁ) " B 1
n—o0 n B e ’

lim

So (26) implies that P{™ — 0 as n — oo if

k1+a
lim 22— =0 27
n—oo N
and only if
k1+an,
lim —2~— =0. (28)

n—oo nan
We next use these observations to prove Parts 1) and 2) of
Theorem 2. We begin with Part 1). Let R < lcj\%. In this case
we have a > 0, which implies that we can find a constant
n < a/(1+a) such that n?('+%) /n® — 0 as n — oo. Since, by
assumption, k,, = o(n°) for every ¢ > 0, it follows that there

exists an mg such that, for all n > ng, we have k, < n7(1+a)
This implies that (27) is satisfied, from which Part 1) follows.

We next prove Part 2) of Theorem 2. Indeed, if k,, = © (n°),
0 < ¢ < 1, then there exist 0 < I; < [y and ng such that, for
all n > ng, we have (I1n)¢ < k, < (lan)°. Consequently,

(Iyn)ctaen) < < (Ign)ctitan) .

1+an
ky,

(29)

nn nan n“n

If P\ — 0, then from (28) we have 2" — 0. Thus, (29)
implies that ¢(1+a,, ) —a,, converges to a negative value. Since
¢(l + ay,) — ay, tends to ¢(1 + a) — a as n — oo, it follows
that P{™ — 0 only if ¢(1 + a) — a < 0, which is the same
as a > ¢/(1 — ¢). Using similar arguments, it follows from
(27) that if @ > ¢/(1 — c), then P{™ — 0. Hence, P{™ — 0
if, and only if, a > ¢/(1 — ¢). It can be observed from (24)
that a is a monotonically decreasing function of R. So, for
kn =© (n°),0 < ¢ < 1, the capacity per unit-energy CL. is
given by

Cri=sup{R>0:a(R)>c/(1-0)}

where we write a(R) to make it clear that ¢ as defined in (24)
is a function of R. This supremum can be computed as

2

. loge 1 .

CLL: No <1+ ) 5 1f0<C§1/2
seE(1—o), if1/2<c<1

which proves Part 2) of Theorem 2.
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D. Proof of Theorem 3

1) Proof of Part 1): We first argue that Pe(fg — 0 only
if £, — oo, and that in this case, cA < kj’\%. Indeed, let
P.; = Pr{W; # W;} denote the probability that message W;
is decoded erroneously. We then have that P( m) > min; P, ;.
Furthermore, P, ; is lower-bounded by the error probablhty of
the Gaussian single-user channel, since a single-user channel
can be obtained from the MnAC if a genie informs the receiver
about the codewords transmitted by users j # i. By applying
the lower bound [20, Eq. (30)] on the error probability of the
Gaussian single-user channel, we thus obtain

n 2F.
éjz@(

- M, >2
).

where () denotes the tail distribution function of the standard
Gaussian distribution. Hence, Pe(fg — 0 only if E,, — o0. As
mentioned in Remark 1, when FE),, tends to infinity as n — oo,
the capacity per unit-energy C4 coincides with the capacity
per unit-energy defined in [14] which for the Gaussian single-
user channel is given by Oge [14, Ex. 3]. Furthermore, if

(30)

Pe(, X — 0 as n — oo, then there exists at least one user ¢ for
which P, ; — 0 as n — oo. By the above genie argument, this
user’s rate per unit-energy is upper-bounded by the capacity
per unit-energy of the Gaussian single-user channel. Since, for
the class of symmetric codes considered in this paper, each
user transmits at the same rate per unit-energy, we conclude
that C'4 < l(j\%.

We next show that any rate per unit-energy R
achievable by an orthogonal-access scheme where each user
uses an orthogonal codebook of blocklength n/k,,. To transmit
message w;, user ¢ sends in his assigned slot the codeword

x(w;) = (21 (ws), ..., Tk, (w;)), which is given by
VEn, lf] = W;
zj(wi) = .
0, otherwise.

To show that the probability of error vanishes, we use the
following bound from Lemma 6:

_InM,y, (loge
e R (21\70 R)
)

Pei < 2
2t = In M, log e ;
77.(1/1\,—07\/%) ;
€ ) f

No -
(€29)

It follows from (31) that, if B < 98¢ and M, — oo as

n — oo, then P, ;,i = 1,...,k, tends to zero as n — oo.

Since k,, = o(n), it follows that M,, = n/k, tends to oo, as
n — oo. Thus, for any R < log"’ , the probability of error P, ;

vanishes. This implies that also Pe( 2 vanishes as n — oo, thus
proving Part 1).

2) Proof of Part 2): Fano’s inequality yields that

log M,, <1+ P.;log M, + I(Wi;W;), fori=1,... k.
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Averaging over all ¢’s then gives

kn

log M,, <1—|——ZPmlogM + —I(W; W)

kn

<1+ Pe(f;z log M, + k—I(W;Y)
n

%, E
§1+P§fglogMn+2Z 1g(1+

"No ) (32)

where the first inequality follows because the messages
Wi,i=1,...,k, are independent and because conditioning
reduces entropy, the second inequality follows from the
definition of P( X and the data processing inequality, and
the third mequahty follows by upper-bounding I(W;Y) by
nlOg(1+ 2knE, E )

Dividing both sides of (32) by E),, and solving the inequality
for RA, we obtain the upper bound

1 n 2knE,,
RA < Efn + 2kn En lOg(l + nNo )'
N 1-P™"

(33)

As argued at the beginning of the proof of Part 1), we have
P} — 0 only if E, — oo. If k, = Q(n), then this implies
that k, F,, /n — oo as n — oo. It thus follows from (33) that,
if k,, = Q(n), then CA = 0, which is Part 2) of Theorem 3.

IV. CAPACITY PER UNIT-ENERGY OF RANDOM
MANY-ACCESS CHANNELS

In this section, we consider the case where the users’
activation probability can be strictly smaller than 1. In Subsec-
tion IV-A, we discuss the capacity per unit-energy of random
MnACs. In particular, we present our main result in Theorem 7,
which characterizes the capacity per unit-energy in terms of
¢, and k,. Then, in Theorem 8, we analyze the largest rate
per unit-energy achievable using an orthogonal-access scheme.
Finally, in Theorem 9, we briefly discuss the behavior of the
capacity per unit-energy of random MnAC for APE. The proofs
of Theorems 7-9 are presented in Subsections IV-B, IV-C, and
IV-D, respectively.

A. Capacity per Unit-Energy of Random MnAC

Before presenting our results, we first note that the case
where k,, vanishes as n — oo is uninteresting. Indeed, this
case only happens if a,, — 0. Then, the probability that all
the users are inactive, given by ((1 — an)ﬁ)k”, tends to one
since (1 — an)a% — 1/e and k,, — 0. Consequently, if each
user employs a code with M,, =2 and E,, = 0 for all n, and
if the decoder always declares that all users are inactive, then
the probability of error Pe(n) vanishes as n — oco. This implies
that C' = co. In the following, we avoid this trivial case and
assume that ¢,, and «,, are such that k,, = (1). This implies
that the inverse of v, is upper-bounded by the order of ¢,
ie., -~ = O((,). We have the following theorem.

Theorem 7: Assume that k, = €(1). Then the capacity per
unit-energy of the Gaussian random MnAC has the following
behavior:

1) If k, log £, = o(n), then C' =

log e
No
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2) If ky log €, = w(n), then C = 0.
3) If k, log ¢, = O(n), then 0 < C < 1‘]’\%.
Proof: See Section IV-B. [ ]
Theorem 7 demonstrates that there is a sharp transition
between orders of growth of k,, and ¢,, where interference-
free communication is feasible and orders of growth where
no positive rate per unit-energy is feasible. Recall that the
same behavior was observed for the non-random-access case
(v, = 1), where the transition threshold separating these two
regimes is at the order of growth n/logn, as shown in
Theorem 1. For a general «,, this transition threshold depends
both on ¢,, and k,. However, if liminf,_,., o, > 0, then
» = O(£,,) and the order of growth of k,, log ¢,, coincides with
that of both k,, log k,, and ¢,, log /,,. It follows that, in this case,
the transition thresholds for both k,, and ¢,, are also at n/ logn,
since ky, log k,, = ©(n) is equivalent to k,, = ©(n/logn).
When «, — 0, the orders of growth of k, and ¢,
are different and the transition threshold for ¢, is in gen-
eral larger than n/logn. For example, when ¢, = n and
a, = —=, then k,logl, = y/nlogn = o(n), so all users
can communicate without interference. Thus, random user-
activity enables interference-free communication at an order
of growth above the limit n/logn. Similarly, when «,, — 0,
the transition threshold for &, may be smaller than n/logn,
even though this is only the case if ¢, is superpolynomial

in n. For example, when ¢,, = 2" and «,, = W’ then
n n3/2
kn = 1(\){{” = o(n/logn) and k, log¥, = m = w(n), so

no positive rate per unit-energy is feasible. This implies that
treating a random MnAC with ¢,, users as a non-random MnAC
with k, users may be overly-optimistic, since it suggests that
interference-free communication is feasible at orders of growth
of k,, where actually no positive rate per unit-energy is feasible.

In the proof of Part 1) of Theorem 1, we have shown
that, when k,, = o(n/logn) and a,, = 1, an orthogonal-access
scheme achieves the capacity per unit-energy. It turns out that
this is not necessarily the case anymore when «,, — 0, as we
show in the following theorem.

Theorem 8: Assume that k,, = Q(1). The largest rate per
unit-energy C achievable with an orthogonal-access scheme
satisfies the following:

1) If £, = o(n/logn), then O = kj’\%:.
2) If 4, = w(n/logn), then Cl = 0
) Ife, = @(10 ~),
Proof: See Section IV-C. [ ]
Observe that there is again a sharp transition between the
orders of growth of /,, where interference-free communication
is feasible and orders of growth where no positive rate per
unit-energy is feasible. In contrast to the optimal transmission
scheme, the transition threshold for the orthogonal-access
scheme is located at n/logn, irrespective of the behavior
of a,,. Thus, by using an orthogonal-access scheme, we treat
the random MnAC as if it were a non-random MnAC. This
also implies that there are orders of growth of ¢,, and k,, where
non-orthogonal-access schemes are necessary to achieve the
capacity per unit-energy.
Next we present our results on the behavior of capacity per
unit-energy for APE. To this end, we first note that, if o, — 0
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as n — oo, then Pr{W; = 0} — 1 for all i = 1,...,4,.
Consequently, if each user employs a code with M,, = 2 and
E, =0 for all n, and if the decoder always declares that all
users are inactive, then the APE vanishes as n — oo. This
implies that C4 = oc. In the following, we avoid this trivial
case and assume that «,, is bounded away from zero. For
a, = 1 (“non-random-access case") and APE, we showed
in Theorem 3 that if the number of users grows sublinearly
in n, then each user can achieve the single-user capacity per
unit-energy, and if the growth is linear or superlinear, then the
capacity per unit-energy is zero. Perhaps not surprisingly, the
same result holds in the random-access case since, when «,
is bounded away from zero, k,, is of the same order as /,,. We
have the following theorem.

Theorem 9: If liminf, oo, > 0, then C* has the
following behavior:

1) If £,, = o(n), then C* = bN%
2) If £, = Q(n), then CA = 0.
Proof: See Section IV-D. |

B. Proof of Theorem 7

We first give an outline of the proof. The achievability
scheme to show Part 1) is a non-orthogonal-access scheme
where the codewords of all users are of length n and the
codebooks of different users may be different. In each codebook,
the codewords consist of two parts: The first n”/ symbols
are a signature part that is used to convey to the receiver
that the user is active. The remaining n — n” symbols are
used to send the message. The decoder follows a two-step
decoding process. First, it determines which users are active,
then it decodes the messages of all users that are estimated
as active. For this decoding process, we analyze two types of
errors: the detection error and the decoding error. We show
that, if k, log/,, is sublinear in n, then both the probability
of a detection error and the probability of a decoding error
tend to zero as n — oo. The proof of Part 2) follows along
similar lines as that of Part 2) of Theorem 1. We first show
that the probability of error vanishes only if the energy E,,
scales at least logarithmically in the total number of users,
ie., B, = Q(log{,). We then show that a positive rate per
unit-energy is achievable only if the total power of the active
users, given by k., F, /n, is bounded as n — oo. The proof of
Part 2) concludes by noting that, if k,, log ¢,, is superlinear in
n, then there is no F,, that can simultaneously satisfy these two
conditions. Part 3) follows by revisiting the proofs of Parts 1)
and 2) for the case where k, log/,, = ©(n).

1) Proof of Part 1): We use an achievability scheme with a
decoding process consisting of two steps: First, the receiver
determines which users are active. It then fixes an arbitrary
positive integer &, based on which it decides whether it will
decode the messages of all active users, or whether it will
declare an error. Specifically, if the number of estimated active
users is less than or equal to £k, then the receiver decodes
the messages of all active users. If the number of estimated
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active users is greater than £k, then it declares an error.’> By
the union bound, the total error probability of this scheme can
be upper-bounded by

Ekn
P(D)+ Y Pr{K] =k} P (k) + Pr{K}, > &k}
k! =1

where K, is a random variable describing the number of active
users, P(D) is the probability of a detection error, and P, (k!,)
is the probability of a decoding error given that the receiver
has correctly detected that there are k!, active users. In the
following, we show that P(D) and P,,(k/,) vanish as n — oo
for any fixed, positive integer £. Furthermore, by Markov’s
inequality, we have that Pr{K > ¢k, } < 1/£. Consequently,
the total probability of error vanishes as we let first n — oo
and then £ — oo.

