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ABSTRACT

Compact representations of data are very useful in manycgigins such as cod-
ing, denoising or feature extraction. “Classical’ transfsrsuch as Discrete Cosine
Transforms (DCT) or Discrete Wavelets Transforms (DWT) piledparse approxima-
tions of smooth signals, but lose efficiency when they ardieghpo signals with large
discontinuities. In such casedirectional transformswhich are able to adapt their ba-
sis functions to the underlying signal structure, imprdwe performance of “classical”
transforms.

In this PhD Thesis we describe a general cladgtofg transforms on graphs that
can be seen as¥-dimensional directional transforms. Graphs are constructed so that
every node corresponds to a specific sample point of a desirelimensional signal and
links between nodes represent correlation between sanmptesefore, non-correlated
samples (e.g., samples across a large discontinuity inghaly should not be linked.

We propose a lifting-based directional transform that carapplied to any undi-
rected graph. In this transform, filtering operations aregqumed following high-
correlation directions (indicated by the links between eg)d thus avoiding filtering
across large discontinuities that give rise to large highspcoefficients in those loca-
tions. In this way, the transform efficiently exploits therabation that exists between
data on the graph, leading to a more compact representation.

We mainly focus on the design and optimization of thesenliftiransforms on
graphs, studying and discussing the three main steps egjjtorobtain an invertible
and critically sampled transform: (i) graph constructipn,design of “good” graph bi-
partitions, and (iii) filter design. We also explain how tdend the transform td levels
of decomposition, obtaining a multiresolution analysistioé original N-dimensional
signal.

The proposed transform has many desirable properties,asipkrfect reconstruc-
tion, critically-sampled, easy generalization to N-disienal domains, non-separable
and one-dimensional filtering operations, localizatioriraquency and in the original
domain, and the ability to choose any filtering direction.

As an application, we develop a graph-based video encoderenthe goal is to
obtain a compact representation of the original video secgle To this end, we first



propose a graph-representation of the video sequence andlésign a 3-dimensional
(spatio-temporal) non-separable directional transfoFhis can be viewed as an exten-
sion of wavelet transform-based video encoders that apénathe spatial and in the
temporal domains independently. Our transform yieldselbetompaction ability (in
terms of non-linear approximation) than a state of the ationecompensated tempo-
ral filtering transform (which can be interpreted as a terapwavelet transform) and
a comparable hybrid Discrete Cosine Transform (DCT)-basgelovencoder (which is
the basis of the latest video coding standards).

In order to obtain a complete video encoder, the transforefficeents and the side
information (needed to obtain an invertible scheme) shbel@éntropy coded and sent
to the decoder. Therefore, we also propose a coefficiemteeog method based on
the information of the graph which allows to improve the coegsion ability of the en-
tropy encoder. Furthermore, we design two different lost@pproaches which aim to
reduce the extensive computational complexity of the psedsystem without causing
significant losses of compression performance. The praposmplete system leads
to an efficient encoder which significantly outperforms a pamble hybrid DCT-based
encoder in rate-distortion terms. Finally, we investigader rate-distortion optimization
can be applied to the proposed coding scheme.



RESUMEN

La representabn compacta de Sales resultaitil en diversas aplicaciones, tales
como compresin, reducdn de ruido, o extracon de caractésticas. Transformadas
“clasicas” como la Transformada Discreta del Coseno (DCT) o lasfwamada Wavelet
Discreta (DWT) logran aproximaciones compactas deles suaves, pero pierden su
eficiencia al ser aplicadas sobrdiakes que contienen grandes discontinuidades. En
estos casos, lamnsformadas direccionalesapaces de adaptar sus funciones base a la
estructura de la $&al a analizar, mejoran la eficiencia de las transformadasitas”.

En esta tesis nos centramos en el idlisg optimizacdn detransformadas “lifting”
sobre grafos las cuales pueden ser interpretadas ctraiesformadas direccionales
N-dimensionales

Los grafos son construidos de manera que cada nodo se @rdesgon una muestra
espedfica de una d&al discreta N-dimensional, y los enlaces entre los nodugsen-
tan correladn entre muestras. Asnuestras no correlacionadas (por ejemplo, muestras
gue se encuentran a ambos lados de una discontinuidad) edahebstar unidas. So-
bre el grafo formado aplicaremos transformadas basaddssquema “lifting”, en las
gue las operaciones de filtrado se realizan siguiendo lasaines indicadas por los
enlaces entre nodos (direcciones de alta cori@@cDe esta manera, evitaremos filtrar
cruzando a tra&s de largas discontinuidades (lo que resigtan coeficientes con alto
valor en dichas discontinuidades), dando lugar a una tvemsida direccional que ex-
plota la correlad@n que existe entre las muestras de f@sen el grafo, obteniendo una
representadin compacta de dichafsal.

En esta tesis nos centramos, principalmente, en investigdres principales pasos
requeridos para obtener una transformada direccionablbasa el esquema “lifting”
aplicado en grafos: (i) la construéai del grafo, (ii) el disBo de biparticiones del grafo,

y (iii) la definicion de los filtros. El buen di$® de estos tres procesos deternmanar
entre otras cosas, la capacidad para compactar laiardgda transformada. Tan@bi
explicamos 6mo extender este tipo de transformadas riveles de descomposixi,
obteniendo un alisis multi-resoludn de la s@al N-dimensional original. La trans-
formada propuesta tiene muchas propiedades deseahbdss;daho reconstrudm per-
fecta, muestreo @ico, facil generalizadéin a dominios N-dimensionales, operaciones



de filtrado no separables y unidimensionales, localiraen frecuencia y en el dominio
original, y capacidad de elegir cualquier dirgotde filtrado.

Como aplicadn, desarrollamos un codificador dedeo basado en grafos donde
el objetivo es obtener una vedsi compacta de la 8al de vdeo original. Para ello,
primero proponemos una represendacen grafos de la secuencia deleo y luego
diséhiamos transformadas no separables direccionales 3-donales (espacio-tiempo).
Nuestro codificador puede interpretarse como una exterse los codificadores de
video basados en “wavelets”, los cuales operan indepeediente (de forma sepa-
rable) en el dominio espacial y en el temporal. La transfoianaropuesta consigue
mejores resultados (eérminos de aproximagn no lineal) que un &todo del estado
del arte basado en “wavelets” temporales compensadas emianto, y un codificador
DCT comparable (base de lakimos eshndares de codificamn de ideo).

Para conseguir un codificador dedeo completo, los coeficientes resultantes de
la transformada y la informamn secundaria (necesaria para obtener un esquema in-
vertible) deben ser codificados éicamente y enviados al decodificador. Por ello,
tambien proponemos en esta tesis uetato de reordenamn de los coeficientes basado
en la informaaddn del grafo que permite mejorar la capacidad de commedel cod-
ificador entbpico. El esquema de codificaa propuesto mejora significativamente la
eficiencia de un codificadoiltrido basado en DCT eérminos de tasa-distosi. Sin
embargo, nuestro @todo tiene la desventaja de su gran complejidad computcio
Para tratar de paliar este problema, d&®mos dos algoritmos que tratan de reducir dicha
complejidad sin que ello afecte en la capacidad de confprestinalmente, investig-
amos como realizar optimizaui tasa-distoréin sobre el codificador basado en grafos
propuesto.
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Chapter 1

Introduction

There are many applications in which it is useful to achiegparse signal representa-
tion. Discrete Cosine Transforms (DCT) and “classical” DeserWavelets Transforms
(DWT) usually obtain an efficient representation of smoothctions, and have been
widely used in image and video coding standards (e.g., DCTbkas used in JPEG,
H.261/H.263, MPEG1/2/4 and H.264/AVC, and DWT in JPEG2000pweNer, for
functions with large discontinuities, good DCT approxiroas require high energy co-
efficients in numerous cosine basis functions, and DWT expasseed large magni-
tude coefficients in the wavelet basis functions, leadingoio-sparse representations of
the signal.

Figure 1.1 illustrates this behaviour in a one-dimensional signal.panticular, it
shows the absolute value of DCT and DWT coefficients of a smagtiak(left column)
and a signal with large discontinuities (right column). dlithat coefficients are sorted
in decreasing order of their absolute value.

The same concept applies to N-dimensional signals such agesnor video se-
quences, where large discontinuities (e.g., confoarsimages) produce many high
energy coefficients. In such caselirectional transformsare useful since they allow
us to obtain a more sparse representation of multidimeakgignals with large dis-
continuities (note that directional information is a uregieature of multidimensional
signals).

In this thesis we describe and optimize a general cladtimig transforms on
graphsthat can be interpreted &sdimensional directional transforms.

This chapter is organized as follows. We first provide somévaton for the con-
struction of new N-dimensional directional transforms ec&on 1.1 In Sectionl.2
we give a brief overview of some selected state-of-the4agtctional transforms which

1 To avoid confusion we call image “contours” edges that appethe image, between sets of pixels
of different intensities, while we reserve the term “eddet,the links between nodes in a graph.
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can be considered the inspiration for this thesis. Given ttiia proposed transforms
are graph-based, we briefly describe graph-represergatioN-dimensional signals in
Sectionl.3and introduce lifting transforms on general graphs in $acti4. This will
be useful to describe the starting point and summarize th&ibations of this thesis in
Sectionl.5. Finally, the contents of this thesis are outlined in Seclid.
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1.1 Motivation

In several applications such as coding, denoising, or featutraction, it is useful to
achieve a sparse representation of the signal of inter@stpacting most of the infor-
mation into a small number of coefficients (e.g., in an imageideo coding applica-
tion, overall bit rates can be reduced if the selected tmanstompacts the signal into a
smaller number of large coefficients).

Standard separable DWT and DCT transforms have been widetyfoseompact
signal representation. Nevertheless, applying thessftvams to signals with large dis-
continuities (e.g., contours in images) may give rise toyrlarge high-frequency coef-
ficients to represent these discontinuities, thus redubiegparsity of the representation
(e.g., this can be costly in terms of rate in a coding appbocat

This observation has motivated the interedimrectional transformswhich are able
to adapt their basis functions in order to filter along higinrelation paths (e.g., direc-
tions of low variation in pixel intensity in an image or vidsequence), avoiding filtering
across large discontinuities, and resulting in smalleh fiigquency coefficients in those
locations. In general, the construction of sulifectional transformss mathematically
complex, and their generalization to N-dimensional dom&mot easy. Furthermore,
most of these transforms are restricted to a given numberasilble directions, limiting
their adaptation to the specific signal structure.

When conventional transforms are applied to N-dimensiooaiains, they usually
work in a separable way, filtering independently in eachdtioa (e.g., when conven-
tional wavelets are applied to image processing, they lysaperate independently in
rows and columns; or when wavelets are applied to video godivey firstly filter in
the temporal domain and then in the spatial one, or vice yerSame of the direc-
tional transforms proposed in the literature are sepatableSeparable wavelets (e.g.,
2-dimensional wavelets constructed as a separable estensil-dimensional bases)
have the disadvantage that they do not “see” the smoothiwgg@ntours, thus poorly
capturing directional information of multidimensionagsals.

Finally, it is interesting to have a critically-sampledrtsform. This means that the
transform generates as many coefficients as samples in igneabrsignal, avoiding
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redundancy in the representation. Some of the directioaakforms proposed in the
literature are not critically-sampled (e.@ontourlety 1]).

The motivation of this thesis is tlesign and optimize non-separable and critically-
sampled graph-basedDirectional transformsconstructed by means of the lifting
scheme[2]. Relying on the versatility and simplicity of the lifting seme and on the
graph-based representation of data, we dediigrctional transforms in N-dimensional
domainsthat arentuitive , can easy being interpretedand thatan adapt their filter-
ing operations to any possible direction Finally, we test their performance invadeo
coding application.

1.2 Directional Transforms

The main advantage of directional transforms with respecbhventional ones is their
ability to compact the fundamental information of a sign@bia smaller number of
coefficients B]. For image coding, directional transforms have been pgegdan order
to filter following the directions of low variation in pixehtensity, avoiding filtering
crossing contourd], [5]. For video coding, filtering along the motion trajectorieq.,
motion-compensated temporal filtering (MCTF), has beersitigated 6], [ 7], [8]. Side
information (e.g., motion vectors or contour locations)yigically transmitted so that
the decoder can identify the selected directional transfor

Some of these works], [7], [8], [5] are based on the lifting scheme, which is an
intuitive and structurally invertible approach to constrmultiresolution signal repre-
sentations?]. In [6], lifting is applied in the temporal domain, using motiomgoeen-
sated lifting steps to implement the transform. B [ifting wavelet transforms in trees
are applied to image coding][extends the application of lifting transforms to graphs
in the Euclidean space anti(] to general undirected graphs.

These works can be considered asstating point and the inspiration for this
thesis To understand the main contributions of our work (outlime&ectionl.5), in
the next sections we provide a brief overview of graph regmmegions of data and lifting
transforms on graphs.
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1.3 Graph-Based Representation of Data

A graph-based representation of data allows us to generstindard signal processing
operations, such as filtering or transforms, to a broad @és¢-dimensional signals
[11], [12], [13], [14], [19].

In this way, there are many scenarios in which one can carts&rigraph which
represents N-dimensional signals and that reflects somgomthips among data (e.g.,
correlation, geometric distance or connectivity). Formagée, in video data each node
on the graph can represent a pixel and links between nodesapayre similarity be-
tween luminance values; or in Wireless Sensor Networks (W#8Bgh node on the
graph can correspond to a point in Euclidean space congpdidata read by each sensor
and links between nodes can capture the connectivity betseersors. In this thesis,
we assume that every node on the graph represents a spetifitegaoint of a discrete
signal, while links between nodes capture the correlatetwvben samples.

1.4 Lifting Transforms on Graphs

The design of the proposed directional transforms is bas@gplying the lifting scheme
to general graph signal representations.

The lifting scheme makes it possible to easily constructeles and multiresolution
signal representations. Basically, lifting on graphs iscep by three main stages,
namely: (i) asplit stage which finds a bipartition of the graph so that the input data
at each specific level of decompositigns split into prediction(P;) and update(l;)
disjoint sets; (ii) aprediction stagewhere the data of th®; set is predicted from the
data of thel/; set using the predictiopi filters, yielding thedetail coefficients(iii) and
anupdate stagewhere the data of thig; set is filtered with detail coefficients of tig
set using the updatg; filters, giving rise to thesmooth coefficients

Transform invertibility is guaranteed for arbitrab¥ /P; disjoint splittings, ang;
andu; filters definitions; thus the lifting scheme is a very velsatiay to construct
perfect reconstruction transforms
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1.5 Contributions

In this thesis wealescribe and optimize lifting transforms on graphs and, based on
these transforms, we present a nemmework that allows to easily generalize the
construction of directional transforms to N-dimensional domains

We first investigate the graph construction, which leadsiteighted graph in which
the filtering directions are defined by means of the links anghlaph. Regarding the
transform optimization, we investigate new split designelitain optimal/; /P; graph
bipartitions (using optimization criteria to minimize tle&pected energy of the detall
coefficients) under two different approaches. Afterwavas,describe a way to design
optimal prediction filterg; given an arbitrary weighted graph andidyP; bipartition,
and considering” different kinds of links between nodes to construct the jotexh
(e.g., in a video sparse representation, we consider tereift kinds of links, related
to the spatial and the temporal domains). The update filtease designed to be orthog-
onal to the prediction filters of their prediction neighbassexplained in16]. Once we
have constructed a graph, found a bipartition of the grapth specified the update and
predict filters, we have completely defined an N-dimensidiralctional transform that
is invertible and critically-sampled. The optimized lity transform can be performed
in J levels of decomposition to obtain a multiresolution repreation of the original
signal which compacts the energy in the low-frequency saba

In terms of applications, we use these lifting transforms fovideo coding. First,
we construct a graph in which any pixel could be linked to dteary number of spa-
tial and temporal correlated neighbors (i.e., avoidingdsifig pixels of very different
luminance values) thus defining the filtering directions.xiNeve apply the proposed
transform to this graph.

Initially, our approach can filter following any 3-dimensal direction of the spatio-
temporal domain, giving rise to a directional non-separ atainsform that allows spatial
and temporal correlation to be jointly exploited, in costrto existing techniques in
video coding that can be seen as separable transforms.rahgdrm shows improve-
ments in terms of energy compaction ability when comparethéoLIMAT method
[6] and to a motion compensated DCT-based video encoder. Mereour proposed
scheme can avoid problems due to occlusions and uncovezad Hrat appear in the
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LIMAT method (and in general in MCTF approaches), leading wnaple critically-
sampled invertible transform.

Furthermore, we propose new coefficient reordering teclasgleading to an effi-
cient encoder which improves the performance of a companalation compensated
DCT video encoder in rate-distortion terms. Given that tregpbs created to represent
the video information can be very large, we consider twceddht low-complexity ver-
sions of the proposed transform: (i) one that can operataibgraphs and (ii) another
that operates in a distributed manner. Note that the twaitoions proposed for video
coding, that is, the low complexity approach and the newdeang techniques, are
general contributions and can be used in other applicaf@mrsmilar purposes.

Finally, we investigate how to perform rate-distortion iopzation in our graph-
based video encoder.
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Summarizing, oucontributionsare:
1. Optimization of lifting transforms on graphs:
e Description of a general framework to construct N-dimenalalirectional
transforms based on lifting on graphs.
e Graph weighting.
e Newl/ /P graph-partition techniques based on two different apgres.c

¢ Novel prediction filter design for lifting transforms on &rlary graphs.
2. Video coding application of the transform:

e Extension of lifting transforms on graphs fdevels of decomposition.
e New coefficient reordering technique.
e Low-complexity versions of the transform.

¢ Rate-distortion optimization of the proposed scheme.

1.6 Thesis Outline

This thesis is organized as follows. First, we provide amaes of lifting transforms
on graphs and directional transforms in Chagtéie then describe our contributions to
lifting transforms on graphs and propose a general framketeobtain N-dimensional
directional transforms in Chapt& In Chapter4 we apply these transforms to video
coding and propose techniques to improve the coding pegica and to reduce the
computational cost of the transform. Furthermore, we itigate rate-distortion opti-
mization of the encoder. Finally, some concluding remarks directions for future
work are discussed in Chapter



Chapter 2

Overview of Lifting and Directional
Transforms

In this chapter we present the necessary background to staddrthe main contribu-
tions of this thesis. These contributions can be summaage() optimization ofifting
transforms on graphs (ii) proposal of a new framework to construgtdimensional
directional transforms based ortifting on graphs; and (iii) application of this kind of
transformgo video coding leading to 3-dimensional directional transforms. Theref
the overview is focused on lifting transforms on graphs anectional transforms.