To enable user detection at the receiver, each user sends in
the first n” channel uses to its signature and in the remaining
n' = n — n' channel uses its message. The signature uses
energy E!' out of E,,, while the energy used for sending the
message is given by E/, = E,, — E!.

Let s; denote the signature of user ¢ and X;(w;) denote
the codeword of length n’ for sending message w;, where
w; =1,..., M,. Then, the codeword x;(w;) is given by the
concatenation of s; and X;(w;), i.e.,

xi(wi) = (si; Xi(wi)).
For a given arbitrary 0 < b < 1, we let

n” =bn (34)

E! =bE,, E,=c,lnt, (35)

with ¢, = ln(mﬂ Based on the first n”’ received symbols,
the receiver detects which users are active. We need the
following lemma to show that the detection error probability
vanishes as 7 — oo.

Lemma 10: Assume that k, = Q(1) and kj, log ¢, = O(n),
and let E,, = ¢, In¥,,, where

S (W) . if ko logfy = o(n)
d, if ky, log ¢, = O(n)

for some positive constant ¢’ that is independent of n. If ¢ is
sufficiently large, then there exist signatures s;,7 = 1,...,¢,
with n” = bn channel uses and energy E!/ = bE,, such that
P(D) vanishes as n — 0.

Proof: The proof of Lemma 10 follows along similar lines
as that of [1, Th. 2]. However, there are some differences
in the settings considered. Here, the goal is to achieve user

3The threshold &k, becomes inactive when ay, is bounded away from zero.
Indeed, the number of estimated active users is a random variable taking
value in {0, ..., ¢n}. When «, is bounded away from zero, £y, = kn/on is
bounded by £k, for some positive integer €. Hence, in this case we can find
a threshold £ such that the receiver will never have to declare an error.

“In our scheme, a fraction of the total energy must be assigned to the
signature part in order to ensure that the detection error probability vanishes
as n — oco. However, this incurs a loss in rate per unit-energy, so this fraction
will be made arbitrarily small at the end of the proof. Alternatively, one could
consider a sequence {by } that satisfies b, — 0 and bnc,, — 00 as n — oo.
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detection with minimum energy, whereas in [1] the goal is to
achieve user detection with the minimum number of channel
uses. Furthermore, the energy we assign to the signature part
is proportional to the total energy E,, cf. (35), whereas in [1]
the energy assigned to the signature part is proportional to the
number of channel uses. These differences have the positive
effect that, in our proof, the condition [1, Eq. (19)], namely
that

lim ¢,e %" =0

n—oo

for all § > 0, is not necessary. For a full proof of Lemma 10,
see Appendix III. ]

We next use the following lemma to show that P, (k)
vanishes as n — oo uniformly in %k, € K,, where

Kn&{1,..., &k}

Lemma 11: Let Ay = k, L"l 1(W; # W) and
Ay 2 {1/Kl,,... 1}, where 1(- ) denotes the indicator func-
tion. Then, for any arbitrary 0 < p < 1, we have

PI‘{Ak/" = a}

1 2k!, k/ ,
< <> (ak/ )Mak P—m "By, k!, (@0, n) ac Ak;l (36)

o
where
p a2k! E'
Ey A0 (14— 37
O,kn(aapan) 9 Il( + n/(p+ ]-)NO ( )
and
ué/ (IvI* < B, H (38)

is a normalizing constant. In (38), G(-) denotes the probability
density function of a zero-mean Gaussian random variable with
variance E,/(2n') and v = (v1,v2, ..., Up/).

Proof: The upper bound in (36) without the factor
(1/p)%» can be obtained using random coding with i.i.d.
Gaussian inputs [21, Th. 2]. However, while i.i.d. Gaussian
codebooks satisfy the energy constraint on average (averaged
over all codewords), there may be some codewords in the
codebook that violate it. We therefore need to adapt the proof
of [21, Th. 2] as follows. Let

q(vi).

I
n'{:j:\
A

For random codewords Xi,i =1,..., k] distributed according
to q(-), the probability Pr(Az; = a) can be upper-bounded
as [21, Th. 2]

k'iz ak’
Pride, = o) = (m) e

X /Q(iak;ﬁ»l) o @q(Xpy )G ARy 41 ARy, Ay (39)
where
G = [ a6+ away)

x (p(F | %1, %)) A%y

diak; .
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Using the fact that the channel is memoryless, the RHS of (36)
without the factor (1/)%n follows from (39). The case of
k!, = 2 was analyzed in [21, Eq. (2.33)].

Now suppose that all codewords are generated according to
the distribution

a(v) = iuuvn? < ELa(v).

Clearly, such codewords satisfy the energy constraint £/, with
probability one. Furthermore,

1.
q(v) < —q(v).
(v) . (v)
By replacing q(-) in (39) by q(-), and upper-bounding q(-)

by (40), we obtain that
v
(o)

1\ (1+0)(aky) 71\ Ki—ak
o023 " (1)
" T [
a € Ak;,.

’ ’
% Msknpe—n Eo k1, (a,p,n)’

(40)

(41)

From the definition of p, we have that 0 < pu < 1.
Since we further have p < 1 and a < 1, it follows that
(1/p)+e)@kl) < (1/p)ekntFn  Using this bound in (41), we
obtain (36). ) |

We next show that (1/4)*"* — 1 as n — oo uniformly in
k!, € K,,. Let H be a Gaussian vector distributed according
to q(+). Then, by the definition of u, we have

p=1—Pr ([H, 3 > B)
50 (1/p)%n > 1. Let us consider Hy £ QE—",/HHl 2, which has

a central chi-square distribution with n’ &egrees of freedom.
Then,

Pr(|[H, |3 > E},) = Pr(Hoy > 2n/).
So, from the Chernoff bound we obtain that
E(etHo)

eta

(1 —2t)~"'/2
= eta

Pr(Ho > CL) <

for every t > 0. By choosing a = 2n’ and ¢t = i, this yields
1 771//2

(2)

exp(n'/2)

=y
=exp | =7

PI‘(HO > 27’L/) <

where 7 £ (1 —In?2) is strictly positive. Thus,
2k
= ()

,u

( 1 > 28kn
S —
,u

n/ —(kan)
< (1 — exp [—27}> . kL eK,.

By assumption, we have that k, = o(n) and n’ = O(n).
For any two non-negative sequences {a,} and {b,} satis-
fying a, — 0 and a,b, — 0 as n — oo, it holds that

(42)
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(1—a,)"b —1 as n — oo, so the RHS of (42) tends to
one as n — oo uniformly in k!, € K. It follows that there
exists a positive constant ng that is independent of k] and
satisfies

1\ 2
() <2, kl,€K,,n>ng. (43)
i
The probability of error P,,(k/,) can be written as
Pn(kl) = Z Pr{A = a}. (44)
aGAk%
From Lemma 11 and (43), we obtain
PI‘{Ak;’ = a}

k!, ak’
< 2( [y ) Mnknp eXP[—"/EO,kg (CL, P n)]
< 2exp [k), Ha(a) + apk), log M, — n'Eq 1 (a, p,n)]
= 2exp [—E;fk/n (a, p, n)] , (45)

where Hs(-) denotes the binary entropy function and

n>ng

n' Eo: (a, p,n)
frr (a,p,n) £ —

apk] log M,, kI, Hs(a)

— B — B (46)
We next show that, for sufficiently large n, we have
Pr{dy, = a} < 2exp(-E} fer, (1/(Ekn), p.0)]

a € Ak;”k;l e K,.

47)

To this end, we lower-bound

dfkg(a,f)an)
da
1 1 R
2 pk'/n [ ok’ B/ -
1+ oot (LT oNo (1-b)loge

1 1 R

>p S - (48)
Ekn B, —

1+W(1+p)NO (1 b)loge

by using simple algebra. The lower bound implies that, for any
fixed value of p and our choices of E/, and R= (-bloge _ )

= (I4p)No
(for some arbitrary 0 < § < %),
dfe (a,p,n
liminf min min M > 0.
n—oo k,{LEK:n aE.Ak/ da

Indeed, the RHS of (48) is 1ndependent of a and k], and tends
to pd as n — oo, since k”n 2 — 0 by our choice of E/, and
because k, = o(n/logn). Thus, for sufficiently large n and
a given p, the function a +— f: (a,p,n) is monotonically
increasing on Ay for every k;, € K. It follows that there
exists a positive constant ny, that is independent of k], and
satisfies

min fk;(aapan):fk;(l/k’:wpan)v k;LGK:n7nZn6

ac

It further follows from the definition of fy (a, p,n) in (46)
that, for a = 1/k;, and a given p, fi (a,p,n’) is decreasing
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in k/,, since in this case the first two terms on the RHS of (46)
are independent of &/, and the third term is increasing in k,.
Hence, we can further lower-bound

min fk;,(aapa n) > fikn(l/(gkn)vpv Tl), kiz € ICn,TL > n6
K,

ae

Next we show that, for our choice of E!, and R we have

Let
i) 2 Mot UG o) g
oA R
Jlp) = (1_[;% (51
A EknHo(1/(Eky,
a1k )) & P20/ ER)) 52)
so that
1/(&kyn), p -1 - —— =2,
fer, (16, o) = (o) (215 e
Note that W vanishes as n — oo for our choice of

E! . Consequently,

imin =7 imin in(p) — }
lnﬁooffikn(l/(gkn%p’n) ]<p){ln—>oof Jlp) Ly

The term j(p) = pR/ (1 —1b)loge is bounded away from zero
for our choice of R and § < m Furthermore, since

(1+p) N
E! /n' — 0, we get
in 1-0b)1
lim n(2) _ (1= b)loge (53)
n—oo j(p) (1+p)NoR

which is strictly larger than 1 for our choice of R. So, (49)
follows.

We conclude that there exist two positive constants v and
ng > max(ng,ngy) that are independent of k] and satisfy
fr (a,p,n) > v for a € A, k, € K,, and n > ng.
Consequently, it follows from (45) that, for n > nJ,

Pr{Ay =a} <27, ae Ay Kk, €K, (54)
Since | Ay, | = k,, (44) and (54) yield that
Po(kl) <K.2e B K € Knn>nl.
Further upper-bounding &/, < ¢k, this implies that
Ekn
> Pr{K} =k} Pr(ky,) < Ekn2e” P27, m>ng. (55)
k=1
Since E!, = (1 — b)e,, Indy, and k,, = O(L,,), it follows that

the RHS of (55) tends to 0 as n — oo for our choice of

R= ((114?)% — 0. Using that p,d, and b are arbitrary, we

thus obtain that any rate R<
Part 1) of Theorem 7.

loge is achievable. This proves
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2) Proof of Part 2): Let W; denote the receiver’s estimate

of Wj, and denote by W and W the vectors (W1, ..., W,,)
and (Wy,..., Wy, ), respectively. The messages W1,..., Wy,
are independent, so it follows from (4) that
H(W) =0, HW;) =0, (Ha(ap,) + apy log My,) .
Since H(W) = H(W|Y) + I(W;Y), we obtain
Ly, (Ha(ow) + anlog M,) = HW[Y) + I(W;Y). (56)

To bound H (W), we use the upper bounds [1, Lemma 2]
H(W|Y) <log4

+ 4P (ky, log My, + ky, + €, Ha(a) +log My) — (57)
and
n 2k, Ey,
. < = .
I(W;Y) < 2log<1+ No > (58)

Using (57) and (58) in (56), rearranging terms, and dividing
by k., E,, yields

- logd  Hs(an) ,
_apm < () _
(1 4P (1+1/kn))R_ P (4Pe 1)
FAPIO /By 41 k) 4 5 og (1 )69

We next show that, if k&, log ¢, = w(n), then the RHS of (59)
tends to a non-positive value. To this end, we need the following
lemma.
Lemma 12: If R > 0, ¢,, > 5, and k,, = Q(1), then Pe(")
vanishes as n — oo only if E,, = Q(log¥,).
Proof: See Appendix IV. ]
Part 2) of Theorem 7 follows now by contradiction. Indeed,
let us assume that k, log?,, = w(n), Pe(") — 0, and R > 0.
The assumption k,, log?¢,, = w(n) implies that ¢,, — oo as
n — oo. Then, Lemma 12 together with the assumption that
kn, = (1) implies that E,, — oo and k,, E,, = w(n). It follows

that the last term on the RHS of (59) tends to zero as n — oo.

Since Pe(n) tends to zero as n — oo, it further follows by
the same argument that the first and third term on the RHS

of (59) vanish as n — oc. Finally, % is a sequence of

non-negative numbers and (4P(§") —1) - —1 as n — o0, SO
the second term converges to a non-positive value. Noting that,
by the assumption &,, = Q(1), the term (1 — 4P\ (1+1/k,))
tends to one as Pé") — 0, we thus obtain from (59) that R
tends to a non-positive value as n — oo. This contradicts the
assumption R> 0, so Part 2) of Theorem 7 follows.

3) Proof of Part 3): To show that C > 0 when
knlog, = ©(n), we use the same achievability scheme and

follow the same analysis as in the proof of Part 1) of Theorem 7.

That is, each user uses n’/ = bn channel uses for sending a

signature and n’ = n—n’’ channel uses for sending the message.