In Section2.1 we present thdifting scheme [2], which allows to easily obtain a
multiresolution analysis (MRA) of a given signal. In evergt; of the transform,
lifting provides subsampled low-passntooth coefficientand high-passdetail coeffi-
cient9 versions of the signal at the immediately lower leyel 1. If detail coefficients
are close to zero, the main information of the signal is keghe smooth coefficients,
thus obtaining a more compact representation. Applyingphocess iteratively leads to
a MRA [17] of the original signal. The lifting scheme can be interpteas a cascade of
filter banks, or as the projection of the signal at level 1 onto the approximationv;)
and detail (V) subspaces at levgl Section2.2is devoted to the construction of lifting
transforms on arbitrary graph%Q], where every sample can have a different number of
neighbors and, thus, the subsampling and filtering operatiecome complicated.

Finally, Section2.3 gives an overview and describes the main properties of some
directional transforms presented in the literature. In this way, we will be able te un
derstand the general features and the main advantagesmwbiesed directional trans-
forms as compared to the ones of the state of the art.

1 Step, level of decomposition, or resolution refer to the saoncept.

10
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2.1 Lifting Transforms

In this section we describe the lifting scheme from a prattand intuitive point of
view [18]. Details about the relation between lifting, second gatien wavelets, and
MRA can be found in2], [19] and [20].

Given a digital signal at a specific resolution, the liftirgrtsform can lead to a
compact representation of this signal with some intergginoperties.

Consider a signad;_; at resolution (i.e., level of decompositiofn)- 1 which we
would like to transform into a coarsesignal s; and a detail signad;. This can be
easily achieved applying the lifting transform. It consisft three stages: split, predict
and update.

¢ Split®: This stage basically consists on splitting the signal tnio disjoint sets of
samples that we will calPredict(P;) andUpdate(/;) sets throughout this thesis.

e Predict: The predict stage aims to remove the local correlation efsignal. To
do that, each sample of ti%¢, set is predicted from samples of the set. If the
local correlation of the signal is high, it should be possiiol obtain aeasonably
accurate prediction, giving rise to small residual information (smalétail co-
efficients) and, thereforegompaction of the information. We will characterize
this stage with the predict filtg.

e Update: The Update stage can be designed with different objectivesnd. One
of these objectives could be to keep the average value ofaétficents across
multiple levels of decomposition, thus reducing the atigsand obtaining a better
frequency localization1[8]. Another goal would be to design the update stage
so that low-pass and high-pass equivalent fiften® orthogonal, which would

2 In this thesis we follow the convention of using smaljéndices to represent finer approximations,
as in Mallat's book21] and as opposite to other works as Mallat's MRA original pda&] or Sweldens’s
papers.

3 Note that the split stage of the transform will be referrecsd/ /P splitting, 2/ /P assignment or
graph bipartition problem throughout this thesis.

4 We refer to the filtering that results from the predict and atpdstages as equivalent filters. It
can be seen that, generally, the equivalent filter of theigrasthge is ehigh-pass filter(giving rise to
detail coefficients and the equivalent filter of the update stage lieve-pass filter(giving rise tosmooth
coefficients

11
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minimize the reconstruction distortion due to quantizaid the transform coef-
ficients 2. In the update stage, data at nodes U; are filtered using detail
coefficients of theP; set, leading to themooth coefficients We will characterize
this stage with the update filter

Following these stages, the data, at level of decomposition — 1 should be
split into prediction P;) and update{;) disjoint sets ¢plit stage), and the predict
(P, ;(m € P;)) and updatey, ;(n € U;)) filters should be specified. Then, theth
detail coefficient at leveJ, d,, ;, can be computed frorh € ¢/; update neighbors using
the predict filter predict stage), and then-th smooth coefficient,, ; can be computed
from [ € P, prediction neighbors using the update filtapdate stag¢. Mathemati-
cally, we can write:

dm,j =Smj-1 — Z pm,j(h)sh,jfla

hEZx{j

Sng =Snj1 + Y W j(1)dy;. (2.1)
leP;

This way, the smooth coefficients at the— 1)-th decomposition levels(_;) are
projected onto the approximatio¥ () and detail {V;) subspaces, yielding, respectively,
the smooth4, ;) and detail {,,, ;) coefficients at thg-th decomposition level. Applying
this process iteratively gives rise to a multiresolutiocataposition. In Figur.1the
lifting structure for two levels of decomposition is illuated, where data at levgl= 0
is the original raw data, denoted @s(i.e.,z; = s, j—0)-

Therefore, given a signal at scgle a lifting transform representation of this signal
is composed of detail coefficients at scajgs< 7 < J, plus the smooth coefficients at
the largest scald:

[dj aeren) sj} . 2.2)

Generally, this transformation can be interpreted as a filesk decomposition,
where thes; coefficients are the low-pass version (smooth projectiow) thed; co-
efficients the high-pass version (detail projection) offioentss;_; at(j — 1)-th level.

12
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é—» Split_, b U,
= J=2 n,j=2
Uj=1 Sn,j:1
+
( >S

U]=2 n,j:2

Figure 2.1: Lifting scheme. Two levels of decompositionha# forward transform.

Figure2.2shows an illustrative example of the application of thergttransform to
a 1-dimensional signal. The left column shows the corregimgrstages of the transform
at decomposition level = 1, and right column aj = 2. Finally, the last row of the
figure shows the subband decomposition for each level. Nwatein the example, the
splitting process is trivial: every odd (resp. even) sanij@®ngs to thé/ (resp. P)
set at each level of decomposition. Then, every sampte P is predicted from its
two adjacent/ neighbors, and every samplec U/ is updated from its two adjaceft
neighbors. The signal at levgl= 2 is composed of the resultiig samples aj = 1,
andlU; = U, U P,. If one chooses the filtens so that, at each level, every detail
coefficientm € P is calculated as the difference between the value of mo@ad the
average of ity € U adjacent neighborp(,(h = m — 1) = p,(h = m+ 1) = 1/2),
andu so that for every update coefficiemtc ¢/, u,(l =n—1) =u,(l =n+1) = 1/4,
this scheme leads to thig/3 biorthogonal wavelet transform of Cohen-Deaubechies-
Feauveau (CDF)23], [18].

One of the main advantages of the lifting scheme is that therge transform is
immediately obtained by inverting the operations of thevemd transform. Again, we
have three stages:

e Undo Update Givend,, ; ands, j, we can recover thapdate s, ;_; samples
simply subtracting the update information.

13



Chapter 2. Overview of Lifting and Directional Transforms

Decomposition . .
Level . ]
Original Signal O O O O O ©) (@) @)
Split @ O @ O © O Prediction nodes ® o O Prediction nodes
(U/p assignment) © Update nodes © Update nodes
Lo PP P L P
Predict Stage ¥ 6 ¥ b . g °
u u u u u u
g R, @Detail coefficients @ Detail coefficients
Update Stage @ o)
P 9 d ° 8 ° b OSmooth coefficients O Smooth coefficients
Si=1 df=1 SJ’=2 d/:z dj=1

Subband

Frequency Frequency

Figure 2.2: Example of the lifting scheme applied to a 1-dimenal signal.

e Undo Predict: Givend,, ; ands,, ;_1, we can recover thpredict s,, ;_; samples
subtracting the predict information.

e Merge: Given the update and predict samples obtained before, wthem to-
gether in their corresponding location to recover the aagsignal.

Mathematically, we can write:

Sn,j—1 =Sn,j — Z un,j<l)dl,j7

IeP;

Sm,j—1 :dm,j —+ Z pm,j(h)sh,j_l. (23)

heU;

An inverse transform with two levels is illustrated in Fig@.3,

14
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i {TD
Sn,j=1
U j=2 Ph j= Merg%:2 -
S

m,j=2 U um,j:1 pn,j=l Merg%:1—>x

; o

m,j=1 \_/

N

Figure 2.3: Lifting scheme. Two levels of decompositionha# tnverse transform.

Finally, Figure2.4shows the multiresolution approximatiosi$n| (left column) and
detailsd;[m] (right column) of a specific discrete signal, computed wit@3/3 lifting
transform. Three levels of decomposition are shown.

Some remarks extracted from this example can be good for swizenthe previ-
ously explained concepts:

e Smoothcoefficientsat a coarse level, s;[n|, can be obtained by low-pass filter-
ing and subsampling the smooth coefficients of a finer lgvell, s;_;[n| (2.1).
Therefore, as illustrated in the left column of Fig@rd, each leve} is a low-pass
version of the approximation at levgl- 1 and contains half of the samples. Fur-
thermore, the smooth coefficients at level of decompositi¢)[n]) characterize
the projection of the original signal into the approximatgubspacey ;.

¢ Detail coefficientsat a coarse level, d;[m], can be obtained by high-pass filtering
and subsampling the smooth coefficients of a finer lgvel 1, s;_4[n] (2.1) .
Detail coefficients at level characterize the projection of the original signal into
the detail subspaced¥ ;. See right column of Figurg.4.

¢ Given that filtering operations are local, coefficients amalized in time. Note for
example that the position of large magnitude detail (higlgfiency) coefficients
d,, j=1 are in agreement with positions of large variation in thgioal signal.
Frequency localization is given by the cascade of low-padshégh-pass filters.

¢ Detail coefficientsd; can be thought of as the difference between consecutive
approximations of the signal at resolutions- 1 andj.

15
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Original Discrete Signal. j=0. Original Discrete Signal. j=0.

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Smooth Coefficients, j=1 (sn j=l). Detail coefficients, j=1 (d ).

m,j=1

m,j:Z)'

78

Smooth Coefficients, j=3 (sn j=3). Detail coefficients, j=3 (dm j:3).

Figure 2.4: Smooth and detail coefficients.

e The lifting representation of the signal idj(j0<j<J), Sy
considered level. Thus, in the example of FigBréin which three levels of de-
composition are shownd,—1, s;j=1], [dj=1,2, sj=2|, and[d;—1 2 3, s;—3] are perfect

reconstruction and critically sampled representations.

, whereJ is the coarsest

e Note that the sparse representation of the signal is olstdieeause coefficients
are nearly zero at fine scales (high-pass subbands). Inwhete the signal is
locally smooth, there will be high correlation between Ipass coefficients at
different levels of the transform (i.e., coefficients wik Imearly zero at various
subbands). Therefore, in the example, it will usually beearefficient to transmit
[dj=123, sj=3], where three levels of the transform have been decorrelttiad
any other of the above representations (8dj..; 2, s;—2]).

16
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e One can interpret the process shown in the example as thengesdion of the
original signal in a set of independent frequency channelseprojection of the
original signal on successive smooth and detail subspaces.

Thanks to these interesting features of the lifting schetie&s been used in many
applications achieving a very good performance, e.g., @yl video compression
[24], [25], [5], [26], [6], [27], data denoising]Q], distributed data gatherin@§], [29)],
[30], feature extraction in brain-computer interfa&d]| [32], or audio coding 33].

2.2 Lifting Transforms on Graphs

Lifting transforms on arbitrary graphs were initially paged by 9] and [10]. The
main concepts are those mentioned above, and the stagesgw@attbas of Sectio2.1
hold. Nevertheless, some important peculiarities and gpestions arise. This section
presents these peculiarities, which will be handled inttiesis.

Assume we are given an arbitrary undirected graph. At thistpawe do not make
assumptions about the structure of the graph or the linkgd®at nodes, so that every
node can have a different number of neighbors.

If P, andi{; aredisjoint sets the lifting transform on the graph is critically sampled
(i.e., the number of samples of the original sigrnat s;— is equal to the number of co-
i=0<j<J) SJ] ). Besides, 22] showed that ifP; and
U; aredisjoint sets, lifting transforms on graphs are invertible by constromti Thus,
arbitrary P;/U; disjoint splittings and p and u filter designs can be used witbut
compromising the perfect reconstruction and critically sanpled properties of the

efficients of any decompositio{dj(

transform. This implies that lifting transforms on graphe gery flexible (in the sense
that they can operate with different splittings and filtevehich is an important feature
to design the proposed N-dimensional directional trams$oibut, at the same time, they
open some questions that need be solved in order to obtaifficierdg transformation.
Some of them are:

e How should the graphs be constructed to capture the correlabn of the sig-
nal?

17
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One has total freedom to construct the graph representatiarsignal deciding
which nodes should be linked to which ones. Therefore, aasicgmn give rise to
different graph representations, and as a function of thextssl representation,
the correlation between samples can be better or worsereaptu

The graph construction will influence the compaction apfit the transform as
well as the support of the filters (higher number of neighpbigher support),

which affects the overlapping of the filtering operationssi@es, the graph con-
struction will influence the hop length of the filters (one aathn be linked to

n-hops neighbors), and thus the localization of the transio frequency and in

the original domain (i.e., spatial or temporal).

This question is discussed in Sect®i

e How should thel/ /P splitting be performed?

The U /P splitting process requires assigning a laldéldr P) to each node of
the graph, which is usually trivial when one works with 1-éimsional signals
(as in the example of Figur2.2) or when working with regular grids in which
the local topology of the graph is the same around each véstgare number of
neighbors, same relative position for the neighbors), askthe quincunx grid
[21]. Nevertheless, it becomes a complex problem in arbitraaplgs, in which
every node can have a different number (and location) ofhimigs. Besides, due
to the arbitrary structure of the graph, it may not be posdiblassign a different
label to each pair of connected nodes in the gtaiven thatP nodes (respl/
nodes) are predicted (resp. updated) fidmeighbors (respP neighbors), links
between same-label neighbors are not useful to performrémsform, and are
discarded.

Some properties of the transformation, such as the energpaction ability, de-
pend on this assignation. The prediction residuals andttieudetail coefficients
d,,.; Will be small if i/ andP are chosen so that they are correlated, thus obtaining
a compact representation of the underlying signal.

5 In graph theory literature, this is a graph coloring prohlemd the sentence means that the graph
may not be 2-colorable.
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The formulation of this problem and some propo&e@ splitting techniques are
described in Sectior3.2and3.3.

e How should the p and u filters be defined?

p andu filters should be designed for each node of the graph takiegaocount
that eachP (resp. U/) node could be predicted (resp. updated) from a different
number ofi/ (resp.P) neighbors, in contrast to standard lifting approachefeas t
5/3 CDF or the quincunx wavelet21].

The compaction ability of the transform also depends on &sgh ofp filters
because as the predictors are better, the average energiadfobefficientst,,
is smaller;u filters can be designed to be orthogonal to the arbitrary rurafp
filters of P neighbors. Besides, given a graph, the support of the filtepgds
on their definition (higher number of nodes used in the filteigher support).

This problem is studied in Secti@4.

e How should the graphs be constructed at decomposition lev&} > 1?

Once we have the graph at level of decompositica 1, we should decide how
to construct the graph at subsequent levels of decompuositiorder to retain the
correlation between linked samples at different levelsthnd further decorrelate
the signal. Again, this operation is not difficult in standiéifting approaches as
5/3 or quincunx, but becomes harder in arbitrary graphs.

One approach to construct the graph at decomposition lgvel$ is proposed in
Sectiord4.1.3

Finally, note that as a function of the graph constructiba,delection of théf /P split-
ting, and the design gf andu filters, the transform leads to different equivalent lovepa
and high-pass filters, which determine the subband reptas@amobtained.
Figure2.5shows an example of the application of lifting transform oaps. Left
column shows the corresponding stages of the transformcanagosition levelj = 1,
and right column aj = 2. Note that in the example, the splitting process is notdtjvi
because every node of the original graphlyat 1 and atj = 2 can have a different
number of neighbors. Therefore, every sample= P is predicted from an arbitrary
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Decomposition j=1
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Original Graphs w
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(U/P assignment) O Update nodes
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Figure 2.5: Example of the lifting scheme applied to a grdpiscarded links are indi-
cated with dashed lines in the split process.

Frequency

number o/ neighbors, and every samplec I/ is updated from it neighbors. Note
that the signal aj = 2 level consists of thé/ samples aj = 1, andli; = Uy U Ps.
Nevertheless, one should decide how to link nodgs-at to construct the graph at this
level using the information of the graph at 1.

Finally, we summarize some important ideas explained so far

e If P; andi4; aredisjoint sets, lifting transforms are invertible and critically-
sampled by construction. Thus, arbitraPy/U; disjoint splittings andp andu
filter designs can be used, which implies that lifting transfs are highly versa-
tile.
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e Lifting transformsdecorrelatethe data, obtaining a more compact representation
than the original one. This means than we can obtain an aecapproximation
of the original signal by only using a small fraction of coeiffints.

e Lifting transforms can be designed to be localized in thgindal domain (i.e.,
time or space) by building filters with compact support (eogly allowing nodes
to use neighbor data in the filtering operations), what iegpthat the filtering
operations are local.

e Generally, lifting decomposition gives rise to a MRA and tlcas be interpreted
as a filter bank decomposition, where thecoefficients are the low-pass version
and thed; coefficients the high-pass version of the signal,.

e The frequency localization comes from the interpretatibthe transform as, on
the one hand, the low-pass filtered and downsampled verstbe signal §mooth
coefficients) and, on the other hand, the band-pass filterédavnsampled ver-
sion of the signaldetail coefficients).

2.3 Directional Transforms

Directional transforms can filter along directional pathsyrder to avoid crossing large
discontinuities, which leads to a sparser representatidheooriginal signal than that
obtained with non-directional transforms. This would befukin several applications
such as coding, denoising or feature extraction.

In general, directional transforms can be classified intapéide (i.e., which use
knowledge of the intrinsic structure of the object and asléipé basis to that structure)
or non-adaptive (i.e., the representation is constructidtbwt using the knowledge of
the underlying object). Note that, in some cases, adaptatiquires side information
(overhead).

2.3.1 Directional Transforms for Sparse Image Representation

Candes and Donoho3] quantified how well different transforms compact the egerg
of a functionf € R?, which has a discontinuity and which is otherwise smoottyg in
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a few coefficients (i.e., the performance of different exgpans from an asymptotic
point of view). They show that wavelets outperform Fouripresentations and that
directional approaches are better than wavelets. Furttrernthey conclude that non-
adaptive methods can achieve similar performance to thadaptive methods, and
propose a non-adaptive transform call@édrvelet To be more precise and justify the
use of directional transforms, we present their resultsviel

Suppose that there is an object supporte@d.in]?, which has a discontinuity across
a curvel’, and which is otherwise smooth. If one approximdtesth f built from the
bestm non zero coefficients using different transforms, one olstai

~112
e Fourier RepresentatiorH:f — fH ~m Y2 m— oo
) 112
o Wavelet RepresentatlovH;f — f” ~m~,m— oo
. ~112
e Adaptive methodHf — fH ~m~2,m — oo

~12
e Non-adaptive Curvelets#f — fll £ Cm™2(logm)3, m — oc.

The quadratic error between the original functioand the reconstructiori as a
function of the number of coefficienis decays faster as thevalue inm = is higher.
Therefore, directional methods (adaptive or non-adaptia& reconstruct the original
signal with the same quality than wavelets and Fourier foanss using less coefficients.

In [1] Do and Vetterli proposed another non-adaptive transfaim, Contourlet
transform. Unlike theCurvelet Contourlettransforms work directly in the discrete
domain. Contourletshave elongated supports at various scales, directions spetis
ratios, allowing to efficiently approximate a smooth comtaumultiple resolutions (see
Figure2.6). Contourletis a non-separable (i.e., it performs non-separable fijpera
tions) and non-critically sampled (it has a redundancy @ul33%) transform. Some
other directional wavelets proposed in the literature foage processing are adaptive
methods and thus are based on information of the underhyaferb(e.g., the contours).

Candes and Donoho non-adaptiveurveletsachieved a significant improvement
over wavelets for typical images with smooth contours anallar performance com-
pared to adaptive methods. Nevertheless, Le Pennec andtMbBerved34] that the
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/

/

7

Figure 2.6: Wavelets (left side) ar@ontourlets(right side) support at two different
resolutions.

curvelets approximation lose their near optimal propsiifieontours are along irregu-
lar curves of finite length. The authors presented the dea€Bhndeletgmathematical
details appear in3p]) and applied them to image compression and noise reduckios
Bandeletsare adaptive wavelet basis that are warped along the georfietr. For their
construction, the authors partition the image into smallasg regions so that each re-
gion includes at most one contour. Then, bandelets are rcmistl in those regions
by warping separable wavelet basis so that they follow tinesliof the geometric flow,
taking advantage of the regularity along it.

Velisavljevic et al. proposed thédirectonletstransforms in 4]. Directionletsare
critically sampled, perfect reconstruction and discreaegforms that retain the separa-
ble filtering, subsampling, computations and filter desigmfthe standard 2-dimensional
wavelet transform. They are “separable” transforms baseddependent operations on
one dimensional wavelets, but allowing directionality @amisotropy. Additionally, di-
rectional DCT basis for image coding have been propose8dn [

The transforms that we propose in this thesis are perfeshsaiction and critically-
sampled, which are generally desirable properties. Theyate in N-dimensional do-
mains by construction (i.e., without needing complex opena to be generalized), and
perform non-separable filtering operations following diiens of high correlation. Be-
sides, our proposed transform provides a great freedonvotmsetthese directions, which
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are defined by means of the links between nodes on the grapdilyi-another important
property is that our proposal is useful for irregularly spdisample grids.

As was explained in Sectidhl, the lifting approach allows us to construct wavelets
adapted to the domain in a simple way. Therefore, some @redttransforms for
image processing based on lifting have been proposed inténature. B7] and [38]
incorporated adaptivity via lifting by choosing the predba filter p based on the local
properties of the image. Wavelets with large support gdiyensork very well away
from the contours, exhibiting a fast decay of the coeffigerglue. Nevertheless, this
large support leads to a larger set of coefficients affecggtidcontours. Therefore, the
authors basically proposed to choose larger predictorgcfwdorrespond to smoother
basis functions) away from the contours and to reduce therafithe predictor (and
thus the support) near the contours, so that the neighbdrthey used to predict never
overlaps the contour.

Similarly, [26] proposed adaptive non-separable lifting transforms ricaige com-
pression which use prediction filters that are sensitiveitectional information, ex-
ploiting local orientation at contour boundaries. Anotlke&ample of compact image
representation using lifting was proposed &ih. [The key novelty in this paper is that
the authors define critically sampled separable transftinatoperate in arbitrary trees.
These trees can be constructed to follow the geometric flomnomage, capturing the
directional information and thus obtaining a directiomahsform.

The proposed transforms can be considered a generalizdtiogse previous works.
By means of the graph construction and the filter design, aastorms allow to choose
any predictors length at any point of the N-dimensional dom@hese predictors per-
form non-separable filtering operations.

2.3.2 Directional Transforms for Sparse Video Representation

Directional transforms for video representation are ugwalnstructed via lifting, which
is applied in the temporal domain. The main multiresoluti@omposition structures
in wavelet-based video coding are referred totas 2D” and “2D + t”. In the former,
the video sequence is first filtered in the temporal directitemg the motion trajecto-
ries (MCTF) and then a 2-dimensional wavelet transform isi@drout in the spatial
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Chapter 2. Overview of Lifting and Directional Transforms

domain B9]. In the latter, each frame is first wavelet transformed ia $ipatial do-
main, followed by MCTF. Focusing on the temporal domain, @spntative examples
of MCTF implementations ares] and [7], which use motion-compensated lifting steps
to implement the temporal wavelet transform, filtering @al@set of motion trajectories
described by a specific motion model. These approaches cdedoeibed as “separa-
ble” because spatial and temporal filtering are applied passe steps. Side informa-
tion (e.g., motion vectors) is typically transmitted sotttitee decoder can identify the
directional transform that was selected. Therefore, wecoasider these approaches as
adaptive methods.

In all of these works, in order to perform the prediction apdate steps of the lift-
ing scheme, the input sequence is split into update (evenesaand prediction (odd
frames) subsequences (see Figid, and for each level of the transform, the predic-
tion subsequence is predicted from the update subsequetg gse to the high-pass
subband sequence, and the update subsequence is updatsiddw filtered version
of the prediction one, thus obtaining the low-pass subbangdence. In cases in which
the motion model cannot accurately capture the real motidhenscene, this kind of
splitting into even and odd frames will lead to the linkingupidate and prediction pix-
els with very different luminance values. In this way, pctdin frames will be poorly
predicted from update frames, leading to significant enéigye high pass subband
sequence, and thus relatively low energy compaction. M@mreavhen using MCTF,
problems arise due to occlusions and uncovered areasqha are filtered several
times or are not filtered at all). Some authors handle thislpro by identifying un-
connected and multiple connected pixels and adapting #digirand update operators
accordingly (e.g.,37)).

Finally, graph-based transforms are used to coding depgs fioa view synthesis in
multi-view video coding in40] and [41].

When we apply the proposed transforms to video coding, thegrgdize wavelets
approaches, which usually work in a separable way (firstensgatial and then in the
temporal domain or vice versa). Thanks to the versatilityhef proposed schemég,
andP nodes and filters can be arbitrarily chosen, solving somblenas that arise in
the MCTF approaches, such as those described above, or tthedneleseveral frames
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P u P u P u P u
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 .
A AR A AR AR A A AR G-1)
0 0 0 0 0 0 0 0 level
0 0 0 0 0 0 0 0
%5 % %5 ° %5 % %5 %
0 0 0 0 0 0 0 0
1 2 3 4 5 6 7 8
P u P u
0 0 0 0
%5 ° %5 %% j
00 00 Oo 00 level
0 0 0 0
%5 ° %5 %
0 0 0 0
1 2 3 4

Figure 2.7: Update-Predict assignment in typical MCTF apphes.

to obtain a MRA. Furthermore, this versatility allows thawstorm to adapt to the video
content, thus improving its performance.

26



Chapter 3

Lifting Transforms on Graphs

In order to perform lifting transforms on graphs one needsdlessential elements: (i)
a givengraph, (i) an U /P splitting, and (iii) adefinition of p and u filters. In this
chapter we discuss the design and optimization of these tHesnents.

We first focus on the graph construction, explaining how ttawba graph rep-
resentation of N-dimensional signals including directioal information in order to
adapt the filtering operations to the domain. Then, we dsts//P splitting and
the p andu filter construction considering given arbitrary graph, obtaining general
results on the design and optimizationlifing transforms on arbitrary undirected
graphsthat represent a generic signal. At that point, we will haléha necessary in-
gredients to obtairN-dimensional directional transforms based on lifting transforms
on graphs with some particular properties that will be dised at the end of the chapter.

A correct graph construction is crucial to obtain an efficteansform. Intuitively, if
linked nodes are not correlated, the prediction of a nod® its neighbors will usually
be inaccurate, leading to large detail coefficients and, tlowsenergy compaction. Be-
sides, it will be useful to weight the links of the graph in erdo capture the different
correlations that exist between linked nodes. This is dised in Sectio.1
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Chapter 3. Lifting Transforms on Graphs

Lifting transforms on graphs are invertible for aiyP disjoint splitting. Neverthe-
less, the appropriate choice of these sets on arbitranhgriamot an easy problem, and
greatly influence the performance and properties of thestoam (e.g., if the choseit
and’P sets are not correlated, the predictiorofrom &/ will be inaccurate). Our goal
when performing thé{ /P assignment is to obtain a sparse representation of theatigi
signal, so that we search partitions that minimize the tetaifficient energy. With this
goal in mind, varioug{/P assignment procedures based on different philosophies are
discussed, namely: (i) techniques that only depend on thghtezl graph previously
defined (Sectior8.2), (ii) techniques that assume a signal model and a predatdr
minimize the expected value of the quadratic predictionrgi$ection3.3).

The filter design is studied in Secti@¥. Given an arbitrary weighted graph and an
U /P splitting, the predictiorp filters are designed as a function of the weights of the
graph. If these weights were “correctly” chosen in the waighprocess, the prediction
filters will be close to minimize the detail coefficient engryVe also briefly described
the updateu filters used in this thesis, which are designed to make theplass and
high-pass filters orthogonal §].

3.1 Graph construction

This section discusses the graph construction, which dedithe graph-based signal
representation (that defines the links between nodes -sarmgi a generic signal), and
the graph weighting (which tries to characterize the cati@h between different con-
nected nodes). Sectidl.1presents the definition of graph-based signal representa-
tion, and shows two illustrative examples of video and Nreie audio graph repre-
sentations. Note that there are no restrictions assocwatbdthe graph construction,

so that any node could be linked to an arbitrary set of nodes tlaerefore the graph
representation of a signal is not unique. The graph weigtdffects different processes

of the transform, and therefore, its performance. Se@idr2 proposes two different
approaches to weight the graph.
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Chapter 3. Lifting Transforms on Graphs

Given that the filtering operations are performed using maiging (linked) nodes,
the graph representation defines the filtering directiond, the weighting process al-
lows to give, more or less “importance”, to the different defi directions. The graph
construction at levels of the transforin> 1 will be discussed in Chaptét

3.1.1 Graph-Based Representation of a Generic Signal

Graph-based representation of data allows us to genestrelard signal processing
operations to a broad class of signals. In this thesis wesfocuthe lifting transform,
which can be defined on arbitrary graphs. As discussed in Enamome properties of
the transform depend on the suitable construction of thglhgiia the sense of accurately
representing correlation between signal samples.

Definition 3.1. Graph-based signal representation of a signal

Letx = {xk}ﬁil be an N-dimensional digital signal sampled in an N-dimendiona
grid. Assume that data is organized in a gra@h= (V, &), whereV = {1,..., M} is
a set of ordered nodes associated with the sampig$,~,, and€ C V x V is a set
of edges between nodes that in some way represent the carelstween them (i.e.,
nodesz andb are linked if they are correlated). Note that node V), associated ta,,,
can be linked to any subset of nodes- {V\ {a}} without restrictions (i.e., graph can
represent correlations between multiple nodes in the diffedomains). This leads to a

graph-based signal representation (or for short a graphresentation) ok.

Observe that there exist several graph representatiohs séimex depending on the
way in which the correlation between nodes is defined. Theeethe main challenge
when constructing the graph representation of a sigmahow to link the nodes of the
graph in order to accurately capture the correlation batveaenples. As a first approxi-
mation to construct the graph, one could link all the pixetgether (all-connected graph)
and remove those links between nodes with very differentadigalues. Another ap-
proach could consist on making some assumptions about thedatoon between nodes.
For example, it seems reasonable that closer data in a WSN,aor image, are more
correlated, so that one could decide to link together closeles (i.e., one-hop or in
general n-hop neighbors) and not link the farther ones.
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Figure 3.1: Graph representation of video data.

In a coding application, the encoder should send some sidamation to allow the
decoder to correctly construct the same graph. Therefoteda-off exists between
accuracy in the graph description and side information tedrg. Next, two different
graph representation examples are described, namelyape gepresentation of a video
signal, and of an N-channel audio signal.

3.1.1.1 Graph-Based Representation of a Video Signal

Some examples and experimental results throughout thigehare based on real video
data. To make easier the explanation and understandingbskquent sections, we
briefly introduce now the graph representation of video .ditare details about video
representations are given in Chapter

Let {xk}ff:l be a given video sequence whetgrefers to the luminance value of the
pixel a belonging to a specific frame and spatial position. et (V, ) be its graph
representation, so that pixelcan be linked to several correlated pixéisc {V\ {a}}
without restrictions. Consider that edges (links) betweedes (pixels) can be spatial
(S) or temporal ) with differentiated statistical dependencies (correlat). Every
edge belongst6d or7 sothatSuU7 = €£.

An example of the graph representation of a video signal asvehin Figure3.1,
where, in this case, every pixel is linked (i) to one tempaighbor (i.e., a pixel of
frame in time instant linked to a pixel in frame + 1) following a motion estimation
(ME) process and (ii) to some one-hop spatial neighbors fibeels of the same frame),
assuming that spatial neighboring pixels will have simlilaninance values. Therefore,
spatio-temporal pixel correlation is jointly considered.
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Figure 3.2: Graph representation of video data removingiadanks that cross the
contours of a frame.

Moreover, a reasonable approach to improve the spatiatletion could be to re-
move links between spatial neighboring pixels that crosgawrs of an image (frame)
assuming that they will have very different luminance valughis gives rise to the
graph representation shown in Figud2, where red dashed lines represent contours of
a frame. Finally note that, in a video coding applicatior, #tcuracy-side information
trade-off holds (e.g., using lower block sizes in the ME jsas blocks oft x 4 pixels,
leads to more accurate graphs, but higher side informadide sent).

3.1.1.2 Graph-Based Representation of an N-Channel Digit#ludio Signal

Digital audio signals usually exhibit a high level of coa#bn among neighboring sam-
ples. These correlations are exploited by means of linestigtion in predictive coders.
Therefore, the encoder generates an estimatd# the current sample, from previous
samples. Then, the encoder subtracts the prediction frenmput sample to generate a
residual signald, = z;, — z, which in general has smaller amplitude thgn This is
called theshort-termprediction.

Moreover, most audio signals have long-term correlatiarestd the harmonic nature
of speech or musical instruments. Some audio encoders subk MPEG-4 ALS have
a dedicatedong-termprediction scheme. This way, the residdét) is predicted from
long-term residuals a&(k) = d(k) — (ij_s yd(k — 1+ j)), wherey andr are the
gainandlag parameters, respectively, anthdicates the number of long-term residuals
that are used to predidtk).

Finally, for stereo or more generally multi-channel audgnals, there exist an in-
herent correlation between every pair of channels. Theasidwal channef(k)© can
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be predicted from one reference residual charle)”, and send the difference signal
é(k)e = d(k)¢ — d(k)". This is referred to amter-channeprediction.
Figure 3.3 illustrate thelong-term(red-solid line) andnter-channel(blue-dashed

line) correlations in a stereo audio signal.
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Figure 3.3:Long-term(red-solid line) andnter-channelblue-dashed line) correlations
in a stereo audio signal.

Now, we present a graph representation of multi-channeabasignals. Every spe-
cific samplea can be linked to a set of “short-term”, “long-term” and “inighannel”
samples in order to exploit the inherent correlations thstean multi-channel audio
signals. Therefore, every audio sample could be simuliasigdinked to an arbitrary
number of “short-term”, “long-term” and “inter-channelasples, depending on the
graph construction strategy followed.

Figure 3.4 shows an illustrative example in which every node is linkedts im-
mediately previous and subsequent samples (“short-teomelation, grey solid lines),
to one “inter-channel” sample (blue dashed lines), and ®“tong-term” sample (red

solid lines) following the displacement indicated by thg [garameter-. Any other
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graph construction (e.g., considering N-“short-term” lmrg-term” neighbors, consid-
ering a lag parameter in the “inter-channel” correlationpreaking the “short-term”
links between samples of very different sound pressurd leataes of each channel)
can be made.

Left
Channel

Right & @ § ¢
Channel © © O O

Figure 3.4: Stereo audio graph construction example.

Note that, as in the video coding example, there exists atofidbetween side
information to be sent to the decoder and accurate grapbseptation (and thus better
prediction). For exampldag parameterscan be calculated every W samples (using
windows of size W). When W is lower, the correlation betweenasad more accurately
captured, but the side information is larger.

Given this graph representation of the N-channel audicesjdjfting transforms can
be applied on this graph, obtaining a directional transédrom of the data in which the
different correlations are jointly exploited, and whichasalized in frequency (which is
very important in audio coding to consider the perceptuall@) and spatio-temporal
domains. This procedure can establish an interesting reawefwork for audio coding,
since nowadays state of the art systems are generally baseansforms that remove
the different redundancies separately. Therefore, itcctal an interesting future re-
search line.

3.1.2 Graph Weighting

Statistical dependencies (correlations) between nodpsendis on the nature of links
between them and on the specific graph representation usékefgignal at hand. In
order to take these features into account, it is useful tigassspecific weight to every
link of the same nature (e.g., in a video representatiormyeygatial (resp. temporal)
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link is associated with a specific spatial (resp. temporaigit). This weight selection
influences thé//P assignment, th@ andu filters design, and the reordering of the
coefficients, to be discussed in Secti@? 3.4, and Chapted respectively.

In this section we propose two approaches to obtain the wsemfhthe graph: (i)
assuming fixed weights (as a function of the a-priori knogkof the signal and its
graph representation), and (ii) optimizing the weightsrishen to minimize the prediction
error when using one-hop prediction filters (as a functiothefsignal at hand). In the
second case, we first show how to calculate the optimal weiglat video representation
example, and then we extend this resulfidlifferent kinds of links. Previous work on
this topic was introduced by the authors 42].

3.1.2.1 Fixed Weighting

As a starting point, weightsu() of the graph can be chosen fixed as a function of the
a-priori knowledge of the signal and its graph represemtati-or example, in the graph
representation of a video signal illustrated in FigGr& temporal links are identified
using an explicit search that minimizes a distortion meague., the standard ME)
and spatial links are constructed by linking every noded@ite-hop spatial neighbors.
Therefore, in general, temporal links in the graph are meliable than spatial links,
that is, the expected correlation between temporal-lingigels is higher than that be-
tween spatial-linked pixels. In this way, it is reasonaldeassign higher weights to
temporal connections. On the other hand, one can constgreiph representation of a
video signal in which every pixel is linked to its spatial gielbors that do not cross con-
tours as in Figur@.2, and to its co-located pixels in the temporal domain (i.etheout
using an explicit motion model to identify temporal cortelhpixels). In this represen-
tation, temporal connections in the graph will be less dateel (and spatial connections
more correlated) than in the previous example.