Furthermore, the decoding process consists of two steps. First,
the receiver determines which users are active. If the number
of estimated active users is less than or equal to ¢k, (for some
arbitrary positive integer &), then the receiver decodes in a
second step the messages of all active users. If the number of
estimated active users is greater than £k, then the receiver
declares an error. We set E,, = ¢’ In¥,, for some ¢’ > 0 chosen
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sufficiently large so that, by Lemma 10, the probability of a
detection error vanishes as n — oco. We next show that there
exists an R > 0 such that the probability of a decoding error
also vanishes as n — oo. To this end, we first argue that,
if k,log/, = ©O(n), then we can find an R > 0 such that
frr (a, p,n) defined in (46) satisfies

liminf min min fi (a,p,n) > 0.
n=o0 ek, ae A,

(60)

In Part 1) of Theorem 7, we proved (60) by first showing that
there exists a positive constant n{, such that

min min fk/ (a7p’ n) > f§kn(1/(£kn)7p7 TL), n > 77,/0
ke, ac Ay, "
(61)
and then
liminf fex, (1/(€kn), 1) > 0. (62)

We follow the same steps here, too. Since, by assumption,
knEl = k,(1 —b) In¢, = O(n) for every fixed ¢ > 0 and
n/ = O(n), there exist r; > 0 and 7o > 0 such that

§T17

k,E' .
n/" n > ng.

It then follows from (48) that, for every

(1-"b)loge

0<R<
(p+ 1)No + 26r,

(63)

we have that

. . . . dfkil (Cl, P, n)
liminf min min —2——=
n—=00 prekC, ac A, da

> 0.

Thus, for sufficiently large n and a given p, the function
a — fy: (a, p,n) is monotonically increasing on Ay, for every
k!, € K,. This gives (61).

To prove (62), we write

fer, (1/68).p.) = i(p) (2] - 1 - LoLLAEED) )
(64)

where i,(p), j(p), and h,(1/(Eky,,)) are defined in (50), (51),
and (52), respectively. We consider two cases:

Case 1—Fk,, is unbounded: In this case, the assumption
knlogtl, = ©O(n) implies that O(log¢,) = o(n). Since
E; =0(ogt,) for every fixed ¢ > 0, it follows that
E] /n' — 0. We thus get (53), namely

(1—-"5)loge
R(p+1)Ny

lim Z/r,b(p)
n—oo j(p)

If R satisfies (63), then this is strictly larger than 1. Furthermore,
if k,, is unbounded, then we can make (1 (Ekn)) arbitrarily
small by choosing ¢ sufficiently large. Since j(p) is bounded
away from zero for every positive p and R, we then obtain
(62) from (64).
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Case 2—k, is bounded: In this case,
O(logl,) = O(kylogl,) =O(n), so for every fixed
¢ > 0 we have E] = O(n). It follows that we can find
ro > 0 and 7y, such that

2E! -
———— < 1r9, N >Ny
n'(1+ p)No — 2 0
If we choose

In(1+79) (1 —0)loge

R < 65
T2 (p+1)No (63)
then
lim =) S (66)
n—oo j(p)

Furthermore, if k,, is bounded, then h,,(1/(£k,)) vanishes as
n — oo, since &k, is bounded and E/ — oco. Recalling that
j(p) is bounded away from zero for every positive p and R,
we then again obtain (62) from (64).

From (61) and (62), it follows that, for every positive R
satisfying both (63) and (65), there exist two positive constants
~ and ng > max(ng, ny, 7ij) (where ng is as in (45)) that are
mdependent of k, and satisfy fi, (a,p,n) >~ for a € Ay,
kl € Ky, and n > n{. It follows from (45) that

gk’ﬂ
Z Pr{Kiz = k’I/’L}Pm(k;l)
k=1

< 5]6”26_]%7

, Ink, I
=2exp |—E, |v— o0 , n>mng. (67)
The term
Ink,, Ink,,

E,  (1-bdnl,

can be made arbitrarily small by choosing ¢’ sufficiently
large since Ink, < In/,. We thus have that 2 ’?" < ~ for
sufficiently large ¢/, in which case the RHS of (67) vanishes
as n — oo. Since, by Markov’s inequality, we further have
that Pr{K, > ¢k, } < 1/£, we conclude that the probability
of a decoding error vanishes as we let first n — oo and then
§ — oo. Consequently, if k,, log £, = ©(n), then C>0.

To prove that C < logoe we first note that the assumption
knlogt, = ©(n) implies that ¢, — oo as n — oo. Then,
Lemma 12 shows that Pe(n) vanishes as n — oo only if
E, = Q(log¥,). This further implies that r™ o0 only
if k,E, = Q(n). If k,E, = w(n), then it follows from the
proof of Part 2) of Theorem 7 that C' = 0. We can thus
assume without loss of optimality that k,E, = ©(n). In
this case, by following the arguments given in the proof of
Part 2) of Theorem 7, we obtain that the first and the third
term on the RHS of (59) vanish as n — oo. Furthermore,
the second term tends to a non-positive value, and the factor
(1- 4Pe(n)(1 +1/k,)) tends to one. It follows from (59) that

n o 1+2knEn
e B, 8 nNy )

O(n), there exist ng > 0 and I3 > 0 such
ng, we have % > ;. By noting that

R < lim sup

n—oo

(68)

Since k,E, =
that, for n >
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w < loge for every z > 0, we thus obtain that the
RHS of (68) is strictly less than ICJ)\% for n > ng. Hence
C < lngoe, which concludes the proof of Part 3) of Theorem 7.

C. Proof of Theorem 8

1) Proof of Part 1): To prove Part 1) of Theorem 8, we
present a scheme that is similar to the one used in the proof of
Part 1) of Theorem 1. Specifically, each user is assigned n /¢,
channel uses, out of which the first one is used for sending a
pilot signal and the rest are used for sending the message. Out
of the available energy E,, tF, (for some arbitrary 0 <t < 1
to be determined later) is used for the pilot signal and (1—¢)E,
is used for sending the message. Let X(w) denote the codeword
of length 7~ — 1 for sending message w. Then, user i sends
in his as51gned slot the codeword

x(w;) = (VEBu, %(w))

The receiver first detects from the pilot signal whether user 7 is
active or not. If the user is estimated as active, then the receiver
decodes the user’s message. Let P, ; = Pr{WZ- # W,;} denote
the probability that user 7’s message is decoded erroneously.
Since all users follow the same coding scheme, the probability
of correct decoding is given by

P = (1-P.;)". (69)

By employing the transmission scheme that was used to
prove Theorem 1, we get an upper bound on the probability
of error P, ; as follows. Let Y; denote the received vector of
length n/¢,, corresponding to user 1 in the orthogonal-access
scheme. From the pilot signal, which is the first symbol Y73
of Y, the receiver guesses whether user 1 is active or not.
Specifically, the user is estimated as active if Y71 > \/T and
as inactive otherwise. If the user is declared as active then
the receiver decodes the message from the rest of Y. Let
Pr(W; # w|W; = w) denote the decoding error probability
when message w,w = 0, ..., M,, was transmitted. Then, P, ;

is given by
P,y = (1 — ay)Pr(W # 0[W; = 0)
o Mn
= Pr(Wh # w[Wy = w)
" ow=1
S Pl‘(Wl 7’5 O‘Wl = O)
M,
=w). (70)
If W7 = 0, then an error occurs if Y7, > ¥== tE . So, we have
. \/tEn

If w=1,...,M,, then an error occurs either if the user is
declared as inactive or if the message is erroneously decoded.
An active user is declared as inactive if Y71 < m . So, by
the union bound,

7ZPI'W175’LUIW1—U))<Q

w=1

+Pm

() on
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where P, is the probability that the decoder correctly declares
user 1 as active but erroneously decodes its message. It then
follows from (70) and (71) that

\/tQ-En) VP

Pe1<2Q ( (73)

By choosing E,, = ¢, Inn with ¢, = In ({2-), we can upper-
bound P, by following the steps that led to (12). Thus, for
every R < l(j\%oe, there exists a sufficiently large ny and a
0 <t < 1 such that

1
n>ne. (74)

ngﬁa =
n

Furthermore, for the above choice of F,,, there exists a

sufficiently large nj, such that

<\/tE ) 1
< —

2Q n > ny. (75)

Using (74) and (75) in (73), we then obtain from (69) that

tn
P > (1 — 2)
C —_ nz

2\ P ,
> (1 - 712) , n > max(ng,ng)
which tends to one as n — oo. This proves Part 1) of
Theorem 8.

2) Proof of Part 2): Recall that we consider symmetric
codes, i.e., the pair (M,,, E,,) is the same for all users. However,
each user may be assigned different numbers of channel uses.
Let n; denote the number of channel uses assigned to user .
For an orthogonal-access scheme, if ¢,, = w(n/logn), then
there exists at least one user, say ¢ = 1, such that n; = o(logn).
Using that H(W;|W; # 0) = log M, it follows from Fano’s
inequality that

2F,
logM,Lgl—FPellogMn—k lo <l—|— L>
n1N0

This implies that the rate per unit-energy R = (log M,,)/E,,
for user 1 is upper-bounded by

. E}n 2En IOg (1 + "1N0>

R< . (76)

o ]-_Pe,l

Since ¢, = w(n/logn), it follows from Lemma 12 that p™
goes to zero only if

E, = Q(ogn). 7

Furthermore, (76) implies that R > 0 only if E, = O(ny).
Since n; = o(logn), this further implies that

E, = o(logn). (78)

No sequence {F,} can satisfy both (78) and (77) simulta-
neously. We thus obtain that if £, = w(n/logn), then the
capacity per unit-energy is zero. This is Part 2) of Theorem 8.
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3) Proof of Part 3): To show that C. > 0 when
£, = O(n/logn), we use the same achievability scheme given
in the proof of Part 1) of Theorem 8. That is, each user
is assigned n/¢, channel uses, out of which one is used
for sending a pilot signal and the rest are used for sending
the message. Out of the available energy E,,, tE,, (for some
arbitrary 0 < ¢ < 1 to be determined later) is used for the
pilot signal and (1 — t)E,, is used for sending the message.
We choose E,, = c¢’logn, where ¢’ = 1% and c is chosen as
in the proof of Part 3) of Theorem 1. The probability of error
in decoding user 1’s message is then upper-bounded by (73),
namely,

Pe1 <2Q ( (79)

VT o,
2

where P, denotes the probability that the decoder correctly
declares user 1 as active but makes an error in decoding its
message.

By the assumption ¢,, = ©(n/logn), there exist ng > 0
and O < a1 < a2 such that, for n > ng, we have
al logn < K < agl . Since o, < 1, it follows that
kn < ag 10 — forn > ng. By following the proof of Part 3) of
Theorem 1 we then obtain that one can set

_ 2asc )

loge ln(l + T oM
2 2asc

R=(1-1)

(for an arbitrary 0 < p < 1) and find a c independent of n and
t such that
P <

, N> ng. (80)

3=

Furthermore, , for E, = C(logn,
Qz) < %e*‘” 2 x>0 yields that

()

the upper bound

2Q log ntc}

<exp[ /3

For every fixed c, the term 1 7§ 18 a continuous, monotonically
increasing function of ¢ that is independent of n and ranges
from zero to infinity. We can therefore find a 0 < ¢ < 1 such

that
tE, 1
20 (Y5) <1
2 n
Together with (79) and (80), this implies that
2
P, < L > ng. (81)

The above scheme has a positive rate per unit-energy. It
remains to show that this rate per unit-energy is also achievable.
To this end, we note that, for an orthogonal-access scheme, the

probability of correct decoding is given by P(") (1-F,, )
It therefore follows from (81) that
2\ %2 Tosm
R@>2<1—n> . n>ng. (82)

2a2

Since (1 — — 1/eand 222 — 0 as n — oo, the RHS
of (82) tends to one as n — oo. This implies that the probability
of correct decoding tends to one as n — oo, hence the rate per

g)ﬂ/Z
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unit-energy is indeed achievable. Thus, if £, = ©(n/logn),

then C| > 0.

We next show that (' L <N . To this end, we first note
that, if £,, = @(10 —), and if we employ an orthogonal-access
scheme, then there exists at least one user, say ¢ = 1, such that
ny = O(logn). That is, there exist ng > 0 and a > 0 such that,
for all n > ng, we have n; < alogn. Furthermore, Lemma 12
implies that, if ¢,, = O(n/logn), then Pe(n) vanishes only if
E, = Q(ogn). If E, = w(logn), then it follows from (76)
that a positive R is achievable only if n; = w(logn), which
contradicts the fact that ny = O(logn). We can thus assume
without loss of optimality that E,, = ©(logn), i.e., there exist
ng > 0 and 0 < I3 < Iy such that, for all n > ng, we
have l;logn < E, < lylogn. Consequently, 5? > % for
follows then

log, e

n > max(ng,n}). The claim that O < I‘J)\%e

log(1+m)

directly from (76). Indeed, using that
every x > 0, we obtain that

nq 2F, a 21y
——log (1 < —1 14+ ——
2En ( + n1N0> 211 08 ( + N0>

,  n > max(ng,ng).

< loge for

(83)

By (76), in the limit as P.; — 0 and E, — oo, the rate
per unit-energy is upper-bounded by (83). It follows that
C < loge

D. Proof of Theorem 9
The proofs of Part 1) and Part 2) follow along the similar

lines as those of Part 1) and Part 2) of Theorem 3, respectively.

1) Proof of Part 1): We first argue that Pe(j;z — 0 only if
FE,, — oo, and that in this case cA < I(I)\%. Indeed, we have

P > min Pe{W; # W;}
> oznPr(Wi # W;|W; #0) for some i.