Given a graph representation, if one does not have any kdgelabout the signal on
the graph and how the representation was obtained, the t8aigh be fixed ta = 1,
leading to an unweighted graph (i.e., non-connected neigitan be considered to have
w = 0).
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3.1.2.2 Optimal Weighting for a Video Representation Examp#

The local correlation between neighboring nodes on thelgdapends on the underly-
ing signal. For example, in a video signal, the correlatietwieen temporal and spatial
neighbors changes with the video content, and thus the \algeaph weights would
change as well. Fixed weights are not suitable to handlethidsations.

We now find the optimal graph weights that minimize the quiacl@ediction error
(assuming one-hop prediction filters defined beloywfor a given graph representation
G = (V, ). The optimal weights can be computed for any subgfdpti G (i.e., their
value can change for every subgraph) and at any level of degsitron;. In a video
representation case, optimal weights can be computedxdongle, in a frame-by-frame
or in a block-by-block basis, as we will see in Sectb8.2

First, we consider a graph video representation exampledange the optimal
weighting. In the next section, we extend the resulftgeneral kinds of edges with
different correlations.

LetG = (V, €) be an undirected graph, wheve= {1,..., N} is a set of nodes and
E CV x Vasetof edges. L&f, 7T the set of spatial and temporal edges, respectively,
withSUT = &£. Let NS = {j : ij € S} denote one-hop spatial neighborhood,dbr
all nodesi € V.

Thus, the mean value of the spatial neighbors of nadelefined as

e —s Y (3.1)

S
il JENT

Where\/\/f{ is the number of spatial neighborsiofThe mean value of the temporal
neighbors is calculated similarly. Let us assume that emede: is linearly predicted
from its spatial and temporal neighbors as:

T = w,T + w, T (3.2)

Then, we seek the weights, andw, that minimize the quadratic prediction error
over all the nodes € V:
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. _s —$\2
min E (.I'l — WsT; — wtxi) .
Ws,Wt

%
(3.3)
Differentiating with respect ta, andw, we obtain:
w* = [w* w] =R 'r, (3.4)
where
Doiey TP D iey T
and
r=Y [ ‘”i] (3.6)
i€V L

are the correlation matrices.

Usually, the graph topology is defined by means of its adjacematrix. Next, we
express the optimal weights as a function of the adjacendybmat the graph. Let
A, = [a,,,] andA; = [a, ] be the adjacency matrices of the subgraphs containing
only the spatial and temporal edges, respectively, wheca ealumn is normalized
(e.a,, =1/|N?|if ij € S;a,, = 0if ij ¢ S). Vectorizing the sequence into a
1 x (L x H x K) row vectorx, whereL x H is the frame size an& the number of
frames considered, we can write:

(3.7)

— —T T N T —1 - .7
W — xAA X xAA X ] [XASX ]

S
xA A xT xA A, xT xAxT

S

Note that, in a coding application, the weights should be &ethe decoder as side
information. Therefore, a trade-off exists between aaouia the weights selection
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(lower subgraph sizes in which the weights are computed)satelinformation to be
sent. Oncev* has been calculated, we assigh(resp.wy) to every spatial (resp. tem-
poral) link, leading to a weighted graph that accuratelytwiags the correlation between
nodes.

3.1.2.3 Optimal Weighting for F' Different Kinds of Links

We now generalize the result in previous section to the chsedifferent kinds of links
with different correlations.
Let us define the mean value of the clgsseighbors of node as:

z! L >, (3.8)

i —f

Wherer = {j :1j € f} is the number of one-hop neighborsiathat belong to the
classf. Assuming that every node W is linearly predicted from itg’ types of neigh-
bors, we would like to find the weights,, ws, ..., wr that minimize the quadratic
prediction error over all the nodesV:

min Z (x; — i’,-)Q = min Z (:rl — W T} — WeTE — ... — wpa_:f)z . (3.9

Extending 8.7), is straightforward to obtain the optimal weight vector,

w* = [wy,ws ... ,wg|, @S:
— o o o —_ _1 — _ —_

XAlA;FxT xAlA;FXT . XAlA:XT xA;xT
-~ x T —-— T — —T —

xA,A; xT xALALxT . xA,ALxT xAoxT

wo= | T v S (3.10)

AAY T A AT T A AT .

xApA;x" xApA,x* -+ XApAgpx XArx

3.1.3 Discussion

The explained graph construction (i.e., graph representeaf a signal and graph weight-
ing) leads to a weighted graph that characterizes the ebiwalbetween samples of an
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N-dimensional signal. Therefore, it can be useful to penfdifferent signal processing
operations.

The weighting process can be made over any given undirecggahglin this thesis
we focus on the lifting transform, which needs a bipartiorthed graph to apply the
filtering. Therefore, given a graph and a bipartition (Z&/? assignment), one can find
the optimal weights of the graph that minimize the detaiftcient energy of the predict
stage when using one-hop prediction filters. To do that,abellof each node has to be
taken into account in the optimization process describ&ertions3.1.2.2and3.1.2.3
We experimentally observed that the weight values do naiifstgntly change if they
are calculated before ( minimizing over all the nodes of theph) or after thé//P
assignment (minimizing over the prediction nodes, usinlg tre update neighbors to
obtain the prediction), so that our graph weighting will Enoptimal in the sense of
minimizing the detail coefficient energy. The formulati@nabtain the optimal weights
that minimize the detail coefficient energy using a gi#efP assignment, which is quite
similar to the one presented below, is described in Appe@dix

Given the total freedom in the graph representation, on&ldmk n-hop temporal
or spatial neighbors (i.e., temporal links between nodatsdte n-frames away or spatial
links between nodes that are n-spatial hops away), andrassigferent temporal and
spatial weights as a function of the distance between limcozbks.

3.2 Graph-Based//P Assignment Methods

As discussed in Chapte the first stage to compute lifting transforms on graphs con-
sists on splitting nodes into Updat@)(and Prediction’P) disjoint sets. One has great
freedom to select which nodes will belong to #Heset (and thus will be the low pass
coefficients) and which ones will belong to tieset (and thus will be the high pass co-
efficients). Besides, the number@fP nodes for each level of the transforhtan be
arbitrarily chosen without compromising the invertibylaf the transform, in contrast to
the dyadic decomposition of classical wavelets (where @tieofi samples are low-pass
coefficients and the other half high-pass coefficients irhdaeel of the transforny,
thus having subsamplings éf)
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Figure3.5shows an illustrative example of two differddf P disjoint assignments
for the same original graph. Note that each one gives risdfereht number and loca-
tion of detail (high-pass) and smooth (low-pass) coeffiisgimplying different filtering
operations and thus different (invertible) transformasiof the original data. Besides,
each assignment is a bipartition and leads to a differenteurof links being used in
the transform.

O Prediction nodes O Prediction nodes
@ Update nodes © Update nodes

P
O
@ Detail coefficients V ' @ Detail coefficients
© Update nodes P © Update nodes
@
2] P
u
@
@ Detail coefficients V ' @ Detail coefficients
O Smooth coefficients N u O Smooth coefficients
Tu u
(a) Example 1. (b) Example 2.

Figure 3.5: Two different transformations of the same ogjgraph.

In this section we study differegraph-basedi/ /P assignment techniques. Given
a weighted graph, these methods find bipartitions withowinggany assumption about
the graph signdl

The graph-baset! /P splitting is essentially a 2-coléigraph-partition problem in
which one color, chosen from the two available ones, is assigo each node of the
graph following some design criterion that does not depeamnithe signal at hand. These
graph-partition problems have been widely studied in theplstheory literature for

1 Note that, if the weights on the graph correctly capturealation between nodes, some information
of the signal is implicitly considered in these weights.

2 Terms “color”(white/grey) , “label”(1/0), “set’®/u() or “parity” will refer to the same concept.
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different design criteria, and will be referred to as “claab graph-partition problems
throughout this thesis. Sectid2.1describes the “classicafhaximum-cui@and set-
coveringproblems.

In Section3.2.2we summarize various graph-bageédP assignment methods for
lifting transforms on graphs that have been proposed initemture, and their con-
nection to “classical” graph-partition problems desdatilie Section3.2.1 In a coding
application, it is natural to search graph-partitions inakira high number ofP nodes
can be well predicted fro¥ neighbor nodes, obtaining many small detail coefficients.
Intuitively, a “good” i/ /P assignment to achieve this goal is the solution to the “clas-
sical” weighted maximum-cygroblem, as the authors point out 3 and [44]. This
U /P assignment method is discussed in Sec8ch3

3.2.1 Some “Classical” Graph-Partition Problems

In this section we describe two of the most well-known “cleal graph-partition prob-
lems: themaximum-cui@nd theset-coveringproblems. These two problems and the
different solutions proposed in the literature will be usdeh the graph/ /P splitting
process for lifting transforms.

Note that we use the convention of represenfthgndi/ nodes as white and grey
nodes, respectively, in the figures of this thesis.

3.2.1.1 Set-Covering Problem

A set-cover is a partition of the node (vertex) set of a grayh iwo disjoint subsets so
that every node of one of the subsets has, at least, one eighthe other subset (i.e.,
every node in one subset is linked to the other subset) s€heoveringproblem can be
defined as the problem of finding a set-cover in which one og#te has the minimum
possible number of elements.

Let us formally define theet-covering SC) problem.

LetG = (V, &) be an undirected graph. Denote one-hop neighborhoad &f, =
{ueV: kue &}, and closed neighborhood bf N = N, U k, for all nodesk € V.
Given a collectionM of all sets\;, a set-cove€ C M is a subcollection of the sets

3 For simplicity, hereafter we refer to the solution of the S6lgem as SC solution.
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whose union i3’. Theset-coveringroblem is, given\, to find a minimum-cardinality

gooe

goee

versa (SG).

3.2.1.2 Maximum-Cut Problem

The maximum-cutproblem can be viewed as finding the partition of the node at o
graph into two disjoint subsets which has maximum numbedgés (or more generally,
if the edges are weighted, the maximum sum of the weights)dssi elements of both
subsets.

Let us formally define thenaximum-cu{MC) andweighted maximum-c{tvVMC)
problems.

Consider an undirecteztige-weightedgraph(G, w), whereG = (V, £) is the graph
andw is the weight function. Acut is defined as a partition of the node set into two
disjoint subset#/ andP := V\U. Theweight of the cut (W) is given by the function

WU, P) = > wy, (3.11)

i€P,jel

wherew;; is the weight of the link (edge) between nodesd.
A weighted maximum-cug a cut of maximum weight, and is defined as:

WMC(G,w) = \%gmu, P). (3.12)

Themaximum-cuproblem is defined similarly for an unweighted grapk- (V, £),
that is, an edge-weighted graph defining the weight funcign

1, ifijeé&
wy=4 (3.13)
0, ifij ¢¢&.

Figure3.6shows different graph-partition solutions to the problexgslained above
and the weight of the cut})/, obtained for each solution, for a given graph. Note that
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MC solution
solutlon (m|n P)

WMC
solutlon (mm U) solution

0.1 0.1
0.1 0.1

Figure 3.6: “Classical” graph-partition strategies.

() Prediction nodes

@ Update nodes

in the example each color (white and black) has been assdaomth a specific set of
nodes P andl/ sets respectively).

3.2.2 UI'P Assignment Methods for Lifting Transforms on Graphs

In this section we summarize some graph-bdg¢® assignment techniques proposed
in the literature to perform the graph transformation amirtimk to the described “clas-
sical” graph-partition problems.

The U /P assignment proposed idg] attempts to optimize the total energy con-
sumption in a wireless sensor network minimizing the nundfemodes that have to
transmit raw (not decorrelated) data in the network (theatgginodeg € U/). In addi-
tion, in order to reduce the energy in prediction notlesP, every: must have at least
onel{ neighbor to compute its detail coefficient. The authors sthawthis is equivalent
to the SG, problem defined in Sectiod.2.1

As explained in Chapte?, for an arbitraryl/ /P assignment, nodes that are neigh-
bors in the graph are not guaranteed to have opposite p&iagnected nodes of the
same parity cannot use each other’s data to perform thefdramsand edges connect-
ing nodes of the same parity are considered “discarded”sdge a solution to this
problem, techniques that minimize the number of “discatdeldes (i.e., the percent-
age of direct neighbors in the graph that have the same phete been proposed(.

A similar idea was presented idf], where the authors proved that the&'P graph-
partition that minimizes the error between the transforheoriginal graph and in the
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simplified graph (i.e., after edges discard) correspondesolution to the classical MC
problem of the graply defined in Sectio3.2.1

3.2.3 Proposed Splitting Solution for a Coding Application

In a coding application it will be of interest to maximize egyge compaction, which
means storing the maximum amount of energy in the smallesbeu of coefficients
(i.e., obtaining a large number of small detail coefficignts

One criterion to do that will be to maximize the reliabilityttvwhich update nodes
can predict prediction neighbors. Intuitively, a good a@mh to achieve this goal is the
well known WMC, which we proposed idB] and in [44] for a video coding application.
Next, we analyze this intuition more in depth.

Let us assume that the edgédetween nodes are weighted with specific values
we € R, which in some way are a similarity measure (e.g., similaxihance or correla-
tion in an image) between nodes. IntuitivelyPanode is better predicted (i.e., the detail
coefficient is smaller) if it has a higher number of similaitfwa highw value)l/ neigh-
bor nodes. If we impose that every node must have at leastifieesdt-parity neighbor
in order to make it possible to perform the update and prethcfes of the transform, the
solution to this problem is close to the solution of the;S&@oblem (which maximizes
the number ot/ neighbors that nodeB have). Nevertheless, the g@ives rise to a
low number ofP nodes, and we would like to obtain a high numbePaiodes in which
the data is decorrelated. Alternatively, we could find the, SGlution, thus obtaining
a large number of nodes (detail coefficients) but with a low numberoheighbors
(and thus not well estimated).

A good trade-off in this problem is thus to maximize the totadight (similarity)
of the edges between tlfe¢ and thel/ sets, which will give rise to a large number of
P nodes with many reliable (correlatetf) neighbors. Besides, this usually leads to
balancedP andi/ sets, similar to the dyadic decomposition in classical \etse This
problem is the WMC problem defined in Sectidr2.2

Note that the WMC usually has a closed solution that givegoisespecific location
and number ot/ (|[Uwric|) andP (|Pwruc|) nodes. Therefore, for a give®y yc|
nodes, WMC maximizes the weight betwdéran P sets, leading to accurate predic-
tions, as we will show in experimental results of Sectod.4
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To compute the WMC solution we use the greedy approachfleaving for future
work the study of alternative methods. Note that, if the gigeaph is unweighted, the
algorithm provides the MC solution. The algorithm is ddsed in Algorithm1, where
U; andP; form a bipartition of the node séf;_,, and we considegain of a node to be
the sum of weights (i.e., the number of neighbors if the griapmweighted) of all its
incident edges.

Algorithm 1 Weighted Maximum-Culgorithm
Require: U; = {@}, P; = {U;_1}

1: Calculate the&zain of thel/;_; node set
2: Select the node with largestGain, a = max(Gain)
3: while Gain > 0 do
4:  LetU; — U; U {a}
5: Let Pj — P]\ {CL}
6
7
8
9

Change the sign of the incident edge weights
UpdateGains of adjacent nodes
. Select the node with largestGain, a = max(Gain)
. end while
10: return U; andP;

Note that, even though the WMC has a closed solution, theitigoicould stop at
any iteration, given a near optimal solution to problem odliing the maximum number
of U neighbors for a giveiff°| nodes.

3.3 Signal Model-Based//P Assignment Methods

In this section we propodé /P assignment criteria based on minimizing the expected
value of the quadratic prediction error assuming a signadlehand a predictor. In
Section3.3.1we formally formulate out//P assignment problem, which is focused
on minimize the detail coefficients energy. Secti8r%2 3.3.3and3.3.4present three
different approaches to design partition algorithms tegton model-based approaches.
To do so, we assume a data generation model and a predictbfindnan expression

of the mean squared prediction error under the assumed randgiredictor. Then, we
minimize it using different greedy algorithms, thus findiaghear-optimal solution to
the problem defined in Sectid3.1
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The first model assumes that data in each node is a noisy nes§isome con-
stant. Despite of its simplicity, some interesting coniduas regarding the split crite-
ria can be extracted from its analysis. The second modehassgmooth variations
between neighbor nodes values and therefore implicithsiclans some correlation be-
tween them. This second model is further extended to con#ide different links be-
tween nodes can be more or less correlated as a function nathee of the link.

3.3.1 Proposed Signal Model-Baseld /P Assignment Problem For-
mulation for Lifting Transforms on Graphs

As discussed before, to obtain a sparse representatior afriginal signal, it is inter-
esting to have small detail coefficients so that the signaltgnis compacted on the
smooth coefficients. Therefore, our goal is to find &P assignment that minimizes
the expected value of the detail coefficient energy (i.e.gtkpected value of the squared
prediction errorfor a given number of P nodes.

Assuming a signal model and a predictor, the problem candtedsas follows:

Problem 3.1.2 /P Assignment Problem Formulation.

LetG = (V,€&) be a given undirected graph, where = {1,..., N} is a set of
nodes anc® C V x V a set of edges. Let be a set ofV random variables, such
that z; represents the data value associated with nodethe graph. For each node
i € P, consider the predictof;. Define the total prediction errorH) as the sum of
the expected value of the squared error overfheodes.

Find thel/ /P assignment that minimizds,; for a given number ofP nodes,|P|:

. _ . o ,\‘ 2
Ibrll/I})lEmt = gl/l})lZE{(xl )} (3.14)

Fixing |P| in the problem formulation is important becauBg; is minimized by
minimizing the size ofP. Thus, solving 8.14) is practical only if some constraint on
the size ofP is introduced.

4 Note that given thafl/| = N — |P| (where N is the number of nodes on the graph), fixing the
number ofP nodes is equivalent to fixing the number¢hodes.

45



Chapter 3. Lifting Transforms on Graphs

Note that the brute-force solution would be unfeasible bseane should try every
possiblel/ /P assignment and calculate the squared error over afPthedes for each
of these assignments.

3.3.2 Noisy Model (NM)

In this section we assume a simplistic signal model in whitehvalue of each node of
the graph is a noisy version of some constant. Under the assumdel and predictor,
we obtain and analyze an expression of the expected value afuadratic prediction
error. Then, we minimize it for a give{P| using a greedy algorithm, thus solving
Problem3.1

This model is generally not realistic (e.qg., if the graphresgnts a video signal, it
would be a noisy version of a sequence of constant framesyerieless, it can be
taken as locally true (e.g., if the graph only representsegjibns of the video sequence
with similar pixels, the NM can be a more reasonable appration of the real signal).

Definition 3.2. Noisy Model

LetG = (V, &) be an undirected unweighted graph. L¥tbe a set ofN random
variables, such that; € X represents the data value associated with node the
graph.

Let us assume thai; is a noisy version of some constantn such a way that

wheren; are independent noise variables with zero mean and variance

Definition 3.3. Unweighted Predictor
LetN; = {j € V :ij € £} be the set of neighbors of nodeFor each node € P,
consider the predictor

1
po= E , 3.16
i = xj, ( )

vjeN;NU

wherem; = |N; NU].

Proposition 3.1. Noisy Model Prediction Error
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Let z; and z; satisfy Definition3.2 and Definition3.3 respectively. Consider that
v; = v for anyj. The total prediction error over all nodes< P is given by

FEromnm = ZE{(iUz — &)} =v <|P’ + Z mi> : (3.17)

icP iep

Proof. z; is an unbiased estimate gfi.e.,

E{#;} = c = E{w;}, (3.18)
with variance
1
var(i;) = — > v (3.19)
T jeN;NU

Our aim is to use; as a prediction for;. The mean square prediction error is

E{(zi—:)*} = E{(z; — ¢+ ¢ — )"}
=E{(z; — ¢)*} + E{(c — %)} + 2E{(z; — ¢)(c — &)}
—uv; 4 van(z;) + 2E{(z; — ¢)(c — 2;)}

1
=i+ — ‘Z vj, (3.20)
vojeN;nU

where we have use®(19), (3.16 and the independence of the noise variables.
The total prediction error is

Etotnm = ZE{(% — 7))}

i€EP
1
_ ; v; + %; (mg j;:ﬂu vj> . (3.21)

If v; = v forall j,

1
EtotNM = <|,P| -+ Z E) . (322)
icp !
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For a fixed|P|, some interesting conclusions can be extracted fiadi:

1. Fiwwv iNncreases with the variance of the nodg®.g., in a video coding applica-
tion, Einwv Will be higher in sequences with complex textures or mofions

2. The first term of the right side 08(17), v|P|, represents the intrinsic variance of
nodes € P. The secondterm;,) . ., L refers to the variance of the prediction,

m;

which decreases with the numberoheighbors of each nodez P, m;.

3. ForafixedP| and weight of the cutl” = >, _, m; = W, (note that given that the
graph is unweighted}’ is the number of links betwee andP), the best graph-
partition that one can construct in order to minimiZgyw (under the assumed
NM and predictor) is to equally distribute these links anstradl the: € P nodes.
This is formally stated in Corollarg.1

Corollary 3.1. Optimal Criteria for FixedP| andWW = W,
For a fixed|P| andWW = W., the optimal criteria to minimiz&,nm over theseP
nodes is that all of them have the same numbér néighbor nodes.

Proof. We want to seek the:; Vi € P that minimizesEoww for a fixed|P| andiV =

W..
min {U <|73\ + E —1 )}
" iep MM

S LW=Y m =W, (3.23)
i€P

which, for a fixed/P|, is equivalent to minimizing

SLW=Y m;=W. (3.24)
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IP|
1 11 5
W=5 — — | =v —+2)=0vl2+2).
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ieP
LRy 1 5
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Figure 3.7: MC and NM//P assignment strategies.

Defining the Lagrangian:

EZZ%JFA(ZW—WC) (3.25)

and minimizing with respect to each;:

oL 1

1
- 1A=0 = — =K. 3.26
o e + = mi= (3.26)
Furthermore,
We.
> mi=KP|=W, = K= B (3.27)

icP

So, given a weight for the cuit’. and|P|, we obtain the minimum of when every
node: € P has the same number&@fneighborsik = Eﬁfi. [

Figure 3.7 shows an example of tw&d /P graph-partitions with the samé” and
the same number @f (dark) andP (white) nodes. Note that in the upper partition the
number ofi/ neighbors ofP nodes is more balanced, giving rise to a smaller prediction

error.
Hereafter we refer to thif /P assignment strategy that aims to minimi3el() for
a given|P| as NM solution.
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3.3.2.1 Proposed NM Greedy Solution

To obtain theNM solution and thus solve Problem3.1, we design a greedy algorithm
that locally minimizes 3.17) in each iteration. First, the algorithm finds the, 5€blu-
tion (SC solution with minimum number &f nodes) in order to guarantee that every
nodec P has at least one neighber i/ and can be predicted. Theim, each itera-
tion ¢, the algorithm changes %@ the nodec € P that, when is changed, minimizes
Eiiny (3.17) (this e is referred to ag*). Note that each iterationcorresponds with a
specific|P|;, so that the process should end when the gj#rdefined in Problen3.1

is reached.

It would be very computationally expensive to calcul#ig;y,, for every of the
possiblec € P candidates to be changedioin each iteratiort. Actually, we are inter-
ested in finding:* and not in the total cost,,;y ), at each iteration of the algorithm.
Therefore, we focus on finding thec P that, when is changed @, maximizes the
Ei.:n s difference between iterationst — 1 and ¢.

Let Et{ott’fé’M be theE,. v Obtained if node: € P is changed té/ at iterationt. We

want to minimizeEfj;ﬁM over all possible candidates= P:

. t,c
minEgy,. (3.28)

Note thatEf(ft’fv}M can be written as a function of the cost at the past iteratien

t—1 .
(Erf{otN]};4 )

Et{;t’ﬁM = Et{(ft_]\ll]];I + ®{t’6}7 (3.29)

where©{:<} represents the changesiiy, v, that occur, from iteratiom — 1 to ¢,
if we move node: from P to /. Note that, as¥;;y ), decreases when we incorporate
morel/ nodes, we have that'’ '} > El"9 and st < 0.

Given thatEfj;]\}L does not depend on the node that will be moving at iteratjon
thus @.28 can be written, using3(29, as:
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minE, 3y, = min'. (3.30)
The advantage of minimizing{*<} instead ofEt{;f\,}M is that now we can find*
just by observing howF,; v, changes in the neighborhood of every candidate node
(specifically, looking at two-hop neighbors), and thus witbhaving to evaluat®’; ;v s
summing over all nodese P for everyc.
The intrinsic variance (|P|) in Eyun (3.17) does not depend on the node that is
changed, so that, using.17), (3.30 can be written:

e -y 3 (G ) e @9
kENNP ¢

wherem,. andm, are the number aff neighbors of candidate node and of its
k € ‘P neighbors, respectively. The terms in the sum3r8Y indicates that, ifc is
moved tol, its k € P neighbors will have one mor& neighbor to be predicted.
Last term in 8.3)) reflects thatF,; v, is also reduced because nadeecomes/, and
therefore it should not be taken into account in the calmnadf £, x5,. NOte that now,
in order to findc*, we just have to sum over its neighbors.

Figure 3.8 illustrates an example. The left side shows thégP of the graph at
iterationt — 1, and right side at iteratiory assuming that candidate noslés changed
to U. Note that changing nod&implies that nodeg, 4, and6, go from having oné{
neighbors to two. So tha®{*=3} = (1/2 —14+1/2-14+1/2-1) - 1.

Finally, note tha®©{-<} can be calculated for everywith a few simple matrix op-
eration$, obtaining the vecto®"} = [@lt=ltglte=2t  @lt=IPl}] The complete
NM greedy approach is summarized in Algoritiam

5 Source code related to this thesis will be available onlinevaw.tsc.uc3m.es 4 emenriquez/.
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Iteration (t-1) Iteration (t)
O Prediction nodes

O Update nodes

Figure 3.8: Greedy algorithm for the NM.

Algorithm 2 NM Greedy Algorithm

Require: Graphg = (V, &), |P| nodes
1: Calculate the Sgsolution

2: while |P|, > |P| do

3: Calculate®{t<}

4:  Select the node* with minimum©{:-<}, ¢* = min @<}

5. Letd —UU{c}

6

7

8

LetP «— P\ {c*}
: end while
: return U /P assignment

3.3.2.2 Experimental Results

In this subsection we present some experimental resulerinst of the quadratic pre-
diction error (i.e., the energy of the detail coefficientsjhe first level of the transform
(7 = 1) when applying different//P assignment “classical” strategies studied in Sec-
tion 3.2.1and the proposed one in Secti®!3.2(NM).

The experiments have been carried out in the context of vidp@sentation, using
subgraphs of real data obtained from different standardsteguences (i.e., the sub-
graphs contain data from a specific area and number of frafneach video). The
graph representation of the video follows the philosoph¥iglure 3.1, in which any
node represents the luminance value of a pixel and can have spatial and temporal
neighbors simultaneously. In this case, every node is adaddo its 8-one hop spa-
tial neighbors and to an arbitrary number of temporal neagsiiollowing a ME model.

52



Chapter 3. Lifting Transforms on Graphs

Note that the NM does not distinguish between spatial or tgaimeighbors, so that
the links between different nodes are not weighted and ther@af each link is not
taken into account. Therefore, we have an unweighted g3 (in which everyis
neighbor of & node has the same importance in the predict®h).

To evaluate the performance of each approach, we measuagdhege prediction
error over all nodes iP as:

P P

1 . 1
Eav-meas= W Z (gjz - xi)Q = W Z (di)Qa

i€P 1€P
(3.32)

wherez; is the luminance value of the pixels, andthe prediction, defined as iB.(L6).
To obtain the NM/ /P assignment solution and thus solve Problgmwe use Algo-
rithm 2.

Figure3.9shows experimental results whetg, mead the first level of the transform
(j = 1) is plotted as a function of the relatidty|/N selected by the differerit /P
strategies (MC, S&, SCp and the proposed NM solutidh)

Note that the number @f /P nodes is fixed for the MC, SCand SG solutions,
and can vary in the NM approach (by letting the giyén in Problem3.1 vary). The
reason is that the MC, $Cand SG have closed solutions that give rise to a specific
U /P bipartition (and thus a specific number and locatio®/aindP nodes), while the
NM aims to minimize 8.17) for any given number a¥ and”P nodes.

Some conclusions can be extracted from the experimentaltseshown in Figure
3.9

¢ If we compare the proposed NM optimization method and the N@e |U/|/N
that is solution to the MC, in general, NM achieves lowgy. neasthan the MC
method. The reason is that, in spite of the fact that MC giv&s to a higher
average number @f neighbors (because for th@t|/N, MC maximizes the cut
and thus the number &f neighbors thaP nodes have), NM generates a similar
number ofi{ neighbors for all theéP nodes. This is illustrated in Figur&10Q

6 The greedy algorithm used to find the S@®r SCp) solution is given in AppendiA.
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Figure 3.9:F,,meadfor different sequences. A comparison of NM with severahssiic”
solutions to thé/ /P assignment problem.

which shows, for the NM and the MC, the mean numhey)(and the standard
deviation ¢;,) of & neighbors tha® nodes have as a function @f|/N, in the
sequencéoreman
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Figure 3.10:4;, andoy, for the sequencBoreman

e Note that, as expectedy,,.measgenerally decreases as the proposed algorithm
chooses a higher number#@fnodes, because the obtained predictions are better.

e The S, solution involves obtaining the minimum numbei6hodes (and there-
fore low pass coefficients) that guarantees that efenode has at least ori¢
neighbor and thus can be predicted. This implies that wehaile a large number
of nodesP in which the data is decorrelated (giving rise to the detéfficients).
Nevertheless, minimizing the number &f nodes implies thaf nodes would
have, in general, a low number &f neighbors to calculate the detail coefficient
and thus the prediction of this detail coefficients will ngually be so accurate.
Therefore, the mean energy of detail coefficiefifgneaswill be large as is shown
in Figure3.9.

e On the other hand, the $Golution implies that we will have accurate predictions
(e.g., theEy, measwill be low, as shown in Figur8.9) but a low number of detail
coefficients in which data is predicted.

¢ In sequences with low pixel variance)( such as the fragment ékiyo, which is
quite homogeneous and stationary , fa@odes do not need ma@dy neighbors
to be correctly predicted. Thus, once the algorithm reaehe=asonable value
of [U|/N, increases in this value do not improve the prediction, &edt,, meas
remains almost constant.

55



Chapter 3. Lifting Transforms on Graphs

Note that, as it was discussed before, in a coding applicdtiere exists a trade-

off between obtaining a low number of low pass coefficients. (low number

of U nodes) and having small detail coefficients (i.e., high nendf ¢/ neigh-

bor nodes). Furthermore, this trade-off depends on theowidatent (i.e., in se-
guences such askiyo, one does not need too matynodes to obtain “good” pre-
dictions and thus low detail coefficients; while in sequensech asoastguard
every new/ node makes the prediction better, decreadignea). Therefore, it
would be of interest to have an encoder procedure that tedlsiécoder the opti-
mal number ot/ andP nodes depending on the video content and the available
resources (i.e., a target quality or bit rate).

We have drawn some interesting conclusions regarding tfiieassignment problem
based on the analysis of NM. In the next section we introdheevioving Average
Model which considers smooth noise variations between neighbdes.

3.3.3 Moving Average Model (MA)

Generally, data across nearby sample points present sone¢ation (e.g., nearby pixels
in an image or video usually have similar luminance valudgaaent sample points in
audio data generally present similar sound pressure I8RiL) values; or neighboring
data in a WSN tend to be correlated). In this section we propalsga generation model
that considersmooth noise variationsbetween neighbors on the graph. Specifically,
we consider that data in nodés generated as is defined below.

Definition 3.4. Moving Average Model

LetG = (V, &) be an undirected graph. Let us assume thgais generated as the
mean noise; value of the closed neighborhood of nadelus an independent noisg
as:

1
T = — E €; + an;, (3.33)
[

wheree; andn; are zero-mean independent random variables, with variamceand
vy, respectively;\V;; is the closed neighborhood set of nadg\;; = N; U4), anda is
an arbitrary nonnegative real constant.
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Thus, this model can be viewed as a low-pass filtered noigryevwde with noise
¢;) random graph signal plus an additive independent randaser{every node with
noisen;). Figure3.11lillustrates the data generation following this model, vilhiall be
referred to as Moving Average (MA) model.

LPF —a(?—p

Qrtj; L

Figure 3.11: MA data generation model.

Despite its simplicity, similar models have been employethe literature for image
texture representatiod @], and for image49| [50], audio and speech modeling. Define
theclustering degreef nodesm andn on graphg as

Nim) N Ny
N [V |

c(m,n) =

(3.34)

Next, we calculate the expected value of the predictionre@ssuming the MA data
generation model3 33 and using the unweighted predictor defined in DefiniBo®

Proposition 3.2. Moving Average Model Prediction Error
Let z; and z; satisfy Definition3.4 and Definition3.3 respectively. Consider that
v,, = v, and thatv., = v, for anyi € V. The prediction error of a nodee P is given

by
BEwa, = B{(z; — ;)?} = E{(z)*} + E{(2:)*} — 2E{w;3;} (3.35)

— a%v, + ‘AU[;’ O"U'n Ue Z Z
————

i my FEINGNU| kEIN;NU|

A B
oY Z c(i k).
mi ke|N;NU|
¢

The proof is in AppendiB.1.
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Let us now analyze3(35. The terms insidé\ represent theariance of the ob-
servation, E{(z;)?} (given thatE{(z;)} = 0, var(z;) = E{(x;)?}). Note that the first
term inside A is due to the independent nois®f each node, and does not depend on
the node at hand (because of our assumption,of= v,). The second factor is due
to the smooth variation of the noise (the low-pass filtered noisy graph signal). Note
that as the number of neighbors of nad@\V);|) increases, this second factor (and thus
the variance of the observation) is lower, which is reastanbbcause; is obtained by
averaging with a higher number of samples. In this way, frort &P strategy point of
view, will be of interest to choose &2 nodes (nodes to be predicted) those nodes that
have more neighbors and thus can be more easily predictgddesuming that we are
given a graph representation of an image which links neighbdes that do not cross
contours of the image, it will be better to chooseTashose nodes that are far away
from the contours and thus have more neighbors becauseviiee will be smoother
and thus more easily predicted).

The terms insideB represent theariance of the predictor, E{(%;)?}. It is com-
posed of two factors, which decrease as the numbér okighbors of node (m;)
increases. Therefore, as expected, the variance of thécfmed lower as we have
more data to perform the prediction. Furthermore, the wagadecreases as the factor
c(7,k) (i.e., the clustering degrd®tweeni/ neighbors of node:) decreases. Note that
c(j, k) indicates the proportion of shared neighbors between npdeslk. Thus, it is
of interest to have uncorrelatéfineighbors of (i.e.,i/ neighbors of that do not share
many neighbors/information) to perform its prediction.

To give some insight into the behaviour of tig(#;)?} term, Figure3.12 shows
the values that it takes for different situations and grajokogies. In this example we
considen, = v, = v anda = 1.
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Figure 3.12IE{(%;)?} for different graph topologies.

Note that, in each row of the figure, the nod® be predicted (the most left white
node in every example) has the same numbeér ¢dark) neighborsin;. First column
shows that, considering the same topology, varidife’;)?} is lower asm; is higher
(E{(24)’} > E{(25)*} > E{(2¢)’}, and in generalE{(#;)*} = §.- + 4. Inthe
second row of the figure, the noddo be predicted has:;; = 2 in all the examples.
NeverthelessE{(z;)?} decreases as theneighbors of nodéhave more neighbors that
they do not share with each other (i.e., asdtiek) factor is lower).

Finally, the term insideC represents theross-correlation between the estimate
and the observation E{x;z;}. Note that this term increases as is lower and as
the clustering degreleetween nodei and its U neighbors ¢(i, k), is higher (i.e., the
observationz; and the predictos; will be more correlated as they share more neigh-
bors/information).
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Once we have explaine®.85, we calculate the total prediction error just by sum-
ming over all nodes € P. After reordering the equation we get the following expres-
sion:

FEiotma = ZE{(% — 3;)%} (3.36)
ieP
2 .
~etu 3 (14 )”EZ(N 2 2 R ) (Z’k))'
ieP il gew | kel Nin| kelNinU|
A B

Note that the terms iA are related to the independent noise of each node, and thus
are equivalent to the total prediction error of the N811(/). The terms irB are due to
the smooth variations of the low-pass filtered noisy graghai

Some interesting remarks have been extracted from thesasaly3.35 and (3.36).
Nevertheless, as in the NM, the total prediction er886) is minimized by minimizing
the size ofP, and thus some constraint on the sizéPo needed.