Since liminf, o o, > 0, this implies that PB(TX vanishes
only if Pr(W; # W;|W; # 0) vanishes. We next note
that Pr(W; # W;|W; # 0) is lower-bounded by the error
probability of the Gaussian single-user channel. By following
the arguments presented at the beginning of the proof of
Theorem 3, we obtain that Pe(fg — 0 only if E,, — oo, which
also implies that C4 < 08¢

For the achlevablhty in Part 1), we use an orthogonal-access
scheme where each user uses an orthogonal codebook of
blocklength n/f,,. Out of these n/¢, channel uses, the first
one is used for sending a pilot signal to convey that the user
is active, and the remaining channel uses are used to send the
message. Specifically, the codeword x;(j) sent by user i to
convey message j is given by

VtE,, if k=1
xie(j4) = 1-t)E,, ifk=j5+1
0, otherwise

for some arbitrary 0 < ¢ < 1. From the pilot signal, the receiver
first detects whether the user is active or not by checking
whether the corresponding output exceeds —VZE" As noted in
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, which concludes the proof of Part 3) of Theorem 8.

the proof of Part 1) of Theorem 8, the probability of a detection

error is then given by 2Q) ( ViBy, ) Since
B, = o8 Mn _ 18l — 1
R R

and since /,, is sublinear in n, F,, tends to infinity as n — oo.
This implies that the detection error vanishes as n — oo.
Furthermore, if R < log ©, then the probability of erroneously
decoding the message also vanishes for this code, which follows
from the proof of Theorem 3. This proves Part 1) of Theorem 9.

2) Proof of Part 2): Fano’s inequality yields
that  H(W;|W;) < 1 4+ P.;logM,. Since
H(W;) = Ha(aw,) + o log M, we have

Hy (o) + aylog M, <1+ P.;log M, + I(W;; VAVl)

fori =1,...,¢,. Averaging over all i’s then gives

Hy(ay,) + ay, log M,
2,

1 1 .
< 1+—ZPezlogM + —I(W; W)

4y,
<1+ ngjg log M, + E—I(W; Y)
2k, E,

<1+ P™ log M, + ——log . (84
<1+ F, 4log +2€ 1+ Ny (84)
Here, the first inequality follows because the messages
W;,i=1,...,¢, are independent and because conditioning
reduces entrop the second inequality follows from the
definition of P." A and the data processing inequality, and the
third mequahty follows from (58).

Dividing both sides of (84) by E,,, and rearranging terms,

yields the following upper-bound on the rate per unit-energy
RA:

1—Hs (o) n 2knE,
RA < Egn + 20, B log(1 + nNo ) (85)
N O, Pe(j;z

As noted before, Pe(’"lg — 0 only if E,, — oo. It follows that
%ﬁl") vanishes as n — oo. Furthermore, together with the
assumptions ¢, = Q(n) and liminf,, . a, > 0, E, — oo

implies that k,, E,, /n = o, 0y, Eyy /1 tends to infinity as n — oo.

This in turn implies that
2k, B, 2knEyp
1 1 = 1 1
ﬂ0g<+nNo) Og<+nN0>
vanishes as n — oco. It thus follows from (85) that R vanishes
as n — oo, thereby proving Part 2) of Theorem 9.

Ny,

2knE,

n
20, F

V. COMPARISON WITH THE POLYANSKIY SETTING
OF MANY-ACCESS CHANNELS

In this paper, we follow the setting of the MnAC introduced
by Chen et al. [1]. That is, we assume that each user has
a different codebook and require the probability of error to
vanish as n — oco. By Lemma 4, the latter requirement can
only be satisfied if F,, — oo as n — oo, which for a fixed
rate per unit-energy implies that M,, — oo. In other words,
the payload of each user tends to infinity as n — oco.
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In an attempt to introduce a notion of a random-access code
that is appealing to the different communities interested in the
multiple-access problem, Polyanskiy [4] proposed a different
setting, where

1) all encoders use the same codebook;

2) the decoding is up to permutations of messages;

3) the probability of error is not required to vanish as
n — 0.

He further introduced the per-user probability of error

kn
é ZPr({Wi # W;} U{W; = W; for some j #i}). (86)
i=1
As argued in [4], the probability that two messages
are equal is typically small, in which case the event
{W; = W, for some j # ¢} can be ignored and (86) is es-
sentially equivalent to the APE defined in (7).

The setting where all encoders use the same codebook and
decoding is up to permutations of messages is sometimes also
referred to as unsourced multiple-access. Unsourced multiple-
access has two benefits: it may be more practical in scenarios
with a large number of users, and many popular schemes,
such as slotted ALOHA and coded slotted ALOHA, become
achievability bounds and can be compared against each other
and against information-theoretic benchmarks. By not requiring
the probability of error to vanish as n — oo, it is not necessary
to let M,, tend to infinity with the blocklength. So, in the
above setting, the payload can be of fixed size, which may be
appealing from a practical perspective.

In [4], Polyanskiy presented a random-coding achievability
bound and used it as a benchmark for the performance of
practical schemes, including coded slotted ALOHA, treating
intereference as noise, and time-division multiple-access. He
further studied the minimum energy-per-bit that can be achieved
by an (n,M,, FE,,¢) code for APE when each user has a
different codebook, the payload M,, and the probability of error
€ are fixed, and the number of users grows linearly with the
blocklength, i.e., k,, = un for some 0 < p < 1. The bounds
obtained in [4] and in the follow-up work [13] suggest that,
whenever p is below some critical value, the minimum energy-
per-bit is independent of 1. In other words, there exists a critical
density of users below which interference-free communication
is feasible. This is consistent with the conclusions we drew
from Theorems 1 and 7 for JPE, and from Theorems 3 and 9
for APE. However, these theorems also demonstrate that there
is an important difference: According to Theorems 1 and 3,
a linear growth of the number of users in n implies that the
capacity per unit-energy C is zero, irrespective of the value
of u, and irrespective of whether JPE or APE is considered.
Since rate per unit-energy is the reciprocal of energy-per-bit,
this implies that the minimum energy-per-bit is infinite. In
contrast, the bounds presented in [4] and [13] show that the
minimum energy-per-bit for a fixed probability of error € is
finite or, equivalently, that the e-capacity per unit-energy C. is
strictly positive. Thus, the capacity per unit-energy is strictly
smaller than the e-capacity per unit-energy. In other words, for
APE, the strong converse does not hold.
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In order to explore this point further, we discuss in the rest
of this section how the largest achievable rate per unit-energy
changes if we allow for a non-vanishing error probability. For
the sake of simplicity, we shall assume throughout the section
that users are active with probability one, i.e., a,, = 1.

We first argue that, when the number of users is bounded in n,
then a simple orthogonal-access scheme achieves an e-capacity
per unit-energy that can even be larger than the single-user
capacity per unit-energy l‘j\ie, irrespective of whether JPE or
APE is assumed. We shall do so by means of the following
example.

Example 1: Consider a k-user Gaussian MAC with nor-
malized noise variance Np/2 = 1 and where the number
of users is independent of n. Suppose that each user has
two messages to transmit using energy [, = 1. Consider an
orthogonal-access scheme where each user gets one channel
use and remains silent in the remaining channel uses. In this
channel use, the user transmits either +1 or —1 to convey its
message. Since the access scheme is orthogonal, the receiver
can perform independent decoding for each user, which yields
Pr(W; # W;) = Q(1). Consequently, we can achieve the rate
per unit-energy % =1 at APE PE(ZZ = @(1) and at JPE

P =1 (1 - Q(1)). Since foee — logc ~ 0.7213, we
conclude that, if € > Q(1) (for APE) or ¢ > 1 — (1 — Q(1))*
(for JPE), then the e-capacity per unit-energy exceeds the
single-user capacity per unit-energy.

Remark 4: A crucial ingredient in the above scheme is that
the energy F,, is bounded in n. Indeed, it follows from [20,
Th. 3] that, if E,, — oo as n — oo, as required, e.g., in [14,
Def. 2] (See Remark 1), then the e-capacity per unit-energy of
the Gaussian single-user channel is equal to %’ irrespective
of 0 < e < 1. For the Gaussian MnAC, the genie argument
provided at the beginning of the proof of Theorem 3 then
demonstrates that the maximum rate per unit-energy that is
e-achievable with E,, — oo cannot exceed 1‘;\%05.

In the following two subsections, we discuss the e-capacity
per unit-energy when the number of users k,, tends to infinity
as n tends to infinity. Specifically, in Subsection V-A we
demonstrate that, irrespective of the order of growth of k,,
the e-capacity per unit-energy for JPE is the same as C, i.e.,
the strong converse holds in this case. In Subsection V-B,
we consider the case where k,, = pun and show by means
of a simple example that, for some fixed payload M, and
sufficiently small x, the e-capacity per unit-energy for APE is
indeed independent of u, as suggested by the bounds in [4]
and [13].

A. Non-Vanishing JPE

The following theorem characterizes the behavior of the
e-capacity per unit-energy for JPE and an unbounded number
of users.

Theorem 13: The e-capacity per unit-energy C. of the non-
random MnAC with JPE has the following behavior:

1) If k, = w(1) and k, = o(n/logn), then C. = kj’\% for

every 0 <e <l

2) If k,, = w(n/logn), then C, = 0 for every 0 < € < 1.
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Proof: We first prove Part 1). It follows from (184) in the
proof of Lemma 12 that, for M,, > 2 and k, > 5,
256 E,, /Ny + log 2

P > 1 _
e - log k,,

(87)

This implies that P{™ tends to one unless E, = Qlog k).
Since, by the theorem’s assumption, we have k, = w(1),
it follows that E,, — oo is necessary to achieve a JPE
strictly smaller than one. As argued in Remark 4 (see also
Remark 1), if E,, — 0o as n — oo, then the e-capacity per
unit-energy of the Gaussian MnAC cannot exceed the single-
user capacity per unit-energy 1(1’\‘%06. Furthermore, by Theorem 3,
if k,, = o(n/logn), then any rate per unit-energy satisfying
R < ICI’\%OG is achievable, hence it is also e-achievable. We
thus conclude that, if &k, = w(1) and k, = o(n/logn), then
C. = lc]’\%f for every 0 < € < 1.
To prove Part 2), we use the upper bound (13), namely

n

1
B < Fubx + o5, By log(
N 1-p™

2kn E,
1 + ’rL7]lV0n)

(88)

By (87), Pe(n) tends to one unless F,, = Q(logk,). For
kn, = w(n/logn), this implies that k, E,,/n — oo as n — oo,
so the RHS of (88) vanishes as n tends to infinity. We thus
conclude that, if k, = w(n/logn), then C. = 0 for every
0<e<l ]

Theorems 1 and 13 demonstrate that C. = C for every
0 < € < 1, provided that the number of users is unbounded in
n. Consequently, the strong converse holds for JPE. As argued
in the proof of Theorem 13, this result hinges on the fact that
the probability of error can be strictly smaller than one only
if the energy tends to infinity as n — oo. As explained in
Remarks 1 and 4, in this case the capacity per unit-energy
cannot exceed 1‘;506. As we shall see in the next subsection,
an APE strictly smaller than one can also be achieved at a
positive rate per unit-energy if the energy is bounded in n.
This allows for a positive e-capacity per unit-energy for APE
when k,, grows linearly in n.

B. Non-Vanishing APE

In this subsection, we focus on the case where k,, = un and
show that, when the payload of each user is 1 bit and p < 1, the
e-capacity per unit-energy for APE is indeed independent of .
This supports the conjecture in [13] that there exists a critical
density of users below which interference-free communication
is feasible.

Let £*(M, u, €) denote the minimum energy-per-bit required
to send M messages at an APE not exceeding ¢ when the
number of users is given by k,, = pn. While it is difficult
to obtain the exact closed form expression of £ (M, p, €) for
general M, ;1 and €, upper and lower bounds on £* (M, u, €)
were derived in [4], [13]. Furthermore, as we shall argue next,
if the payload of each user is 1 bit and p < 1, then £* (M, p, €)
can be evaluated in closed form.

For simplicity, assume that Ny/2 = 1. Then,

£(2, ) = (max{0,Q7}(e)})"

0O<pu<l (89)
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where ! denotes the inverse of the Q-function. Indeed, that
E*(2, py€) > (max{0,Q~1(e)})? follows from (30). Further-
more, if © < 1, then we can assign each user one channel
use. Following the orthogonal-access scheme presented in
Example 1, but where each user transmits either +VEor —VE
(instead of +1 or —1) with energy E = (max{0,Q*(¢)})?,
we can achieve Pe(j;z < €. Thus, with energy (89) we can send
2 messages at an APE not exceeding e.

Observe that the RHS of (89) does not depend on p and
agrees with the minimum energy-per-bit required to send
one bit over the Gaussian single-user channel with error
probability e. Thus, when p < 1, we can send one bit free
of interference. Further observe that (89) is finite for every
positive e. Consequently, the e-capacity per unit-energy, which
is given by the reciprocal of (89), is strictly positive. This is
in contrast to the capacity per unit-energy which, by Part 2) of
Theorem 3, is zero. Thus, the strong converse does not hold
for APE when the number of users grows linearly in n.

As mentioned in the previous subsection, to achieve a
positive rate per unit-energy, it is crucial that the energy E,
and payload log M,, are bounded in n. Indeed, for k,, = un,
the RHS of (33) vanishes as E,, tends to infinity, in which
case no positive rate per unit-energy is e-achievable. Moreover,
for k, = pun and a bounded E,,, (32) implies that the payload
log M,, is bounded, too. We conclude that the arguably most
common assumptions in the literature on MnACs—Ilinear
growth of the number of users, a non-vanishing APE, and
a fixed payload—are the only set of assumptions under which
a positive rate per unit-energy is achievable, unless we consider
sublinear growths of k.

VI. CONCLUSIONS

In this work, we analyzed scaling laws of a Gaussian random
MnAC where the total number of users as well as the average
number of active users may grow with the blocklength. In
particular, we characterized the behavior of the capacity per
unit-energy as a function of the order of growth of the number
of users for two notions of probability of error: the classical JPE
and the APE proposed by Polyanskiy in [4]. For both cases, we
demonstrated that there is a sharp transition between orders of
growth where all users can achieve the single-user capacity per
unit-energy and orders of growth where no positive rate per unit-
energy is feasible. When all users are active with probability
one, we showed that the transition threshold separating the two
regimes is at the order of growth n/logn for JPE, and at the
order of growth n for APE. While the qualitative behavior of
the capacity per unit-energy remains the same in both cases,
there are some interesting differences between JPE and APE in
some other aspects. For example, we showed that an orthogonal-
access scheme together with orthogonal codebooks is optimal
for APE, but it is suboptimal for JPE. Furthermore, when the
number of users is unbounded in n, the strong converse holds
for JPE, but it does not hold for APE. For MnACs where
the number of users grows linearly in n and APE—the most
common assumptions in the literature—our results imply that a
positive rate per unit-energy is infeasible if we require the APE
to vanish asymptotically. In contrast, due to the absence of a
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strong converse, a positive e-rate per unit-energy is feasible.
To this end, however, it is necessary that the energy FE,, and
the payload log M,, are bounded in n.

For the case of random user activity and JPE, we character-
ized the behavior of the capacity per unit-energy in terms of the
total number of users /,, and the average number of active users
k.. We showed that, if k,, log ¢,, is sublinear in n, then all users
can achieve the single-user capacity per unit-energy, and if
ky log £,, is superlinear in n, then the capacity per unit-energy
is zero. Inter alia, this result recovers our characterization of
the non-random-access case (o, = 1), since k,, log k,, = ©(n)
is equivalent to k, = ©(n/logn). Our result further implies
that the orders of growth of ¢,, for which interference-free
communication is feasible are in general larger than n/logn,
and the orders of growth of k,, for which interference-free
communication is feasible may be smaller than n/logn. This
suggests that treating a random MnAC with total number of
users ¢, and average number of users k,, as a non-random
MnAC with k,, users may be overly-optimistic.

We finally showed that, for JPE, orthogonal-access schemes
achieve the single-user capacity per unit-energy when the order
of growth of ¢, is strictly below n/logn, and they cannot
achieve a positive rate per unit-energy when the order of growth
of £, is strictly above n/logn, irrespective of the behavior of
k.. Intuitively, by using an orthogonal-access scheme, we treat
the random MnAC as if it were non-random. Consequently,
orthogonal-access schemes are optimal when all users are active
with probability one. However, for general «,,, non-orthogonal-
access schemes may be necessary to achieve the capacity per
unit-energy.

APPENDIX I
PROOF OF LEMMA 4

The probability of error of the Gaussian MnAC cannot be
smaller than that of the Gaussian point-to-point channel. Indeed,
suppose a genie informs the receiver about all transmitted
codewords except that of user ¢. Then the receiver can subtract
the known codewords from the received vector, resulting in
a point-to-point Gaussian channel. Since access to additional
information does not increase the probability of error, the claim
follows.

We next note that, for a Gaussian point-to-point channel,
any (n, M,,, E,, €)-code satisfies [20, Th. 2]

1 [2E, _
MZQ< TO‘*‘Q 1(1_6)>~

Solving (90) for e yields

1 2F,
>1-— =)=/
€= Q <Q (Mn> N(J )
It follows that the probability of error tends to zero as n — oo
only if Q=1 (1/M,,) —/%¢» — —oc. Since Q! (1/M,,) > 0

for M, > 2, this in turn is only the case if E,, — oo. This
proves Lemma 4.

(90)
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APPENDIX II
PROOF OF LEMMA 6

The upper bounds on the probability of error presented
in (22) and (23) are proved in Appendix II-A. The lower
bounds are proved in Appendix II-B.

A. Upper bounds

An upper bound on the probability of error for M orthogonal
codewords of maximum energy E can be found in [16,
Sec. 2.5]:

Pey < (M — 1) exp {_J]\i (;Lﬂ

< exp [—]50 (A) —|—plnM] . ©n
for 0 < p < 1. For the rate per unit-energy R = %, it
follows from (91) that
P., <exp[-EEy(p,R)], for0<p<1 (92)
where
Eo(p,R) £ <J\2/L - 15;) : (93)

When 0 < R < il‘;\%oe, the maximum of Ey(p, R) over all

0 < p < lis achieved for p = 1. When 1198¢ < jz < 192 e

N,
maximum of Fy(p, R) is achieved for p = 1/ 1?\%: £—1€0,1].
So we have
1 R
2No loge? .
0< k< jige
2 Bolp )=y ¢y o9
No loge )
1 log 51
N, SRS
Since E = 1°§%M, we obtain from (92) and (94) that
n log e » .
P < ) o< i< il(ﬁe
0
and
_InM loge \/F ’ .
p<e ® (\/ s \/E) 7 iflloge <h< loge.
' 4 No N()

This proves the upper bounds on the probability of error in (22)
and (23).

B. Lower bounds

To prove the lower bounds on the probability of error
presented in (22) and (23), we first argue that, for an orthogonal
codebook, the optimal probability of error is achieved by
codewords of equal energy. Then, for any given R and an
orthogonal codebook where all codewords have equal energy,
we derive the lower bound in (23), which is optimal at high
rates. We further obtain an improved lower bound on the
probability of error for low rates. Finally, the lower bound
in (22) follows by showing that a combination of the two
lower bounds yields a lower bound, too.
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1) Equal-energy codewords are optimal: We shall argue
that, for an orthogonal code with energy upper-bounded by E,,,
there is no loss in optimality in assuming that all codewords
have energy E,,. To this end, we first note that, without loss of
generality, we can restrict ourselves to codewords of the form

Xm=(0,...,/Ex,, ,...,0), m=1,....M (95)
where Fy < E, denotes the energy of codeword x,,. Indeed,

any orthogonal codebook can be multiplied by an orthogonal
matrix to obtain this form. Since the additive Gaussian noise Z
is zero mean and has a diagonal covariance matrix, this does
not change the probability of error.

To argue that equal-energy codewords are optimal, let us
consider a code C for which some codewords have energy
strictly less than F,,. From C, we can construct a new code
C’ by multiplying each codeword X,, by \/E,/Ex,,. Clearly,
each codeword in C’ has energy E,,. Let Y and Y’ denote the
channel outputs when we transmit codewords from C and C’,
respectively, and let P,(C) and P.(C’) denote the corresponding
probabilities of error. By multiplying each dimension of the
channel output Y’ by \/Fx,, /E, and adding Gaussian noise
of zero mean and variance E, /FEy,, we can construct a
new channel output Y that has the same distribution as Y.
Consequently, C' can achieve the same probability of error as
C by applying the decoding rule of C to Y. It follows that
P.(C") < P.(C). We conclude that, in order to find lower
bounds on the probability of error, it suffices to consider codes
whose codewords all have energy E,.

2) High-rate lower bound: We next derive lower bound
(23), which applies to high rates per unit-energy. To obtain
this bound, we follow the analysis given in [15] (see also [16,
Sec. 3.6.1]). To this end, we shall first derive a lower bound
on the maximum probability of error

P,

€max

AN
= max P,
m

where P, = denotes the probability of error in decoding message
m. In a second step, we derive from this bound a lower
bound on the average probability of error P ; by means of
expurgation. For P, _, it was shown that at least one of the
following two inequalities is always satisfied [16, Sec. 3.6.1]:

1M > ieuu)—sw(s)-sm 06
e eﬂ(s)"r(l $)p' (8)—(1—8)4/2u" (s) o)
for all 0 < s <1, where
pls) = —%5(1 — ), ©98)
W (s) = —%(1 — 2s) (99)
w'(s) = % (100)

By substituting these values in (96), we obtain

2s In4

F VBN, EN,

E
1nM<—
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Using that 0 < s < 1 and that £ = log M this yields
. loge 2 In4
R< (101)
No «/E/No E/No
Similarly, substituting (98)-(100) in (97) yields
P > 6—%(1—5)2—2(1—5)1 /N£0—1n4
s In4
>e NO ((1 )+ %—FE/N()) (102)

For a given F, let 6 be defined as

2 In4
g 22 +
P (JE/NO E/N0>
and let
- N
SEé R 0 — O0E.
loge

For s = sg, the bound (101), and hence also (96), is violated,
which implies that (102) must be satisfied for s = sg. By
substituting s = sg in (102), we obtain

e (e %) ).

We next use (103) and expurgation to derive a lower bound
on P, ;. Indeed, we divide the codebook C with M messages
and average probability of error P.(C) into two codebooks
Cy and Cy of M/2 messages each, such that C; contains
the codewords with the smallest probabilities of error and Co
contains the codewords with the largest probabilities of error.
It then holds that each codeword in C; has a probability of
error satisfying P., < 2P.(C). Consequently, the largest error
probability of code Cq, denoted as P, __ (C1), and the average
error probability of code C satisfy

(103)

P.(C) > 2Pemx(01). (104)

Applying (103) for C,, and using that the rate per unit-energy

of C; satisfies R’ = % =R- E, we obtain

po 0 2 (V) ),

Together with (104), this yields

P> o (VB2 i) (105)
Let 6 £ & + %£. Then
R _1_d5 _ i_(gl
loge E N, |\ loge B
_|.E /
B loge+0(5E)

Yok o)
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where the last step follows by noting that 6%, and dg are both

of order O(1/+/E). Further defining 7, = 2‘5]60 — 12 we may
write (105) as
2
P.1> eiE(<\/NI°7 1°“+O( 1E)> +6g>
1 /| _R 2 1
_e_E(<\/Nj0_ rge) +O(ﬁ)> (106)

since O(6%) = O(dg) =
E = % (106) yields

Pey > e IHM<<\/% \F> +O(r)>

We can thus find a function E + £}, of order O(1/VE) for
which the lower bound in (23) holds.

3) Low-rate lower bound: We next derive a lower bound
on the probability of error that, for low rates per unit-energy,
is tighter than (107). This bound will then be used later
to derive the lower bound (22). The bound is based on
the fact that, for M codewords of energy FE, the minimum
Euclidean distance d,;, between codewords is upper-bounded
by /2EM /(M — 1) [16, Sec. 3.7.1]. Since, for the Gaussian
channel, the maximum error probability is lower-bounded by
the largest pairwise error probability, it follows that

O(1/VE). By substituting

(107)

P,

€max

2Q<m)

_ EM
e 2Nog(M—T1)

V2m\/EM/(No(M — 1))
(108)

Q
= (1 - BT 1>>>

where the last inequality follows because [22, Prop. 19.4.2]

-8%/2
Q) > (1 - ;2) ‘

V2rB’
EM/No(M —1). 1t follows that

VE/Ny < Bg <

Applying (109) to (108) yields

Py 2 V%a’i“(%(wm));n(@g)
1 7E(
2T

—E sk (14 37 ) +O(BE

8> 0.

Let Bp =

2E/N,, M > 2. (109)

(1+ . )) e*E 3 ln(2E/NO);1n(E/NO—1)

=e€

). (110)

Following similar steps of expurgation as before, we obtain
from (110) the lower bound

(o (14 9) o (%))

Pe,l > exp
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By using that M = 252 _ it follows that
1 1 InFE
PeJ >exp |—F (2]\[0 <1 + 2};}3_1> + O (E))
(111)

from which we obtain that, for any rate per unit-energy R >0,

1 InFE
> - T e .
Pe71_exp[ E<2NO+O( I ))]

4) Combining the high-rate and low-rate bounds: We finally
show that a combination of the lower bounds (106) and (111)
yields the lower bound in (22).

Let P;t(E, M) denote the smallest probability of error that
can be achieved by an orthogonal codebook with M codewords
of energy E. We first note that P;*(E, M) is monotonically
increasing in M. Indeed, without loss of optimality, we can
restrict ourselves to codewords of the form (95), all having
energy E. In this case, the probability of correctly decoding
message m is given by [18, Sec. 8.2]

(112)

PJ_
_Pr<ﬂ{ym>y;-} ’ X:xm>
_lum—vE)? f)"’
/ \/m < ﬂ {Y; < ym} | X = Xm) dynL
_ym—VE)? f)"‘

— Qym )M dym (113)

/ VTN, a
where Y; denotes the i-th component of the received vector Y.
In the last step of (113), we have used that, conditioned on
X = x;p, the events {Y; < y,,}, ¢ # m are independent and
Pr(Y; < ym|X = x,,,) can be computed as 1 — Q(y,). Since
P2, is the same for all m, we have P-(E,M)=1— P}, .
The claim then follows by observing that (113) is monotomcally
decreasing in M.

Let M be the largest power of 2 less than or equal to M.

It follows by the monotonicity of P;-(FE, M) in M that
PH(E,M) > P-(E,M). (114)

We next show that,
FE = FE1 + E5, we have

PH(E,M) > P.(E;,M,L)P,(Ey, L +1)

for every FE; and E5 satisfying

(115)

where P.(F), M, L) denotes the smallest probability of error
that can be achieved by a codebook with M codewords of
energy F1 and a list decoder of list size L, and P.(E2, L+ 1)
denotes the smallest probability of error that can be achieved
by a codebook with L + 1 codewords of energy Fs.