In next section we propose a Greedy algorithm that minim(2e36) for a given|P|
and thus solves Problefl

3.3.3.1 Proposed MA Greedy Solution

To obtain the MA solution, we design a greedy algorithm thatin the NM approach,
first finds the Sg solution and then, in each iteration, movegtahe node inP that
minimizesFEioma.-

The philosophy of the algorithm is the same to that of the NkpJ@&ned in Section
3.3.2.1 Therefore, the algorithm finds the candidate P that minimizesEiwma by
minimizing the changes ifua from iterationt — 1 to ¢ (i.e., minimizing®{t<h).

In the MA, the problem of minimizing@{* is defined as follows:

min® " = min (Al — gttt — olhedy (3.37)
ceP ceP
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where At} indicates theEiwa in the neighborhood of candidatec P if it is
changed td/{, B1*<} the Eiowia before changing, andCt-} the Eigua reduction due
to nodec becomeg/ and thus is not taken into account in thgya calculation.

Using @.39, and considering that, = v. = v anda = 1, Att}, Biteh andC{t<}
can be written in the minimization probler8.87) as:

{te} = 1 1 1 .

keN.NP JEINRNU| he|NNU|

mk2+1 Z C(k’h)>’

he|NNU|

(e} 1 1 1 1 )
BI= 2 (<mk>+w+<mk>2 2 2. il 2 (W)’

m
kENNP JEINNU| helNZNU| k helNenu|
(3.39)

tey 1 1 1 , 2

oltey — o N T o je%;muhe%mc(g,h) — Whe%;ml c(e,h).  (3.40)

Note that the number d@f neighbors of every: € N, N P increases fronB{4<}
to Aft<}, because becomes a new neighbor for itsP neighbors. Neverthelesa/;
does not change, because it just depends on the graph tgpehagnot on thé{/P
assignment. The same applies &y, k), so that it can be calculated just once for every
combination of node$j, k), obtaining the clustering degree matx= [c;x]. As in
the NM, ©t-<} can be computed for everywith some matrix operations without using
loops, obtaining the vect@® "<} = [@ite=1tgite=2t  @lte=IPll},

Details about the proposed MA greedy approach are in Algor8.
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Algorithm 3 MA Greedy Algorithm
Require: Graphg = (V, &), |P| nodes
1: Calculate the clustering degree mat€ix= [c; ;]
2: Calculate the Sgsolution
3: while |P[; > |P| do
4:  Calculate®t<}
5. Select the node* with minimum©{<}, ¢* = min @14
6
7
8
9

Letid — U U {c*}
LetP — P\ {c*}

: end while

: return U /P assignment

3.3.3.2 Experimental Results

Next we present some experimental results in terms the gtiagrediction error in the
first level of the transformj(= 1) when applying different//P assignment strategies,
comparing MC, NM and MA.

The experiments have been carried out using the same vidgoeses of Section
3.3.2 Nevertheless, in this case links of the graph between beigig nodes with very
different luminance values (i.e., links between neighbmdes that cross contours) are
removed, as illustrated in FiguB2 In this manner, assuming that the contours are well
defined,we have smooth luminance variations, which is the main hypabiesis of the
MA model.

Summarizing, we have an unweighted graph as define®.t8(in which every
node: could have very different number of neighbofa/().

To evaluate the performance of each approach, we medsygasas in 8.32),
and to obtain the MA/{/P assignment solution we employ the algorithm described in
previous section.

Figure3.13shows achieved,, measvalues as a function of the proportioniehodes
on the graph|/|/N) selected by each method. In the experimenjss v. anda = 1.
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Figure 3.13:F,.measfOr different sequences. MA Vs NM.

Some conclusions can be derived from the results shown ur&813

e Considering smooth noise variations between neighborixgjpleads to a more
realistic model and thus thB,,.measfor the MA model is usually lower than for
the NM and the MC solutions.
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¢ MA considerably outperforms NM in regions where the lumicewxalue of neigh-
boring pixels changes smoothly (in both the spatial and ¢nepbral domains)
because the model is accurate (eRaris or Containet after removing the high
frequencies). On the other hand, in noisy areas, the remdtsimilar to the ones
achieved with NM (e.g.Garder).

e F..measfOr the NM approach is consistently lower in FiguBel3than in Figure
3.9for the same video sequences and test conditions. This i®dhe fact that, in
the former, spatial links between neighbors that crossozwatare broken (graph
representation of Figurg.2) while in the latter do not (graph representation of
Figure3.1). In other words, including the directional informatiorfpeto improve
the prediction and thus to decrease the detail coefficiesrogn

e As expectedF, . measusually decreases as the numbetfohodes on the graph
increases.

As discussed before, in a video representation, temporeglation will usually be
stronger than spatial correlation, and thus pixels linkgdngans of “temporal links”
will usually be more correlated than pixels linked by meahspatial links”. NM and
MA models do not consider this fact.

3.3.4 Spatio-Temporal Model (STM)

The MA model can be extended to take into account that spathtemporal neighbor
pixels may have differentiated correlations. Next, we ®ou a video representation,
obtaining the expected value of the prediction error assgntiat data is generated
from temporal and spatial neighbors. This model will be mefe to as Spatio-Temporal
model (STM). The result could be generalized to the case evhalifferent kinds of
links, with different correlation values, are considered.

Definition 3.5. Spatio-Temporal Model
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LetG = (V, £) be an undirected graph. Let be a random variable that represents
the data value associated to nodim the graph. Let us assume that

Wy
T; = W Z Ej | Z Ej + arnj;, (341)
B jens, JEN,

where/\/[j] and/\/[ﬁ] are the closed sets of spatial and temporal neighbors, &y,
of nodei; w; is an arbitrary constant irf0, 1], with w, = 1 — wj; €; and; are zero-
mean independent random variables with varianeesandv,,, respectively; andv is
an arbitrary nonnegative real constant.

Definition 3.6. Weighted Predictor
Consider the predictions given by

x:;z_ oot N (3.42)

: jEJ\/fﬁU ge/\/tmu
wherem?$ = |NF NU|andm! = [N} nU|.

Let theclustering degree(m, n) be defined as in3.34).

Define
NG NNl
Dy =Y > J—d (3.43)
JENANU keNPrU [j] | ’Mk}‘
and Ao AN
c N 1
D;d (Z) ‘ [J] [1] ’ (344)

NN
jeEN U | [J]|’Mi]|
for a, b, c,d equal to“s” or “t”.
Proposition 3.3. Spatio-Temporal Model Prediction Error

Let z; and z; satisfy Definition3.5 and Definition3.6 respectively. Consider that
v,, = v, and thatv., = v, for anyi € V. The prediction error of a nodee P is given

by
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Bst = E{(z; — 2:)*} = E{(2:)?} + E{(2,)?} — 2E{2;,} (3.45)

2 4 w2 . wt2 L 2wwy
= a v, + v, »
! NVal WVl NIV

.

A
2 2 2 2 2w,
+a2vn<wi+ﬁ)+ve( wSQG—l— Yt og oy w'wt[)

i Q

ARt
A

%
~
B

— 20, (w—ZJ—l— KftK),
m; m;

(. J/

C

where

G = w?D% + wD + 2w,aw, D2, (3.46)
H = w?Df +wlD}l + 2wgw;, Dy,

I =w?D% + w} D% + waw, (D + DY),

J = w?D* + w; D! + waw, (D + D),
K = w2D}* + w; D' + wsw(D;' + D}*).

The proof is in AppendidB.2.

The terms in A consider the variance of the model; the term®inrepresent the
variance of the predictor; and the termsGrrepresent the correlation between model
and predictor.

Expression 3.45) is quite similar to that of the MA modeB(35. The main differ-
ence is that in STM all the factors are weighted by spatioptal terms, thus taking
into account the different statistical dependencies ol and spatial links. There-
fore for example— in (3.39 becomes— - “’t in (3.49, or 5 in (3.39 becomes
| m' - w o+ M?;"Hj“w in (3.45.

Flnally, summlngESTl. (3.45 over all nodes € P, the total prediction error is:
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P| IP|
Biost=» E{(z; — &)’} = _ Esr,. (3.47)
1€P 1€P

Some other important remarks about expressi8mS and @.47) are outlined be-
low:

¢ Note that nowEsy, strongly depends on the nature of the links between nodes.
This way, for example, ifv; >> w, it will be useful to partition the graph so that
m; and |\ | are large, in order to reduce the variance of the predictdrthe
observation, respectively.

e Likewise, observe that if one of the weights is much highantthe other, STM
tends to be similar to the MA model. Therefore, if for example— 1 (and thus
ws — 0), Esr, (3.49 — Ewma, (3.39), ignoring the spatial links.

e Optimizing Eist ignoring the termgs, H, I, J and K, gives rise to a similar
result to Corollary3.1for the NM case, but now taking into account the different
weights of spatial and temporal neighbors. That is, in otdeninimize the de-
tail coefficient energy, every node should have the sameoptiop of temporal
and spatial update neighbors, and the right proportionmtpenw, andw, (the
higherwy,, the higher proportion of temporal update neighbors).

3.3.4.1 Proposed STM Greedy Solution

Next, we present a greedy algorithm that finds the STM salutido that end, the

algorithm moves t@/ the node inP that minimizeskiyst (3.47) in each iteration. For

simplicity, we assume that the terrés H, .J, andK in (3.45 are insignificant
Therefore, setting, = v. = v anda = 1, the function to be minimized becomes:

" Note that, in our video representation examples, this issaeable assumption because some of the
intersection between sets in the numerator of teRffsand D¢ are empty or small, and thus the terms
are zero or close to zero.
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P 2 2 2 2
Wy wj 2wswy w; Wi
—= 4+ = . 3.48
Z(!Af[ﬁ]\+]J\/t\Jr\N[‘j}HN[g]\erermg) (3.48)

icP [i]

As in the NM and MA greedy solutions, the algorithm finds thedidatec € P that
minimizes©{:<} (instead of 8.48), defined as in3.37), whereAlt<}, i< andCite
are conceptually the same as in the MA algorithm. Neverdiseleow, ifc is moved to
U, its P neighbors have one moté neighbor to be used in the prediction, but it can
be spatial or temporal (i.ex$ andm! do not increase their value in one fraii*< to
Atteh) . Asin the MA, ©14¢ can be computed for everywith some matrix operations
without using loops.

Details about the proposed STM greedy approach are in Algod.

Algorithm 4 STM Greedy Algorithm
Require: Graphg = (V, ), |P| nodesuws, w;
1: Calculate the Sg solution
while |P|; > |P| do
Calculate® !t}
Select the node* with minimum©{<} ¢ = min @1
Letid — U U {c*}
LetP «— P\ {c*}
end while
return /P assignment

3.3.4.2 Experimental Results

In this section we comparg,,-measachieved when applying differebt/P assignment
techniques to the same fragments of video sequences usesl/ioys sections. Graph-
based representations of these sequences are definedsdtemebcting links between
nodes across contours (Figl8®) as in Sectior8.3.3

In this case, we have an edge-weighted graph (with weigh@ndw;, for the spa-
tial and temporal neighbors respectively) in which everdabmay have a different
number of spatial and temporal neighbors. The predictioashais obtained following
(3.42 (i.e., given different importance to temporal and spdtrted neighbors). The
w, andw; weights used in the experiments were chosen using the mdtsmtibed in
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Section3.1.2.2 We compare the proposed WMC and STM solutions. To obtain the
STM solution we employ the algorithm explained in Sect88.4.1

Figure3.14shows some results @f,,.measds a function of the proportion éf nodes
on the graph|{/|/N) selected by WMC and STM solutions.
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Figure 3.14:F,,.measfor different sequences. STM.
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Next, some conclusions extracted from Fig8ré4are outlined:

e For the same number @f selected nodes, STM gives generally rise to lower
Fav-measthan WMC. This can be viewed as indicating that STM leadsg tnd P
sets with better prediction ability (i.eR set is better predicted from tli¢ set)
than WMC.

¢ WMC tries to maximize the cut betweéhandP sets. This generally leads to a
certain number oP nodes having a large numberéicorrelated neighbors, while
other nodes may not have any correlated neighbor, givirgtaggood and bad
predictions respectively. STM tries to obtain a solutionmvimich every node has
a balanced number of correlated neighbors, thus improviagriean prediction
error when considering all nodes’

¢ WMC obtains reasonably good results (excep@Qontaine), that are close to the
STM solution. Thus, it can be considered a good heuristic.

e F. . measObtained with STM (Figur&.14) is greatly lower than the one obtained
with the MA model (Figure8.13), so it can be concluded that it is very important
to take into account that temporal and spatial linked nesghlisually have dif-
ferent correlations. Specifically, this will influence g P assignment and the
predictors (filters) used to calculate the detail coeffitsen

3.3.5 Discussion

In the NM, z; is modeled as a noisy version of some constdBt15, which represents
the mean luminance value. MA.83 and STM (8.41) do not consider any constant in
their models for simplicity. Nevertheless, it can be prottest this fact does not affect
theE{(z; — ,;)?} calculation (i.e., the MSE expression obtained in Propmit3.2and
3.3would be exactly the same if constaris considered in the models).

Note that, for simplicity, we are assuming the same arlyitcanstants (i.ex, and
wy) iIn the STM model generatior341) and in the predictors3(42. A practical way to
choose these constants is to use the optimal weight valube gfraph as explained in
Section3.1.2.2
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When considering more than one decomposition level in thestoam, thel//P
assignment solution at levgl= 1 will influence thel//P assignment at levels > 1
and thus the global performance of the transform. Therefoveould be useful to find
optimal/ /P assignment designs by considering jointly several levetsetransform.
This is an interesting research question, which is left ibuife work.

3.4 Filter Design

As discussed before, in the predict stage of the transfoendaita is decorrelated. To do
that, eachP node is linearly predicted from itg neighbors as; = Zheuj pi(h)xy, and
the detail coefficient is obtained ds = z; — z;. To obtain an efficient representation
of the original data, it would be desirable that ~ z; and thusd, ~ 0. Therefore,
given a graphg = (V,€) and two disjoint sets off and P nodes, choosing a good
prediction filterp is crucial to obtain accurate predictions@hodes and thus a compact
representation of the original data.

Finally, it is also necessary to define the updateters to perform the update stage
of the transform. In Sectio8.4.2we briefly describe the update filter design, which is
based on the method proposed g][

Note that through all this section we assume a given weiggtagh for which a
bipartition of the graph (i.el{/P assignment), has been chosen.

3.4.1 Prediction Filter Design

In this section we outline some prediction filter designslifting transforms proposed
in the literature and the peculiarities that arise in theextiofgraph lifting transforms.
Then, we propose the design of prediction filters based ogitle® weighted graph.

3.4.1.1 Filter Design for Lifting Transforms on Graphs

The problem of optimizing prediction filters in lifting traforms has been considered
by several authors, typically based on optimization daténat seek to minimize the
expected energy of the detail coefficients. In this wag] pbtained the optimal predic-
tors of an arbitrary lifting scheme and applied them to lesslimage compression]
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minimized the energy of the detail coefficients through aditazhal predict stage, im-
proving the compression performance of the transfo2b] flesigned a predict stage
that minimized the expected energy of the detail signal ier@egalized lifting scheme,
and B3] proposed to jointly find the forward and backward motiontees that min-
imized the energy of detail coefficients in a motion comp&ts®/3 transform.54]
proposed to use adaptive filters to estimate the optimalgired filters. This approach
has the advantage that no side information is required taebets the decoder in a
coding application. Nevertheless, in order for the decadeeproduce the same pre-
diction filters used at the encoder, both must have the saetkgiion errors and initial
prediction filters. Note that, if quantization is used (érga lossy coding application),
encoder and decoder must use the same quantized predictos te update the filters.

We focus on the design of prediction filtarsthe context of graph lifting trans-
forms, in which every node can have an arbitrary number of neighlobrdifferent
classes (e.g., spatial or temporal neighbors in video septtation). Therefore, calcu-
lating a different weight for each relative location as$jf8 or quincunx wavelets (e.qg.,
w; for the left-side neighbor of evely w, for the upper-side neighbor of everyand so
on) is not possible since every nodeas an arbitrary number and location of its neigh-
bors. Furthermore, is important to note that the properaghofp depends on how data
is correlated across nodes. With these observations in,miadlesign filters that are
based on the graph weights, which, in our case, represerstiama¢e of the correlation
between nodes.

3.4.1.2 Graph-Based Filter Design

In Section3.1.2 links on the graph were optimized in order to minimize the-tlp
prediction error. Thus, prediction filters constructednirthe graph weights should
lead to accurate predictions. To obtain the prediction gélpi € P, we define filters
that weight it/ neighboring pixels taking into account the weights of tmespective
connections ta.

Let us define the prediction filter for nodec P as:

pi:[p17p27'-~n7Lipk7"'7pmi]’ (349)
> k1 Pk
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wherep;, is the prediction value associated to ndde N;NU andm; is the number of/
neighbors of (i.e., |V; NU|). The normalization factoy ;" p is important to obtain
a normalized predictor when fixed weights are used in thelgoapo define prediction
filters in higher levels of the transfofim

In a video representation example, every link can be sp@fipbr temporal 7),
with weightsw, andw,, respectively. Let us define? (resp. m7) as the number of
U spatial (resp. temporal) neighbors iof Normalizing the weights byn andm?,
respectivelypy is obtained as:

ws/m$, if ik € S,
Dk = { / (3.50)

w;/m?T, ifikeT.

Note that this design leads to the prediction filters useder8TM @.42. Also note
that, if the nature of the links is not taken into account ia ¢gnaph weighting, we have
an unweighted graph and thys, = 1/m;, leading to predictors used in NM and MA
(3.19. Chapted shows experiments about the energy compaction achievegdaromg
filters constructed from fixed and optimal weights.

ConsideringF' different kinds of linksp;, is defined analogously to the video repre-
sentation example, so that, for tlieh kind of link, p,, = wf/mf if ik e f.

3.4.2 Update Filter Design

So far we have completely defined differédf P assignments on the graph and the
prediction filter design. In this section we focus on the gesf the update filters,
completely determining the graph transform. Our updater§ilare designed based on
the method proposed bg§]. We briefly outline theu filter that we employ for the sake
of completeness.

For each update node we design an update filter that is onlabgo the predic-
tion filters of its neighboring prediction neighbors. Whileetresulting update filters
are not orthogonal to all the prediction filters, this salntreduces the impact of the
“worst-case” coherence, because the prediction filtergeced in prediction nodes that

8 1n higher levels of the transform> 1, p;. atj will be calculated as the product of the weights in the
path between connected nodeg at 1, as explained in Sectioh1.3
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are not neighbors have little or no common support with tergupdate filter. Other
approaches for update filter design can be found in the titexgb5], [56].

3.4.3 Discussion

Note that the predictors defined i8.50 are very similar to that used for optimizing the
weights of the graph in Sectidh1.2.2 and, therefore, provide a near optimal solution
in the sense of minimizing the detail coefficient energy. @iffeerence between both
cases is that in3(50 we use the/{/P bipartition information. Actually, the graph
weights could be recalculated after tHH¢P assignment as is discussed in Sec8dh3
leading to optimal filters. Nevertheless, it is not worthyeéease weight values do not
significantly change.

3.5 Summary of the Properties of the Transform

We now focus on analyzing the main features of the proposdaiénsional directional
transform. Some of these features, such as invertibiligyfget reconstruction) are de-
rived by the lifting-based construction of the transforrme.(ithese features are inherent
to the lifting scheme). Other characteristics, such asggnesmpaction and frequency
and spatio-temporal (original domain) localization, degpen the/ /P assignment, the
u andp filters design, and the graph construction.

Next, we outline some properties of the proposed transform:

e Perfect Reconstruction Transform.

Since the transform is based on the lifting scheme, it isajtaed to be invertible
if the / andP sets are disjoint sets, as it was explained in Chaptédote that
all thel/ /P assignment methods discussed in this thesis give rigg ®disjoint
sets.

e Easy generalization to N-dimensional domains.

The transform can be applied to any arbitrary graph. Besmles can easily re-
flect correlations of N-dimensional signals using the greggresentation of data
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explained in3.1.1 Therefore, obtaining an N-dimensional transform is gtrai
forward, just constructing the graph representation ofNk&imensional signal
and applying the lifting transform on this graph. Furtherejat gives rise to a
simple process in which the formulation and the conceptied ido not become
complicated as the dimensionality of the input signal idkig

e Useful for irregularly spaced sample grids.

The graph representation of data is versatile enough towadpealata sampled in
an irregular grid, which is common to many applications sashWWSNs. Then,
given the graph, the transform operates on it in the usual way
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e Any feasible filtering direction.

Thanks to the total freedom in the graph construction (@ee, can link any node
(sample point) to any other node (or set of nodes)), the megptransform allows
filtering operations in any direction with no restrictions.

e Non-separable filtering operations.

In the graph representation of a signal, one node can havebdarasy number

of different kinds of neighbors (e.g., spatial and tempoebhbors in a video
representation). Then, the filtering operations are peréar using the available
neighbors of every node, giving rise to non-separableifigeoperations in which

all types of neighbors are jointly considered (e.g., in auidepresentation, this
gives rise to spatio-temporal filtering), in contrast to‘theparable” way, in which

filtering operations are performed separately in each tinec

e One-dimensional filtering operations.

Independently of the dimensionality of the original signahce we obtain its
graph representation, the resulting predict and updaggifiy operations to per-
form the transform are one-dimensional operatiéh$)(

e Critically-sampled transform.

Given twol/ /P disjoint sets, the proposed transform is critically sardpi@-
dependently of the number of levels of decomposition of thadform.J) in the
sense that it generates the same number of coefficientsahgpies of the original
signal, avoiding redundancy in the representation.

3.6 Conclusions

In this chapter we have discussed different strategiefi&optimization of lifting trans-
forms on graphs.

First, we have explained the graph construction, whichlire®the graph represen-
tation of an N-dimensional signal and the graph weightingpe @irectionality of the
transform is determined by the graph representation asdsrtge filtering operations
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are performed through linked nodes. Regarding the graphhtiegy we have proposed
two methods: (i) assuming fixed weights; and (ii) optimizithg weights in order to
minimize the quadratic prediction error when using one-piggalictors and considering
F kinds of links with differentiated statistical properties

In this chapter we have also investigated th&P assignment process, discussing
two different approaches to find a suitable bipartition @& ¢naph in order to minimize
the detail coefficient energy: (i) based on the given weiglgeaph and (ii) based on
signal models.

Graph-based//P assignment methods find bipartitions without making any as-
sumption about the graph signal. In this way, we have prapasslution which relies
on the next intuition: if weights of the graph represent fanily between nodes (i.e.,
similar luminance value), the WMC maximizes the similarigtlween/ andP node
sets. Signal model-basét)P assignment methods are optimal in the sense that, given
an arbitrary graph and a data generation model, the avestgg coefficient energy is
minimized. Three data generation models have been propasedkely: (i) the NM,
which assumes that the value of each node on the graph is & veision of a con-
stant; (ii) the MA model, which considers smooth variatidesween neighbor nodes;
and (iii), the STM model, that considers different statiatiproperties for spatial and
temporal neighbors. We have experimentally shown that the3/i8v good method for
coding applications, since it reaches near optimal salstiwith less complexity than
signal-model based approaches.

We have also described the update and prediction filter degigich is based on
the weights of the graph. Finally, the main properties ofgghgposed N-dimensional
transform have been summarized.
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Video Coding Application

In this chapter we describe the application of our proposeglgbased lifting trans-
forms to video coding. As discussed in Chaptethe key novelty in our approach is
describing the video sequence as a weighted graph of cathpiiels and applying the
lifting transform on this graph.

The connections in the graph are constructed in such a wayitkels expected to
have similar luminance tend to be connected. These comnsctian be temporal or
spatial, and the number of neighbors that one pixel can hateei graph can vary lo-
cally. Therefore, we can have flexibility in designing theregsponding spatio-temporal
filtering operations, which can be selected to follow sp&timporal directions of high
correlation. To achieve a more accurate prediction, th@eciion between any pair of
pixels is weighted as a function of estimates of correlatietween the pixels.

Our work could be considered as a generalization of waveséed video coding. In
particular, our proposal gives rise to a more versatiletsmtwhere spatial and temporal
operations are no longer separable. The transform regiia¢some side information
be sent to the decoder, so that the same graph can be coadtaidioth encoder and
decoder. Specifically, temporal information (motion vesjcand spatial information
(contours) have to be sent. Most of the work described indhapter was published
in [43], [44] and 42].

This chapter is organized as follows. In Sectibfiwe present our proposed graph-
based transform for video coding and evaluate its energyaation ability in compar-
ison with other schemes. Furthermore, we show how the peaptwsansform can over-
come classical problems that arise in MTCF approaches (dMAT), such as their
poor performance in uncovered areas. Once we experimegptale the efficiency of
our scheme in terms of energy compaction, we move towardsrplete encoder in
Section4.2, describing a new reordering approach to sort the coefteibafore they
are entropy coded, and discussing low-complexity versaditise transform. Finally, in
Sectiord.3 we present how to apply rate-distortion optimization to cading scheme.

78



Chapter 4. Video Coding Application

4.1 Graph-Based Transform for Video Coding

The processes needed to perform lifting transform on grégtagh constructiorlf /P
assignment, and filter design) were studied in ChaRitén this section we give some
details about these processes applied to video coding.h@@pstruction is defined in
Section4.1.1 while ¢/ /P assignment and filter design are described in Secti@rR

In Section4.1.3 we discuss how to obtain a MRA of the original signal extegdime
transform toJ decomposition levels. In Sectichl.4 we evaluate its performance
in non-linear approximation terms (which allows to estien#tie energy compaction
performance of the transform, and does not depend on otpieatyencoders processes
such as quantization or entropy coding) and compare it aghLiMAT approach ¢]
and with a simple DCT based video encoder (which is the basiwedatest video coding
standards). Finally, we compare the performance in uneovareas of the proposed
scheme and the LIMAT in Sectioh1.5

4.1.1 Graph Construction

The goal in the construction of the graph at thth level of decomposition is to link
pixels with similar luminance values, so that detail co&fftsd,, ; in (2.1) are very
close to zero. In this manner, the energy of the high passasubat this leve} will be
low, achieving an efficient representation of the data.tFive explain how to form the
graph at thej = 1 level of decomposition from the original video sequenceer,hin
successive levelg > 1, we construct the graph at levefrom the graph at level — 1
as explained in Sectiofh.1.3

Consider a video sequence Wfframes of sizel. x H and a subsequence &f
frames (K < V). We will employ a new graph representation for every suloget
K frames, until all thel” frames in the sequence are coded. Let}. /" be the
luminance value of pixels € O = {1,2,..., L x H x K}, whose graph representation
isG = (0,&) so that any pixek € O can be linked to any subset of pixet¢ C
{O\ {k}}, following criteria to be described next. Since we explbi¢ tspatial and
temporal correlation jointly, a pixel can be linked to spatial and temporal neighbors at
the same time.
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With respect to the spatial correlation, the criterion foah construction is very
similar to that employed ing] for image compression. Pixels that are close to each
other and, in general, pixels that belong to the same olgittend to have correlated
luminance values. In contrast, when filtering across castdbere can be a significant
amount of energy in the high pass subbands, because theofatggghboring pixels
can be very different. Thus, if we avoid filtering across thatours, we are more likely
to obtain a more compact representation of the data. Faipwhiis reasoning, we link
those pixels that are one-hop neighbors in any directiondandot cross any contour.
To do that, we need to estimate the contours and send thisriatmn to the decoder.
To reduce the resulting overhead, we note that if there ameaoloisions and the motion
model captures object motion accurately, it is possiblestorate the contours of the
current frame using contour data obtained from the referé@ne along with motion
information. Thus, in practice we only need to explicitlyndecontour information to
the decoder once every frames.

Regarding the temporal correlation, we link those pixels #na related by means
of a motion model. In our case, block matching is used, andygu&el belonging to a
block is linked to the corresponding pixel belonging to tlstblock match in the ref-
erence frame. Motion vectors (MV) need to be sent to the dacodorder to describe
the motion. Finally, note that motion mappings are estichatgng the original video
frames, that is, the reference frame is not a reconstruétamn a previously encoded
frame as in the latest video coding standards such as H.¥&4a%nd H.265/HEVC
(High Efficiency Video Coding). An example of graph constrotand contour infor-
mation transmission is shown in Figudel for two frames, where it can be seen that
links between pixels follow the motion direction and avordssing contours within a
frame.

4.1.1.1 Graph Weighting

As discussed in SectioB.1.2 the weights of the graph are used in the design of the
U /P assignment process and theandu filters, and in the construction of the graph
in successive levels of decomposition, thus helping im@rpkediction at all levels.
Furthermore, this weighting will be useful to reorder thefficients before they are
arithmetically coded.
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MxN+1 MxN+2

Reference frame Current frame

Figure 4.1: Spatio-temporal graph construction. The gregllrepresents the luminance
value of each pixel; the red-thick dashed lines are the olg@atours; the green-fine
dashed lines represent temporal connections, and thedilddiises spatial connections.
Finally, the black dashed lines represent the block size.

As a starting point, fixed weights are used as described itidde8.1.2.1 Given
that temporal links are identified using ME, the expectedeatation between temporal-
linked pixels is higher than that between spatial-linkedef. In particular, we experi-
mentally setv, = 10 for temporal connections and, = 2 for spatial connections.

4.1.2 U/P Assignment and Filter Design

We have proposed in Secti@3somel//P assignment strategies that minimize detail
coefficient energy under certain data generation modets wanhave compared them
to graph-basetl/ /P assignment strategies described in Sec8dh As we concluded,
using model-based solutions lead to lower detail coefftaégrergy for a given number
of |P| nodes. Nevertheless, these solutions are more computyi@xpensive than
MC and WMC because they need more complex greedy algorithmetha&r relevant
conclusion extracted from analysis in Sect®B.4is that it is very important to include
spatial and temporal information to perform thgP assignment. Furthermore, we
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concluded that the WMC solution is a good approximation taibténal solution under
the assumed spatio-temporal data generation model.

Summarizing, given the lower computational cost and the-opamal performance
of the WMC, we use it as criterion to assign a label to each pixelvery level of the
transformy, obtaining theP; and the/; disjoint sets. To compute the WMC solution we
use the greedy approach described in AlgorithrAn example of thé/ /P assignment
for two levels of decomposition is shown in Figy&. Note that thé/ nodes are usually
connected by means of reliable links®Pmodes, so we can obtain an accurate prediction
of theseP nodes from thé/ nodes. Discarded links (same label connected pixels) are
indicated as broken links.

Finally, to obtain the detail coefficient in a prediction @ix € P, we define the fil-
ters as in SectioB3.4.], thus obtaining robust prediction filters that weight theeigh-
bor pixels taking into account the reliability of each ofittednnections ta. The update
u filters are designed as was explained in Sec3@n2

4.1.3 Extending the Transform to Multiple Levels of Decomposition

In order to carry out a multiresolution analysis, the lowsgpesefficients are successively
projected in different transformation levels onto smoatt detail subspaces. To obtain
the graph at transformation levelfrom the graph at leve] — 1, we connect thos&
nodes that are directly connected or at two-hop of distamd¢ka graph at level — 1,
so that the simplified graph continues to capture the cdroeldetween pixels. If the
link exists at levelj — 1 then the corresponding link at levginherits the same weight.
Alternatively, if two nodes are linked that were two hops gwaalevel ; — 1 then the
corresponding link weight is the product of the weights ie gfath between connected
nodes at level — 1. Once we have constructed the graph at lgyele should split
the nodes again into predictio®() and updatel{;) disjoint sets in order to perform the
transform. Figurel.2shows an example of graph construction at leviebm a graph at
level j — 1, and the/ /P assignment at both transformation levels.
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(j-1) level j level

Figure 4.2: Graph construction for consecutive levels abdeposition.a = 10, b = 5
andc = 3 are the different weight values. Grey nodesreodes, and white ones are
P nodes.

4.1.4 Experimental Results

To evaluate the performance of the proposed transform, vpdogrthek term non-linear

approximation (outlined in4]), which consists of keeping thelargest coefficients of
the transform and setting the rest to zero. This is a goodatadi of energy compaction
ability of the transform (and thus of the potential codingfpenance). We compute
the average PSNR of each sequence consisting ef 100 frames as a function of the
percentage of retained coefficients.

In our experiments, five levels of decomposition of the tfarms are performed on
the constructed graphs. Our method is compared to the Hesioneof the MCTF ap-
proach described in6] (the LIMAT method), and to a motion-compensated discrete
cosine transform (DCT)-based video coder. In the DCT-basddrcohe residual im-
age, obtained after block motion estimation (ME) and corsp@an processes, is trans-
formed by a8 x 8 DCT. This scheme is the basis of the latest video coding stdada
such as H.264/AVC or H.265/HEVC.

Given that our purpose is to evaluate the compaction alofitthe different trans-
forms keeping itk largest coefficients and measuring the quality of the reicocied
signals, side information is not taken into account in thiase results. Nevertheless,
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note that in the proposed method we will have an overheadia$sd with the tempo-
ral and spatial information needed to construct the grapheatiecoder. Regarding the
temporal overhead, the same motion model is employedl icompared methods, i.e.,
a standard motion vector ghx 8 pixel blocks is assumed (only one reference frame),
and thus this overhead does not need to be considered inniEacison. Regarding the
spatial information overhead, we chodse= 20 and assume that a binary contours map
(obtained using Roberts’ gradient operators) is sent to¢kedkr once everk frames,

so that the spatial side information will be very low, as wé 8ge in the rate-distortion
experimental results provided in Sectib2.5

Note that, as discussed in Sectlhd, there exists a trade-off between how accurately
the graph captures correlation information and the sidermétion needed to construct
the graph. A higher rate to describe the spatial and tempoi@mation (e.g., very
small block sizes for motion) means that the correlationvben linked pixels is also
better captured by the graph, leading to potential commesmins. The weights used
in these experiments ate = 10 andw, = 2.

Figure4.3shows PSNR as a function of percentage of retained coetfscadrihree
different QCIF sequencebjobile, CarphoneandForeman The proposed method out-
performs the DCT and the LIMAT transforms. In th®bile sequence, when 40 percent
of coefficients are retained, our method is 7 dB and 4 dB b#tter the DCT and the
LIMAT, respectively. However, the LIMAT is better than theoposed one when a very
small percentage of coefficients are retained folMlodile sequence. One possible rea-
son could be that we may have to chosen spatio-temporairfgteirections worse than
the temporal-only ones chosen by the LIMAT.

For subjective evaluation, Figude4 shows the original version of the frame number
12 of the sequenc®lobile (upper-left part) and the reconstruction obtained from the
DCT transform applied on the residual (upper-right partMAT (lower-left part), and
the proposed method (lower-right part). The reconstradocarried out from the 20
% of retained coefficients. It can be seen that our transfatmeses significantly better
perceptual quality than the DCT, and slight improvements bIMAT (see for example
the three animals of the upper-left part of the frames).

84



Chapter 4. Video Coding Application

N-Term Approximation N-Term Approximation
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Percentage of Coefficients Retained Percentage of Coefficients Retained

Figure 4.3: PSNR versus percentage of retained coefficients

Table 4.1: Comparison of LIMAT and the proposed transformmgdifferent areas.

PSNR(dB) in Area 1 | PSNR(dB) in Area 2
Proposed 43.1 36
LIMAT 42.4 33.3
A 0.7 2.7

4.1.5 Performance in Uncovered Areas

To further explain the advantages of the proposed scheme@we&onsider in more de-
tail situations involving uncovered areas. Figdté shows the motion mappings used
by the Haar version of the LIMAT approach with two levels otdmposition. Predic-
tion frames (P) will be filtered following the directions icdted by the MV, and update
frames (U) will be updated using inverse mappings MVGrey pixels represent non-
updated pixels in thg — 1 level of decomposition, that is, pixels that have not been
low-pass filtered and thus contain high frequency energys filgh frequency content
will not be removed using the smooth coefficientg &vel, giving rise to inefficiency.
The black pixel represents a pixel that has not been deeterkht any level, so that the
coefficient after both levels of decomposition will be thews’ original pixel, instead
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Figure 4.4: Original (upper-left) and reconstruction w2 % of the transform coeffi-
cients from the DCT applied on the residual image (uppertyidiMAT (lower-left)
and the proposed method (lower-right).

of a transform coefficient. The proposed method can sohgeptablem by represent-
ing video information as a graph (Figudel) leading to a versatilé//P assignment,
in which P andi/ nodes can belong to the same frame. To illustrate this seatem
we have encoded two differe@2 x 32 pixel areas of the sequen€ereman Area 1
starts at pixel (1,1), so that could be considered a faidyicsiarea. Area 2 starts at
pixel (80,80), corresponding to a very dynamic area (the fafdhe man). The results
in terms of PSNR when the 20 % of the coefficients are preseavedjiven in Table
4.1 The proposed method obtains slightly better results tH8AL in Area 1, while

it significantly outperforms LIMAT in Area 2, where there ida of motion and the
uncovered background problem manifests itself.
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-

level

Figure 4.5: Uncovered areas in LIMAT.