To prove (115), we follow along the lines of [15], which
showed the corresponding result for codebooks of a given
blocklength rather than a given energy. Specifically, it was
shown in [15, Th. 1] that, for every codebook C with M
codewords of blocklength n, and for any n; and ny satisfying
n = n1 + ne, we can lower-bound the probability of error by

Pe(c) Zpe(n17MaL)Pe(n2aL+1) (116)
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where P.(ni1, M, L) denotes the smallest probability of error
that can be achieved by a codebook with M codewords
of blocklength n; and a list decoder of list size L, and
P.(na, L 4 1) denotes the smallest probability of error that
can be achieved by a codebook with L + 1 codewords of
blocklength ns. This result follows by writing the codewords
X, of blocklength n as concatenations of the vectors

/

Xm = (xm,la Tm,25 - - - axm,nl)

and

1"

Xm = ($m7n1+17 T,y 425 -+ :xm,n1+n2)

and, likewise, by writing the received vector y as the con-
catenation of the vectors y’ and y” of length n; and no,
respectively. Defining A,,, as the decoding region for message
m and A/ (y’) as the decoding region for message m when
y’ was received, we can then write P.(C) as

M
P = 17 S S p ) Y w1

m=1y’ y"EAl,

where A!/ denotes the complement of A/, Lower-bounding
first the inner-most sum in (117) and then the remaining terms,
one can prove (116).

A codebook with M codewords of the form (95) can
be transmitted in M time instants, since in the remaining
time instants all codewords are zero. We can thus assume
without loss of optimality that the codebook’s blocklength is
M. Unfortunately, for such codewords, the above approach
yields (115) only in the trivial cases where either £y = 0 or
Es = 0. Indeed, Fq and Es> correspond to the energies of
the vectors x/, and x//, respectively, and for (95) we have
x,, =0 if m > n; and X!/, = 0 if m < ny, where 0 denotes
the all-zero vector. We sidestep this problem by multiplying the
codewords by a normalized Hadamard matrix. The Hadamard
matrix, denoted by H;, is a square matrix of size j x j with
entries +1 and has the property that all rows are orthogonal.
Sylvester’s construction shows that there exists a Hadamard
matrix of order j if j is a power of 2. Recalling that M is a
power of 2, we can thus find a normalized Hadamard matrix

- 1
H%& ——H;.

VM
Since the rows of H are orthonormal, it follows that the matrix
H is orthogonal. Further noting that the additive Gaussian
noise Z is zero mean and has a diagonal covariance matrix, we
conclude that the set of codewords {ﬁ Xm,m=1,...,M }
achieve the same probability of error as the set of codewords
{Xp, m=1,...,M }. Thus, without loss of generality, we can
restrict ourselves to codewords of the form x,,, = H X, Where
X, 18 as in (95). Such codewords have constant modulus, i.e.,

Emnl = /2, k=1,..., M. This has the advantage that the

energies of the vectors

~/ - ~ ~
Xm = (xm,ly Tm,2y - - - 7xm,n1)

and

Sl

Xm = (xm,n1+1a Tm,ng+25 - - - axm,nl+n2)
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are proportional to ny and ng, respectively. Thus, by emulating
the proof of (116), we can show that, fgr every nq and ne
satisfying M = ny +ng and E; = En;/M, i = 1,2, we have

PHE,M) > P.(Ey,ny,M,L)P,(Ea,ny, L+1) (118)

where P.(E1,nq, M, L) denotes the smallest probability of
error that can be achieved by a codebook with M codewords
of energy F; and blocklength n; and a list decoder of list size
L, and P.(E3,n2, L 4 1) denotes the smallest probability of
error that can be achieved by a codebook with L+ 1 codewords
of energy E5 and blocklength ny. We then obtain (115) from
(118) because

Pe(E17n17M7L) Z Pe(ElvMaL)

and
P.(Ey,ne, L+ 1) > P.(Ea, L+ 1).

We next give a lower bound on P.(F, M, L). Indeed, for
list decoding of list size L, the inequalities (96) and (97) can
be replaced by [16, Lemma 3.8.1]

1 / "
L/M > ie/L(s)—su (8)—s4/2p""(8) (119)
P> Len@ra-9u©)-1-9 27 (120)

Let Ry 2 % and ]7%1 £ %. From the definition
of M , we have M <M< 2M. Consequently,
R 1 bt .
Ry — = <Ry <Ry (121)
Ey
By following the steps that led to (106), we thus obtain
Pe (E17 Ma L)

r — 2
[T | R 1
> -E — - 0
=P ! Ny loge * (\/E1>
m . ) =
1 | Ry 1
= —E —_—
P ! Ny loge 0 (\/E1>

(122)

To lower-bound P.(Fs, L + 1), we use the monotonicity of
P(Ey, L+1) in L and then apply (111) with Ry £ 198 This
yields

P.(Ey, L+1)
> P€<E27L)
1 1 In Ey
Zexp E2<2ZV0 <1+2R;E2_1> +O(E,2>>
(123)
Let )
. 1 R
Z1(Ry) 2 — -
1(Fa) Ny loge
and
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Then, by substituting (122) and (123) in (115), and by using
(114), we obtain

P (B, M)
>e (EI(RIHO(E)){EQ(EZ(RQ*O(%)). (124)

This implies that the error exponent of P+ (E, M) is upper-
bounded by a convex combination of =1(R;) and Z3(R2).
Indeed, let A\ = % Then, (124) can be written as

PL(E, M) > o B () +(1-NE2(R2)+0(F5) ) (125)

and

logM  log(M/L) +log L

E E
log(M/L) log L
= ———"—=+(1-))—=
= ARy + (1 — M\)Ry.
Let R & % < IL%,; and vy £ min{ﬁ,%}. We

conclude the proof of the lower bound in (22) by choosing
in (125)

R—
A=)\ & Toge e
N,  E
and the rates per unit-energy Ry = ikj\ie and R, = Y. It

follows that
PA(E,M)

Ag , 1-)2g 1-\g
_E<4N0 + 2N +

T—xg)E
Np2YE( BE 5N,

+o(

)
+0(3)),

1
and that A3 E

s

>e

1-Ap
N2 YEQ=AE)E 5N,

1 2B

(126)
Noting that A\p = m +0 (ﬁ)
is of order O(1/+v/E), (126) can be written as
PH(E, M)
1loge

s oelete o), o< is 1B

We can thus find a function E — Bg of order O(1/vE) for
which the lower bound in (22) holds.

(127)

APPENDIX IIT
PROOF OF LEMMA 10

To prove Lemma 10, we treat the cases where ¢,, = O(1) and
where ¢,, = w(1) separately. In the former case, each user is
assigned an exclusive channel use to convey whether it is active
or not. The probability of a detection error P(D) can then be
analyzed by similar steps as in the proof of Theorem 8. In the
latter case, we proceed similarly as in the proof of [1, Th. 2].
That is, we draw signatures i.i.d. at random according to a
zero-mean Gaussian distribution, followed by a truncation step
to ensure that the energy of each signature is upper-bounded
by E!. The decoder then produces a vector of length £,, with
zeros and ones, where a one in the i-th position indicates
that user ¢ is active. To this end, it chooses the vector that,
among all zero-one vectors with not more than a predefined
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number of ones, approximates the received symbols best in
terms of Euclidean distance. The probability of a detection
error probability P(D) can then be analyzed by following
similar steps as in the proof of [1, Th. 2].

A. Bounded ¢,

When /,, is bounded in n, one can employ a scheme where
each user gets an exclusive channel use to convey whether it
is active or not. For such a scheme, it is easy to show that (see
the proof of Theorem 8) the probability of a detection error
P(D) is upper-bounded by

P(D) < l,e~Fnt

for some ¢ > 0. Clearly, when ¢, is bounded, we have
knlogt, = o(n). Thus, the energy E!' used for detection
is given by bc, In/,, and tends to infinity since ¢, — oo as
n — oo. It follows that P(D) tends to zero as n — oo.

B. Unbounded /,,

Next we prove Lemma 10 for the case where ¢,, — co as
n — oo. To this end, we closely follow the proof of [1, Th. 2],
but with the power constraint replaced by an energy constraint.
Specifically, we analyze P(D) for the user-detection scheme
given in [1], where signatures are drawn i.i.d. according to a
zero-mean Gaussian distribution. Note that the proof in [1]
assumes that

lim ¢,e %" =0
n—o0

(128)

for all § > 0. However, in our case this assumption is not
necessary.

To show that all signatures satisfy the energy constraint,
we follow the technique used in the proof of Lemma 11.
Similar to Lemma 11, we denote by §(-) the probability
density function of a zero-mean Gaussian random variable
with variance E!//(2n'"). We further let

mw:II«m»

= (. t)
=1
and
1 -
q(u) = pl(IIUH2 < E;)4(u)
where

p:/&mmFSE@qmmu

is a normalizing constant. Clearly, any vector S; distributed
according to q(-) satisfies the energy constraint E!/ with
probability one. For any index set Z C {1,...,¢,}, let the
matrices S7 and SI denote the set of signatures for the users
in Z that are distributed as

Sz~ H q(Si)
iel
and

Sz~ H q(Si)

el
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respectively. As noted in the proof of Lemma 11, we have

1
q(si) < ;51(5@) (129)

To analyze the detection error probability, we first define
the ¢,,-length vector D? as

D 2 (1(W; £0),...,1(W,, #0)).

For some ¢’ > 0, let
vp 2 k(14 7).
Further let
B"(v,) 2 {d € {0,1}* :1 < |d| < v,}

where |d| denotes the number of 1’s in d. We denote by
S® the matrix of signatures of all users, which are generated
independently according to q(-), and we denote by Y the first
" received symbols, based on which the receiver performs
user detection. The receiver outputs the length-/,, vector

Y* — sed| (130)

d =arg mmdeBn (o)

indicating the set of active users. By the union bound, the
probability of a detection error P(D) is upper-bounded by

P(D) < Pr(|D?| > vy,)
+ Y Pr(€,D" =d)Pr(D" =d)
deB" (v,)

+ Pr(E4)|D?| = 0)Pr(|D?| = 0) (131)

where |D%| denotes the number of 1’s in D* and £, denotes
the event that there is a detection error. Next, we show that
each term on the RHS of (131) vanishes as n — oo.

Using the Chernoff bound for the binomial distribution, we
have

Pr(|D%| > v,,) < exp(—ky,c"/3). (132)

For unbounded £k, this probability of error vanishes as n — co.

For bounded k,, it vanishes by first letting 7 — oo and then
letting ¢’ — oo.

We continue with the term Pr(£4/D® = d). For a given
D¢ =d, let k1 and ko denote the number of miss detections
and false alarms, respectively, i.e.,

k1= {j:d; #0,d; =0}

re = {j:d; =0,d; # 0}
where d; and cij denote the j-th components of the vectors
d and d, respectively. An error happens only if either «;, or
Ko, or both are strictly positive. The number of users that are

either active or are declared as active by the receiver satisfies
|d| + k2 = |d| + &1, so

|d| + k2 < vp + Ky

since |d| is upper-bounded by v,, by the decoding rule (130).

So, the pair (k1, k2) belongs to the following set:

|d|}, k2 € {0,1,...,0,},

(133)

Wﬁn :{(Fél,:‘ig) tR1 € {0,1,...,

I€1+l€221,|d|+l€2§1}n+1€1}.
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Let Pr(€y, x,|D* = d) be the probability of having exactly
K1 miss detectjons and ko false alarms given that D® = d. For
given d and d, let A* £ {j:d; #0} and A = {j : d; # 0}.

We further define A; £ A*\ A, Ay £ A\ A%, and
SR SR DR TR S Y-l
jeA je A"

Using the analysis that led to [1, Eq. (67)], we obtain
PI'( K1, K2|Da = d)

e~

WHIONON
By 4o |(Bs, [MT4 0084 Y1F| (39

where we used that

1\
q(sMS() IT a6 (135)
n)o
16A2
and
1\ A
q(sA*><<> IT ats) (136)
1 e
zG.A

which follow from (129).
For every p € [0,1] and A > 0, we obtain from [1, Eq. (78)]
that

() ()Bs o |(Bs, T4 <008 41|

< exp[—Eng} (K1, k2, d)] (137)
where
E, 2E!/2
and

g;\Lp("{la HQad)

1 — " En
é % log <]. + AKQTL”)

" En En
log <1 +A(1— )\p)ﬁgﬁ + Ap(1 — Ap)mﬂ/)

n
+ —
2F

n

-5 () -5 ()
— H, ——=—Hy [ -—=). 138
) ] A (138)
It thus follows from (134) and (137) that
Pr(€x, 1, /DY =d)
| A" |4pr2 B
< (u) exp[—Engh ,(k1, k2, d)]. (139

We next show that the RHS of (139) vanishes as n — oco.

To this end, we first show that (1/p) e g asm oo
uniformly in (k1,k2) € Wd and d € B"(v,). From the
definition of p, we have

p=1-Pr (IS5 > £7) .



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2021.3139430

Furthermore, by defining Sp 2 227|S; |3 and following the
steps that led to (42), we obtain that, for (K1, ke) € Wfi” and

d € B"(vy),
\A*\—&-png
1< <1)
7

)
o

n' —2vp,
)

where 7 = (1 — In2). Here, in the second inequality we used
that |A*| = |d| < v, and prs < v,. Since k, logt, = O(n),
we have k, = o(n). This implies that, for every fixed ¢’ > 0,
we have v, = o(n) because in this case v, = O(ky).
Furthermore, n” = ©(n). As noted before, for any two non-
negative sequences {a,} and {b,} satisfying a,, — 0 and
anby — 0asn — oo, it holds that (1—a,, )~ — 1asn — oo.
It follows that the RHS of (140) tends to one as n — ©o
uniformly in (k1, k2) € W5 and d € B"(v,). Consequently,
there exists a positive constant ng that is independent of x1,

K9, and d and satisfies
1 | A" |+pr2 , .
<M> <2, (k1,k2) € Wg,d € B"(v,),n > ng.
(141)

To bound the exponential term on the RHS of (139), we
need the following lemma.

Lemma 14: Assume that k, = Q(1) and &, log ¢, = O(n).
If ¢/ and ¢” are sufﬁciently large, then there exist two positive
constants v and n{ such that g2 s (K1, K2,d), ie., (138)

evaluated at A = 2/3 and p = 3/4, satisfies

IN

(140)

min min g% 3(k1,K2,d) >, n>ng. (142)
deB" (vn) (k1,m0)eW 277
Proof: See Appendix III-C. ]

Lemma 14 implies that Pr(£,/D* = d) vanishes as n — oo
uniformly in d € B"(v,). Indeed, if d € B"(v,), then
|d| <wv,, which implies that x; < wv,. Furthermore, since
the decoder outputs a vector in B" (vy,), we also have ko < vy,.
It thus follows from (139), (141), and (142) that

Pr(€4D* = d)= Y Pr(€x, /D" = d)
(Nlﬁz)EWs”
< 202 exp[—E,7]
21n v,
_zexp{ i, (7 L )] (143)

n

for d € B"(v,) and n > max(ng,ng). By the definition of
v, and F,,,
2lnv, 4ln(1+c") 4k,

E, benInl,  bey,Inty,’
The first term on the RHS of (144) vanishes as n — oo since
£, is unbounded. The second term on the RHS of (144) is
upper-bounded by 4/(bc,,) since Ink,, < In¢,. This vanishes
as ¢, — oo (which is the case when k, log¢,, = o(n)), or it
can be made arbitrarily small by choosing ¢, = ¢ sufficiently

(144)
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large (when &, log ¢,, = ©(n)). Consequently, we obtain that
21“ 22V < 4 for sufficiently large n and c,, which implies
that the RHS of (143) tends to zero as n — oo. This, in
turn, demonstrates that the second term on the RHS of (131)
vanishes as n — oo upon averaging over d € B" (v,,).

We finish the proof of Lemma 10 by analyzing the third term
on the RHS of (131). Since Pr(|D*| = 0) = ((1 — an)ﬁ)k",
this term is given by

Pr(€4][D?| = 0)Pr(|D?| = 0)
1

= Pr(E4][D*] = 0) (1~ )% )"

and vanishes if k,, is unbounded. Next, we show that this term
also vanishes when k,, is bounded. When |D®| = 0, an error
occurs only if there are false alarms. For ko false alarms, let
S &y "™ i21S;, and let S; denote the i-th component of S.
From [1, Eq. (303)], we obtain the following upper bound on
the probability that there are ko false alarms when |D?| = 0:

Pr(Ey,[|d] = 0)
)

g n// 1 ~
<(")E P 7;8. > Z|IS|?
< (1)s {gj 12 S8l
LS

(1) (s [p{S = o)

where in the last inequality we used (129). Here, S Z;”il gj

and 5'{ denotes the i-th component of S. By following the
analysis that led to [1, Eq. (309)], we obtain

Pr(eslld] = 0) < (L) exp [~ g (s2) — )]

where

and

, Ly K
un(lig) £ E7H2 (EQ) .

As in (141), we upper-bound (1/x)"* < 2 uniformly in ko
for n > ng. Furthermore, we observe that the behaviors of
q,,(k2) and u (k) are similar to ¢,(r2) and v, (k2) given
later in (167) and in (169), respectively. So by following the
steps in Appendix III-C2, we can thus show that

liminf min Ko) >0
n—oo 1<k2<v, qn( 2)

and

/
limsup min u"(ﬁ2)<1.

n—ooo 1<ka<v, qn(ﬁg)

It follows that there exist positive constants 7" and 79 such
that

Un,

> Pr(Ex,lld] = 0)

Kko=1

< 2u, exp |:*En7'li|

Pr(€]ld]| = 0) =

(145)



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2021.3139430

for n > max(ng,ng). We have already shown that
v2 exp[—FE,7'] vanishes as n — oo (cf. (143)~(144)), which
implies that the same is true for 2uv, exp[—FE,7']. It thus
follows that P(€4||d| = 0) tends to zero as n — co. This was

the last step required to prove Lemma 10.

C. Proof of Lemma 14
We first note that

. . n
I;j’lnln min g (K1, k2, d)
de (Un) (Kl,fiz)EWd
= min min min g ,(x1,0,d),
deB" (vy) 1SH1<vn
13
min min 0,k9o,d
aeB’( 1<m<vng>"p( 12, d),
min min g% (K1, ke, d) p.
dEB (vn) 1</11<1; P ’ ’
nz<v”

Then, we show that, for A = 2/3 and p = 3/4,

lim inf d 146

W B, 0, Sl 0 >0 (140

li f d 147

W B 1 g, (O >0 (4D

lim inf d 148

R ) i, Sl )20 )
SK2SUn

from which Lemma 14 follows.
In order to prove (146)—(148), we first lower-bound
9% ,(K1, K2, d) by using that, for 0 < Ap < 1, we have

2log (1 + A1 = Ap)koEp /0" + Ap(1 — )\p)mEn/n”)
> log (1 +A(1— )\p)ngEn/n”)
+log (1 (1 — /\p)nlEn/n”) . (149)

Applying (149) in the second term on the RHS of (138), we
obtain that
g p(k1, k2,d) > al (k1,d) +bY ,(K2) (150)

where

aﬁ,p(m,d) £

and

"

by (ko) = 4n~ log (1 + A1 — )\p)ngﬁn/n”)

(1 B p) I " pgn <’€2>
— —log(14+ Ak Ep/n") — —Hy [ — ).
°F, g( 2B /n") B 2 ‘.

1) Proof of (146): We have

g;\l,p("{lv 0, d) > a’ﬁ,p("{lv d) + bg\l,p(o)

> ay ,(k1,d) (151)
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by (150) and because bY p(O) = 0. Consequently,

aeB" (v,) 1951 2o gx ,(k1,0,d)

>  min min ay (k1,d)
deB" (v,) 1<ki<on P

min min

and (146) follows by showing that

liminf min min a} ,(k1,d) > 0.
n—oo dEBn(vn) 1<ki1<v, ’

(152)
To this end, let

nl/

o n "
7 log (1 + Ap(1 = Ap)k1En/n )

a5 (k1,d) = i (1) (1 -

Note that

"

in (K1) >

n

log (1 + Ap(1 — /\p)

and

jn(fih d)
’in(lﬁll)

Ald|H, (ﬁ)
n' log (1 + (1 = Ap)kq ]3’?

)

_4mlog('d‘)+4|d|(|d| 1>1 (1 71‘), (155)

”log(l—i—/\pl—)\p )

Next, we upper-bound (k1 /|d| — 1) log(1 — x1/|d|). To this
end, we note that the function f(p) =p— (p — 1) In(1 — p),
0 < p < 1 satisfies f(0) = 0 and is monotonically increasing
in p. It follows that (p — 1) In(1 — p) < p, 0 < p < 1, which
for p = k1/|d| gives

K1 K1 K1
— — 1] log (1—) <loge—.
(Idl ) |d| d|
Using (156) in (155), we obtain that

Jn (51 s d)
Z'n("fl)

(156)

< 4log(|d|/k1) + 4loge
~ n'log (1 + Ap(1— )\p)mEn/n”) /K1
4log(|d|/k1) + 4loge
n' log (1 + Ap(1— )\p)vnEn/n“> /Un,
vn(41og(vy,) + 4loge)
n''log (1 + Ap(1— )\p)vnEn/n”)

4logwy, + 41
_ og v, + ogke (158)
~ 10g(1+>\p(1—)\p)vnEn/n”>

E _
" Vn En /0!

(157)
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where we have used that 128U0+2) jg monotonically decreasing

in 2 > 0 and that |d| < v, anﬁ 1 < k1 < v,. Combining (153),
(154), and (158), af\L’p(m, d) can thus be lower-bounded by

n//
@1, d) = 7

log (1 + Ap(1 — Ap)E7,/n”>
4loguv, +4loge

~ 10g(1+Ap(1—Ap)vnE‘n/n”)
En vn By /n!

. (159)

Note that the RHS of (159) is independent of x; and d. To
show (152), we consider the following two cases:

Case 1—ky logt, = o(n): Recall that if &, log ¢, = o(n),
then E,, = bc,, In/,, /2. Tt follows that the term

vn 1+ kplnt,
prg Cn

n' 2 n

(160)

tends to zero as n — oo since ¢,, = ln( ) and kn 1:;4" is
of order o(1) by assumption. Using that v, = O(k,) = (1),
we further have that, for this choice of E,, E, /n" = 0,
E, — oo, and l"% — 0 as n — oo. It follows that
liminf min min ab (k1,d
T— 00 dGB”(UTL) 1<k1 <vn )\7p( 1, )
"

. n "
> lim = log (1 (1 — Ap) By /n )
“ lim | 1- 4logv, + 4log~e
n—o0 B log(1+Ap(1=Ap)vn By /n'")
n vnE'n/n”
1 1-—
_ (loge) Az( Ap) (161)

which for A =2/3 and p = 3/4 is equal to (loge)/16.

Case 2—kplogl, = ©O(n): To analyze this case,
we first note that, by the definition of wv,, and
because logk, < log/,, the numerator in (157)
satisfies v, (4log(v,) + 4loge) = O(kylogl,).  Since

knlogl, = ©(n) and n” = O(n), this further implies that
there exist ag > 0 and 7, > 0 such that

v (4log(vy,) + 4loge) <4

vz <ay, n >y (162)
We next note that (159) can be written as
1
a3, (k1,d) = ~=—log (14 Ap(1 = Ap)Ey/n")
’ 4F,
. vp(4log(vy,) + 4loge) (163)

n''log (1 + Ap(1— )\p)vnEn/n”)

The RHS of (163) is independent of x; and d. We next show
that it is bounded away from zero. R
Recall that, if k,, log £,, = ©(n), then E,, = bc’In¥,, /2. We
then choose ¢ sufficiently large such that, for some 7{ > 7,
log (1 + Ap(1— )\p)vnEn/n”) >ay, n>ng.  (164)
Such a choice is possible since we have

vnEn  1+4¢ k,Ind,
n' - 2 ¢ n
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knlnt,
n

and, by assumption, = ©O(1). Consequently, for
sufficiently large n, v, E,, /n" is monotonically increasing in ¢’
and ranges from zero to infinity. Combining (164) with (162)
implies that the expression inside the large parentheses on the
RHS of (163) is bounded away from zero for n > 7.

We next consider the remaining term on the RHS of (163).
To this end, we note that, if k, is unbounded, then the
assumption k, log ¥, = ©(n) implies that In¢, = o(n). It
follows that En/n” = c’% — 0asn — oo. If k, is
bounded, then In/, = ©(n), so E,/n” is bounded. In both
cases, %; log(1 + Ap(1 — Ap)E,,/n"") is bounded away from
zero for sufficiently large n.

Applying the above lines of argument to (163), we obtain
that

liminf min min a} ,(k1,d) >0 (165)

n— 00 dGBn('Un) 1<k1<v,
which concludes the analysis of the second case.
The claim (146) follows now by combining the above two
cases, i.e., (161) and (165).
2) Proof of (147): Since aﬁ)p(O,d) = 0, we have that
min min

IS d) > i by .
deB" (v,) 1Sk2<vn gA’p(()’ 2, ) = 1<mag )\7[,(’12)

1<ka<vy

Thus, (147) follows by showing that

hﬂ,{)%f 1§I£4‘1£1Un by ,(k2) > 0. (166)
To prove (166), we define
n// -
n(r2) & T log (1 A1 /\p)ngEn/n”) (167)
1— -
T (Kg) 2 ( _ P) log(1 + ko E, /n’") (168)
2F,
l,, K
Up (Kn) 2 ’;jn H, <£§> (169)
so that
Tn(K2) un(fig)>
Y (k1) = gn(k (1— — (170)
Aol =) {1000 ™ aalma)
Note that
n! En
(ko) > ——Tog [ 1+ A1 =A) 22 ), 1<Ky <oy
q ("62)_4En 0g< + A( P)n,,> Ko <0
(171)
Furthermore,
ralea) G log(1+ AsaBn/n”)
an(K2) 4’5 log (1 + A1 - )\p)ngEn/n”>
_ S5Pog(1 4 dunBy /)
47;5% log (1 + A1 - )\p)En/n”)
(1—p)vn log(l:i—)mnEn/n”)
_ 2n7 Envp/n”
= log(l—‘,-)\(l—)\p)En/"”) ) 1 S K2 S Un. (172)
1B
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Finally,

4pl,, Hy (ka/ly)
n' log (1 +A(1 - Ap)ngE’n/n”)
4p [k log(ly/ke) + €n(Kka/ln — 1) 1log(1 — Ko /L))
n''log (1 +A(1 - )\p)@En/n”)
4p [k log(£Ly/ke) + K2 loge]
n' log (1 +A(1 - )\p)@En/n”)
4pv,, [log £,, + log €]
n' log (1 +A(1— )\p)vnEn/n”)

_ 4p [log £, 4 loge] e
E log(1+)\(1—)\p)vnEn/n/,) ) S K S Up

IN

(173)

(174)

v B /’I’L”

where the first inequality follows from (156). Combining (171)-
(174) with (170) yields the lower bound

"

7; log (1+)\(1—)\p) n/n”)

(1=p)v,, 105 (142 227

bA p(li2)

Ay 2n’ By 4p[log ¢y, + loge]
log(1+)\(1 )\p)%) B log(l-‘r)\(l—)\p)v?ﬁn)

4En

n vn Epn
!l !’

(175)

which is independent of ko and d.

To prove (166), we first note that, since k,, = (1), we have
vy, > 1—M\p for ¢’ sufficiently large. Thus, by the monotonicity
of z — w,

log(1+Av, E,, /n'")

Envn/n”
3 n > 1— Ap. 176
IOg(1+)\(1—>\p)En/n”) =1 _/\p7 Vp = P ( )
En/TL”
Furthermore, the term
2(1 — n 2(1 = p)kn(1 "
(1—p)vn _ 2(1 = p)kn(1+c") -
n’ bn

vanishes as n — oo since k, = o(n) by the lemma’s
assumption that k, log ¢, = O(n). Consequently, the RHS
of (172) tends to zero as n — oo, hence

liminf min by (ko
n—oo 1<ko<v, )‘p( )

"

> lim —— log (1 A1 = \)E, /n”)

. 4p [log £, + log €]
X lfhrrgljolip ~ log(1+A(1=Ap)vy En /n'")
E ° E /n!’

(178)

To show that the RHS of (178) is positive, we consider the
following two cases:

© 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

28

Case I—k,logt, = o(n): Recall that, in this case,
=bc,Inl,/2 and ¢, — oo as n — oo. This implies
that E, — o0, 28t 5 0, and v, E,/n” — 0 as n — oo. It
follows that the RHS of (174) vanishes as n — oo, so (178)
becomes

liminf min by (k2)
n—oo 1<ko<v,

> lim n~” log (1 +A1—Mp)E /n”)
T n—oo 4F,, "

_ (loge) AM(1 = Xp)

B 4

which for A = 2/3 and p = 3/4 is equal to (loge)/12. Here,
the last step follows by noting that v, E,, /n”" — 0 implies that
E,/n" — 0 since v, = Q(1).

Case 2—k, log ¢, = ©(n): We first note that, in this case,
4pvy, [log £, + loge] = O(n). Thus, there exist two positive
constants a3 and 7§’ such that

(179)

4pvy, [log E: + log €] <as, 0>l

n

By the same arguments that yield (164), we can show that ¢/
can be chosen sufficiently large so that, for some 79 > 7y,

log (1 + Ap(1 — /\p)vnEn/n”) >az, n > .

For such a ¢/, the RHS of (173) is strictly less than one. Conse-
quently, the expression inside the large parentheses on the RHS
of (178) is bounded away from zero for n > ng. Furthermore,
as noted in the proof of (146), when k,, log ¢, = ©(n), the

4" (14 Ap(1 = A\p)E,,/n") is bounded away
from zero for sufficiently large n. It follows that

liminf min by ,(k2) >0
n—oo 1<ko<v,

(180)

which concludes the analysis of the second case.

The claim (147) follows now by combining the above two
cases, i.e., (179) and (180).

3) Proof of (148): We use (150), (159), and (175) to lower-
bound

gﬁp(m,@,d)

"

log 1+>\p 1-Mp)E, /n”)

’I’L

410gvn +4loge
~ log 1+ Ap(1=Xp) vy Ep, /n”)

vn By /!

Ap)Ey, /n”)
n
(1—p)vy 10g(1+/\v,LE,L/n”)
2n” Envn/n"
X =
log(1+>\(17)\p)En/n”)
1B

4p [log €, + log €]
~ log(l-l-/\(l—)\p)vnEn/’ﬂ")
En UnEn/n”
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which is independent of k1, ko, and d. Consequently,

liminf min

n—o00 dGB" min 9Ix P(Kl’ﬁ%d) ZQ+Q

1<n1 <vn,
1<I€2<’U

where

1
a £ liminf n~
4FE

n

log (1 + Ap(1 — )\p)En/n”)
4logv, +4loge

x|1-— ~
En log(1+)\p(1j)\p)'unEn/n”)

vp By /'’

and

"
b2 lim inf { 4’; log (1 FA1 - )\p)En/n”)

n

(1—p)v, log(1+Av, E,, /n’)
2n'’ Envn /0’
10g(1+k(1—)\p)E~'n/n”)

4E, /n"

3 4p [log ¢, + log €] > }

E log(lJr)\(l Ap)v,LE,L/n”)

vnEp /0

It was shown in the proof of (146) that @ > 0, and in the proof
of (147) that b > 0. The claim (148) thus follows.

Since (146)—(148) prove Lemma 14, this concludes the proof.

APPENDIX IV
PROOF OF LEMMA 12

Let W denote the set of the (M,, + 1) messages of all
users. To prove Lemma 12, we represent each w € W using a
length-¢,, vector such that the i-th position of the vector is set to
7 if user ¢ has message j. The Hamming distance dg between
two messages W = (wi, ..., wy, ) and W' = (w},...,wy ) is
defined as the number of positions at which w differs from
w',ie., dg(w,w') 2 [{i: w; # wl}|.

We first group the set WV into £,,+1 subgroups. Two messages
w,w’ € W belong to the same subgroup if they have the same
number of zeros. Note that all the messages in a subgroup
have the same probability, since the probability of a message
w is determined by the number of zeros in it.

Let 7 denote the set of messages w € YV with ¢ non-zero
entries, where t = 0, ..., £,,. Further let

Pr(T:) £ Pr(W € Ty)

which can be evaluated as

t
Pr(T:) = (1 — o) (;}’;) [T (181)
We define
L1
Po(T1) & — > Pu(w) (182)
T+
wETt

© 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

29

where P.(w) denotes the probability of error in decoding the
set of messages w = (wy, ..., wy, ). It follows that

P = 3" Pr(W = w)P.(w)

WEW
ln
3 - () i R
t_ow; M,) T
o 1
- Pr(Tt)|T| > Puw)
t=0 UIGTt
Ln
= Pr(Tt)Pe (Tt)
t=0
Ln
2 Pr(T¢)Pe(T4) (183)
t=1

where we have used the definitions of Pr(7;) and P.(7:) in
(181) and (182), respectively. To prove Lemma 12, we next
show that

256F,, /No + log 2

>1_
Pe(T2) 21 log ¢,

L ot=1,...,0,. (184)

0, into D, sets
, £, we then show that this partition

To this end, we partition each T,,t =1,...
S'. Foreveryt=1,...

satisfies
1 256E,, /Ny + log 2
5 |WEZS;PE(w)21— lf)g%: B2 (ss)
This yields (184) since
Dy t
Z ITtI |3 Z P.(w). (186)

d

Before we continue by defining the sets S%, we note that

M, > 2 (187)

since M,, = 1 would contradict the lemma’s first assumption
that R > 0. We further have that

0y >5 (188)

by the lemma’s second assumption.
We next define a partition of T4, =1,...,¢,
the following:

that satisfies

IS4 > b, +1, d=1,....D, (189)

and

dg(w,w') <8, w,w €8\ (190)

To this end, we consider the following four cases:

Case 1—t = 1: For t = 1, we do not partition the set,
ie., S} = T1. Thus, we have |Si| = ¢,M,. From (187)
and (188), it follows that |S7| > ¢,,++1. Since any two messages
w,w’ € T have only one non-zero entry, we further have that
dg(w,w’) < 2. Consequently, (189) and (190) are satisfied.
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Case 2—t = 2, ..., 0, —2: In this case, we obtain a partition
by finding a code C; in T that has minimum Hamming distance
5, and for every w € T, there exists at least one codeword
in C; which is at most at Hamming distance 4 from it. Such a
code exists because, if for some w € T, all codewords were
at Hamming distance 5 or more, then we could add w to C,
without affecting its minimum distance. Thus, for all w ¢ C,
there exists at least one index j such that dg(w,c.(j)) < 4,
where c:(1),...,c:(|C¢|) denote the codewords of C;. With
this code C;, we partition 7 into the sets S}, d =1,..., D,
with D; = |C;| using the following procedure:

1) For a given d = 1,...,D;, we assign c;(d) to S, as
well as all w € T that satisfy dy(w,c:(d)) < 2. These
assignments are unique since the code C; has minimum
Hamming distance 5.

2) We then consider all w € 7T for which there is no
codeword (1), ..., c,(|Cy|) satisfying d (w, ci(d)) < 2
and assign them to the set S with index

d=min{j=1,...,D; : dg(w,ci(j)) < 4}.

Like this, we obtain a partition of 7. Since any two w,w’ €
S!, are at most at a Hamming distance 4 from the codeword
c:(d), we have that dy(w,w’) < 8. Consequently, (190) is
satisfied.

To show that (189) is satisfied, too, we use the following
fact:

For two natural numbers a and b,

ifa>4and 2<b<a-—2, thenbla—b) >a. (191)

This fact follows since b(a — b) is increasing in b from b = 2 to

b= |a/2]| and is decreasing in b from b = |a/2] to b=a—2.

So b(a — b) is minimized at b = 2 and b = a — 2, where it has
the value 2a — 4. For a > 4, this value is greater than or equal
to a, hence the claim follows.

Applying (191) with @ = ¢,, and b = ¢, we obtain that, if
IS4 > 1+ t(¢,, —t), then |S%| > 1+ £,,. It thus remains to
show that |S%| > 1+4¢(¢,, —t). To this end, for every codeword
c:(d), consider all sequences in 7 that differ exactly in one
non-zero position and in one zero position from c;(d). There
are t(¢, — t)M,, such sequences in 7 which, by (187), can
be lower-bounded as

t(gn - t)Mn > t(gn - t)' (192)

Since the codeword c;(d) also belongs to S, it follows that
Sl > € + 1.

Consequently, (189) is satisfied.

Case 3—t = ¢, —1: We obtain a partition by defining a code
C: in T, 1 that has the same properties as the code used for
Case 2. We then use the same procedure as in Case 2 to assign
messages in w € T, _ to the sets Sg, d=1,...,D;. This
gives a partition of 7T, _; where any two w,w’ € S} satisfy
dy(w,w’) < 8. Consequently, this partition satisfies (190).

We next show that this partition also satisfies (189). To this
end, for every codeword c;(d), consider all the sequences that
differ exactly in two non-zero positions from c;(d). There are
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(") (M, — 1)? such sequences in T,_i. Since S also

contains the codeword c;(d), we obtain that

ly, —1
|SZ|21+( ) )<Mn1>2

l, —1
>
= (1)

>14+4,

by (187) and (188).

Case 4—t = {,,- We obtain a partition by defining a code
C; in Ty, that has the same properties as the code used in
Case 2. We then use the same procedure as in Case 2 to
assign messages in w € T, to the sets Sb, d = 1,...,D,.
This gives a partition of 7 where any two w,w’ € S’ satisfy
dp(w,w’) < 8. Consequently, this partition satisfies (190).

We next show that this partition also satisfies (189). To this
end, for every codeword c;(d), consider all sequences that are
at Hamming distance 1 from c;(d). There are ¢,,(M,, —1) such
sequences. Since S’ also contains c;(d), we have

ISh > 1+ £, (M, —1)
>144,

by (187).

Having obtained a partition of 7, that satisfies (189)
and (190), we next derive the lower bound (185). To this
end, we use a stronger form of Fano’s inequality sometimes
known as Birgé’s inequality.

Lemma 15 (Birgé’s inequality [23]): Let (), B) be a mea-
surable space with a o-field, and let Py, ..., Py be probability
measures on 3, where N > 2. Consider an estimator § of the
measures defined on ), and denote by A; the event that the
estimator’s guess 6(Y) is P;. Then

ﬁ Z” D(PiHPj) + log 2
log(N —1) '

L X
N Zpi(-Ai) <
im1

Proof: See [24] and references therein. |
To apply Lemma 15 to the problem at hand, we set N = |S}|
and P; = Pyx(-[x(j)), where x(j) denotes the set of
codewords transmitted to convey the set of messages j € S%.
We further define A; as the subset of Y™ for which the
decoder declares the set of messages j € S. Then, the
probability of error in decoding messages j € Sfi is given
by P.(j) =1— P;(A;), and ﬁ ZjeS; P;(A;) denotes the
average probability of correctly decoding a set of messages in
st
For two multivariate Gaussian distributions
Zy ~N(p1,521) and Zy ~ N (pa, B2 1) (where I denotes
the identity matrix), the relative entropy D(Z1[|Z2) is given
by % We next note that P, = N(X(w),221)
and Py = N(X(w'), 1), where X(j) denotes the sum
of codewords contained in x(j). By construction, any two
messages w, w’ € S} are at a Hamming distance of at most
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8. Without loss of generality, let us assume that w; = w; for
7i=9,...,¢,. Then

ln ln 2 ] 2

ij(wj)—ij(w;) = ij(wj)*xj(w})

Jj=1 =1 zzl )
< Z|Xj(wj)—xj(w§)|
< (8x2VE,)’

= 256E,

where we have used the triangle inequality and that the energy
of a codeword for any user is upper-bounded by E,,. Thus,
D(PWHPW/) < 256En/N0.

It follows from Lemma 15 that

|Sal . - log(|Sq| — 1)
wESd

B 256E,, /Ny + log 2
log 4,

>1

(193)

where the last step holds because |S4| — 1 > £,. This
proves (185) and hence also (184).
Combining (184) and (183), we obtain

¢
256E,, /Ny + log 2\ <

1— > Pi(T;
( log ¢, ) = (7

) (1= Pr(7a)

v

P

1 256F,, /No + log 2
log 4,

The probability Pr(75) = ((1 — an)ﬁ)k" is upper-bounded
by e~¥» so, by the lemma’s assumption k,, = Q(1),

lim sup Pr(7p) < 1.

n— oo
Consequently, Pe(n) may tend to zero as n — oo only if
E, =Q(ogt,).

This proves Lemma 12.
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