4.2 Towards a Complete Encoder

So far we have evaluated the performance of the proposedh-tpaged transform for
video coding, obtaining promising results in non-lineap@ximation terms. Never-
theless, in practical encoders, coefficients of the transfre reordered, quantized and
entropy coded (together with the side information) thuswiig a bitstream of specific
rate R.

In this section a complete graph-based transform videodsrds proposed. To this
end, in Sectior4.2.1we present a new reordering technique to be applied in oghgra
transform in order to sort the coefficients and thus incréaseoding efficiency. Then,
in Sectiond.2.2 we obtain the optimal weights as a function of the video enh&s was
discussed in SectioB.1.2.2 and compare the coding performance when using these
optimal weights and the fixed weights of previous sectionrti@rmore, in order to
reduce the high complexity of our encoder (especially of1li¢> assignment process),
we design two low-complexity versions of this process thatkn(i) with sub-graphs
formed from the original graph and (ii) in a distributed mannThis is presented in
Section4.2.4 Finally, rate-distortion results are provided to evadutiite performance
of our coding scheme and compare it with a DCT-based encoddtion4.2.5
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4.2.1 Coefficient Reordering

In typical practical encoders, quantized transform coeffits are scanned in certain or-
der before applying entropy coding. For example, in DCT-baseoders, the reorder-
ing is usually performed following a zigzag scanning ordéthim each block, while

in wavelet-based approaches, bitplane by bitplane scgrofitransform coefficients
has been a popular approadv], [58]. We next propose two different approaches to
re-order the coefficients generated by our graph-basedftnamn: (i) inter-subband re-
ordering, which implies sorting the coefficients as a fumttdf the subband to which
they belong; and (ii) intra-subband reordering, whichstre coefficients of a subband
as a function of the reliability with which they were predidt

4.2.1.1 Inter-subband reordering

Because our transform achieves significant energy compedtie energy in the middle-
high frequency subbands tends to be very low, so that thdsdauds likely have
a large number of zero coefficients after quantization. Basethis, we group co-
efficients that belong to the same subband, increasing theapility of having long
strings of zero coefficients. Specifically, the coefficieats sorted agoeffs;,;., =
[s7=7,d7=7, d7=/71, ... d7'], wheres’=’ are the smooth coefficients at level of de-
compositionj = J (the lower frequency subband), add are the detail coefficients at
a generic level of decompositigh Refer to Figuret.6 for an example of the effect of
ordering on quantized coefficients fratf frames of the sequen€zarphone

4.2.1.2 Intra-subband reordering

The graph is known at both encoder and decoder. Its edge tg8gigbvide an esti-
mate of the reliability with which oné® node is predicted frond/ neighbors. We
make the assumption that the magnitude of detail coeffigien? nodes tend to be
smaller if they have been predicted from more “reliabdé neighbors (i.e., predic-
tion is better). Thus, we propose to reorder the coefficieneach subband according
to the reliability of their links, grouping together the reoreliably predicted nodes,
which likely lead to smaller magnitude detail coefficientdn example of this re-
ordering is shown in Figurd.7. In the example, the detail coefficients (white nodes)
of a generic subbang, d’ = [1,2,3,5,6,7], have the following reliability values,
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Coefficients evolution
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Figure 4.6: Inter-subband reordering example. Top: oalgooefficients. Bottom: re-
ordered coefficients.

-50

Table 4.2: Performance comparison using inter-subbandnéredsubband reordering.
Without Inter Inter and Intra
reordering | reordering reordering
Foreman | 503 Kbps | 404 Kbps 350 Kbps
Carphone| 502 Kbps | 425 Kbps 371 Kbps

v’ = [a,2a,a,3a/2,(a+b)/2,3b/3], respectively, calculated as the average of the
weights of all graph edges used to compute that coefficiessufing that. > b, this
gives rise to the following intra-subband reordered coieffits:d’, , . = [7,6,1,3,5, 2].
Figure4.8 shows a real example of the detail coefficients at deconmipnddvelj = 4
in the sequenc€arphone The upper part of the figure shows the quantized coeffi-
cients vector without reordering, and the lower part shawes doefficients after the
intra-subband reordering.

Table4.2 shows bit rates (Kbps) after coding 20 frames of the seqeframeman
andCarphoneat different qualities (32.9 dB and 36 dB, respectively) withreordering
the coefficients, employing inter-reordering, and inted artra reordering. The rate is

obtained with an arithmetic coder as is explained in Secti@rb
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Fiaure 4.7: Intra-subband reorderina example.

Coefficient evolution (Predict coefficients at level J=4)
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Figure 4.8: Intra-subband reordering. Predict coefficgattdecomposition level j=4.

4.2.2 Optimal Weighting Vs. Fixed Weighting

In the first approximation to the application of the traneido video coding (Section
4.1) the weights on the graph were experimentally fixed, witrugako, = 10 and
ws = 2 for temporal and spatial links, respectively. In this sective compare the
detail coefficient energy obtained using these fixed weight$ the optimal weights
(calculated as discussed in Secti®i.2.9d. To perform the prediction stage of the
transform, we use the prediction filters defined in Sec@ighl
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Table 4.3: Comparison between different weightings. Detadfficient energy per co-

efficienting = 1: Ey,_,.

Carphone| Mobile | Airshow Football
(scene cut)| (fast motion)
FEav-measj—1 W = (w, wy) = [2, 10] 14 44 34 408
Eav-measj=1 W* 12 37 17 240

Table4.3 shows examples of detail coefficient energy normalized byntimber of
P nodes in the first level of the transform= 1 (Ea\,_meas, j=1= Iﬂ;:ll Zl:é?ljl:l d?n’jﬂ)
obtained coding 20 frames using the optimal weigh&éddqulated in a frame-by-frame
basig and using the fixed weights. Note thB}y.meas, j=1iS lower when the optimal
weights are used for all the considered cases.

Figure 4.9 shows the detail coefficient values obtained using the @tineights
(right part of each subfigure) and the fixed weights (left phreach subfigure). The
example corresponds to a region of a specific fram&ighow(scene cut) anBootball
(fast motion). It can be seen that the absolute value of ttaldmefficients is lower
when using the optimal weights. Specifically, in the sceneoflAirshow we have
(wi,wy) = (0.7,0.3) , and thus the filtering mainly follows the spatial directipga/-
ing rise to better predictions and lower detail coefficiegriergy. The evolution of the
(w¥,wy) values is shown in Figuré.10 Observe that, irAirshow w; is close to one
(actuallyAirshowis a very static sequence) except in the scene cuts (franmberb
and 16), whereuv! becomes larger. Also note that pixels in the first frame dohawe
any temporal forward neighbors, and therefoete= 1 andw; = 0.

(a) Airshow

(b) Football

Figure 4.9: Detall coefficient values. Darker colors intichigher negative coefficient
values, while brighter colors mean higher positive coedfitivalues. Grey indicates
coefficients close to zero.
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Figure 4.11: Encoder and decoder data flow.
4.2.3 Encoder and Decoder Data Flow

Figure4.11 shows the encoder and the decoder data flow, assuming thaptineal
weighting is selected to weight the graph.

First, ME and contour detection processes are performeadjratg the MVs and
contour map that are needed to construct the graph at lewdadmpositionj = 1
(Sectiord.1.1). Once we have the graph, the encoder calculates the lirdhtgw*. At
this point, the encoder performs thé_, /P;—, assignment process solving the WMC
problem. Next, the weighted graphs at levgls- 1 are obtained as is explained in
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Section4.1.3 and the/{;-,/P,~1 assignments are made. Once we have the graphs and
U /P assignments for all levels of decomposition, the encodgpbpas the transform,
guantizes the coefficients, and reorders them (Sedti?ri). Finally, an entropy coder

is used to generate the definitive bitstream.

Note that, as it can be seen in Fig4rd ], the weight values are needed to perform
thel/ /P assignment, the filtering operations of the transform, &ed¢ordering of the
coefficients. Also note that, since the motion vectors, thh@@ur map, and the weights
are sent to the decoder, the process performed at the ensdahewn at the decoder so
that the system is invertible.

4.2.4 Low Complexity Approach

Low complexity is an important feature of practical encagerspecially for real-time
applications. Therefore, there are many works that profmvgeomplexity approaches
for video coders which aims to reduce the operations to bfopeed in the encoder
without deteriorate the coding performance. Some exanipldse context of the stan-
dard H.264/AVC have been proposed by the authos4h, [60], [61], [62], [63] or [64].

Next, we explain two different approaches to reduce the ctatipnal cost of the
proposed transform. Specifically, we focus on th&P assignment process, which is
the most time demanding subsystem of the encoder.

4.2.4.1 Low complexity Transform Using Subgraphs

The complexity of the graph-partition procest/(P assignment) increases rapidly with
the number of noded/. In particular, the worse-case time complexity for the gsee
WMC assignment algorithm used in our encode®isN? - logN) [47]. Therefore, it
becomes the most complex process of the proposed encodate8emnother problem
with operating in the whole graph is memory and delay. We nosggnt a transform
that operates on subgraphs of the original graph in ordeedaae overall complexity
with negligible loss of performance.

The goal is to divide the original graph node ¥edf size x H x K (whereL x H
is the frame size and the number of frames considered in the graph construction)
in I subsets4;, so that in any of the subgraphs formed with the nodes of ealobes
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Si (A;, &) we can obtain a transform that is invertible and criticalynpled, which
takes into account the interactions between the nodes fefreiiit subgraphs. Critical
sampling in this context means that the number of transfaefficients generated over
all sub-graphs is the same as the original number of pixelpedessary condition to
achieve these objectives will be that thenode subsets have to be disjoint.

The proposed solution creates subgraphs based on digjosets that contain linked
pixels in K temporal hops , thus keeping the more reliable links of thesaph in any
level of the transform (under the assumption that tempankslare more reliable than
spatial ones).

To do that, we divide each frame into blocks of si2e< . Then, we perform the
motion estimation for each of these blocks in tieframes. With this information, a
tree is generated in which the children of a given blecke the blocks of the reference
frame that are linked ta by means of the motion model. Finally, each subgraph is
composed of the pixels that belong to the blocks that areetirkdong the/” frames.
This is achieved using AlgorithrB, which given an initial set of groupsG;, each
composed by a block and its children, constructs the subgraphs by joining gsdabpat
have common elements, and deleting those groups that haadwglbeen aggregated
into a subgraph. An example of the subgraph constructionaws in Figure4.12

Algorithm 5 Subgraph Formation
Require: n GroupsG;

1: while Flag # 0 do

2. SetFlag=0

3. fori=1tondo
4: if G; # deleted then
5: for j =i+ 1tondo
6: if (G; # deleted) and(G; N G; # ¢) then
7. SetFlag =1
8: SetGl = Gl U Gj
o: DeleteG;
10: end if
11: end for
12: end if
13: end for
14: end while

15: return G, and Index Vector of Non-deleted Groups

94



Chapter 4. Video Coding Application

Figure 4.12: Subgraph construction from 4 frames. Top: omotiependency tree. Bot-
tom: two subgraphs are formed corresponding to dark and djgdy block pixels, re-
spectively.

Table4.4 provides experimental results for 20 frames of three QCllasegesKo-
bile, Foremanand Carphond. The table shows the number of subgraphs formed and
the corresponding complexity reductiafi &), calculated as the ratio of encoding times
when using the subgraphs and the original graph. It can be tbe¢ the complexity
reduction can be significant. Nevertheless, one drawbacdki®fapproach is that the
final complexity depends on the motion content of the videmusace (faster motion se-
guences tend to lead to larger subgraphs). There are sepgralaches to mitigate this
problem. For example, motion vectors could be constraiaegl,(motion vectors would
have to point to co-located slices in previous frame). Alaively, links between nodes
in the bigger subgraphs could be removed leading to new entidljoint subgraphs un-
til a required complexity restriction is achieved, or thexmaum number of blocks that
a subgraph can have in AlgorithBhcould be limited. Any of these approaches would
lead to a simpler transform but would have an impact on pevéoice.
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Table 4.4: Subgraph approach performance.

Number of Subgraphs | CR

Mobile 82 48
Foreman 14

Carphone 1 1

4.2.4.2 Distributed!/ /P assignment

We now propose an approach for performing #h&P assignment that works in a dis-
tributed manner, leading to a computational complexitycaahmdependent of the video
content. This method reduces the complexity of the WMC gredglgrithm used, from
the O (N? - log N) worse-case complexity ofif], to O (% B® - log B), whereB is the
block size used in the algorithm. Note that for a fixBd the complexity increases
linearly with N in the distributed approach.

The idea consists in calculating the WMC solution in blockssizke B, making
local U/ /P decisions, and transferring this information to neighbgrblocks. This is
achieved by operating with overlapping blocks. Note thard¢hexists a complexity-
precision trade-off in the selection &f. The larger the block sizB, the more complex
and accurate the solution.

The proposed greedy solution is described in Algoritmvherel/; andP; form
a bipartition of the node sét;_,, F; andg, form a bipartition of3;, and we consider
Gainof a node to be the sum of weights of all its incident edges. alperithm requires
N5 blocks of sizeB so thatl J B; = V, covering all the nodes of the graph. Every block
must “see” the decisions Ztfslj\l%en in neighboring blocks, whirckhe algorithm means
thatB; N B; # <, wherei is the block to be processed ajds each one of the already
processed neighboring blocks. The intersection is thenmétion that they share, and
must include the nodes ifi; that have edges that go from blogko block:. Figure
4.13 llustrates two iterations of the algorithm. In the firstragon (left part of the
figure), a local WMC solution is found in block;. Then, in the second iteration, block
Bs includes the nodes dB, that have edges that go frofy to B, (boundary nodes).
Therefore, the local WMC irB; is influenced by the already known colors (labels) of
these boundary nodes, which means that the solution fok llaffects the solution
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for block B,. With this simple approach we get the speed-up benefits obtipg with
blocks, while guaranteeing a consistent solution acrasskis|

Algorithm 6 DistributedWeighted Maximum-Cutlgorithm
Require: U; = {@}, P; = {U;_1}, N blocks of sizeB
1: for i = 1to Nz do
2. F;,={o}andg; =B,
F; — B, NU; andG; — G\ F;
Change the sign of the incident edge weights to every rfodeF;
Calculate th& ain of the nodesC B;
Select the node with largestGain, a = max(Gain)
while Gain > 0 do
Let F; — F; U {a}
LetG; — G:\ {a}
10: Change the sign of the incident edge weights to node
11: UpdateGains of adjacent nodes
12: Select the node with largestGain, a = max(Gain)
13:  end while
14: U — U UF;
15: P — P\F;
16: end for
17: return U; andP;

Figure 4.13: Distributed WMC.

The experimental results for the complexity reducti6hiy, calculated as the ratio
of encoding times when coding 20 frames using the centchbirel the distributed ap-
proachesCR = %T’f) show the efficiency of the proposed method. Using a block

size of B = 512, we experimentally obtai@®’R = 228 in Carphone CR = 203 in
MobileandC' R = 197 in Container keeping the cut of the graph and the numbei/of
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and’P nodes selected very similar to those chosen in the cergthéipproach, and thus
causing a negligible loss in performance.

4.2.5 Experimental Results

To evaluate the coding performance of the proposed enceagecompare it with a
motion-compensated DCT video encoder in terms of rateqtiistofor different test
sequences. The coefficients are quantized using a unifoat+-ziene quantizer in the
DCT, and a subband dependent quantization in our encodertiieequantization step
is lower in low frequency subbands and vice versa). Thesatqpeal coefficients are
scanned as explained in Sectiér2.1in our proposed method, and in the traditional
zigzag scanning order in the DCT-based encoder. Note traptbicess is performed
in scanning units of siz&. Then, run-length encoding (RLE) is performed in both
encoders, obtaining the symbols to be entropy coded. Aroéidbck special symbol
is used to indicate that all remaining coefficients in thensgag unit are quantized to
zero. Finally, the bitstream is obtained coding the symhbsisg an adaptive arithmetic
coder.

Regarding the side information, motion vectors are difféedly encoded with re-
spect to a predicted motion vector obtained from adjacemtKsl. Then, a variable
length code (VLC) is used to code the difference motion vedtante that the motion
vectors to transmit will be different in the proposed andha DCT based encoders,
since the matching is carried out in original frames in thenfer and in reconstructed
reference frames in the latter. Nevertheless, the rats twrhto be similar in both cases.
The proposed encoder has an extra overhead because it skodldhe contour infor-
mation to the decoder once evekyframes and the optimal weight values every frame,
since they are calculated as in Sectth@.2 Contour maps are encoded using JBIG,
obtaining negligible rates of around 10 Kbps, and weightscarded using 9 bits per
weight, giving rise to insignificant rates.

In the experimentsK = 20, S = 256, and five levels of decomposition of the
proposed transform are performed. Block size$tk 16 and one reference frame are
assumed in the motion estimation process. In the DCT encedeyse8 x 8 DCT.
Finally, the block size used in the low cost approach is sét te 512.
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Figure4.14shows the rate-distortion curves for four different QCIFisstesMo-
bile, Carphone Flower andContainer In general, the proposed method outperforms
the DCT-based approach. Mobile sequence, our method is 4 dB better than the DCT
in medium to high qualities. The gain is also significant ia tast of sequences (around
1-1.5 dB inCarphone an 2 dB inContainerand Flower). However, the efficiency of
the encoder at low qualities gets worse, losing against 8&€ Dased encoder iGar-
phonefor qualities lower than 32 dB. The results are in agreemetit thie non-linear
approximation results presented in Sectoh.4
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4.3 Rate-Distortion Graph Optimization

In Chapter3 we discussed some optinil/P assignment strategies which minimize
the detail coefficient energy under specific data generatiodels, andor a given
number of P nodes(|P|). Therefore, these models do not provide the optif#4
which actually depends on the application.

In a typical coding application, the encoder performs digtertion optimization
(RDO) to find the coding parameters that minimize the distartuinder a rate con-
straint. Thus, for our proposed coding schef#,(and some others parameters) should
be chosen by solving the RDO. As a first approximation, one sanrae that, agP|
increases, the distortion)) increases (because worse predictions are obtained, as is
shown in the experimental results of Sect®®) and the rate ) decreases (because
detail coefficients need lower number of bits to be represhnt

In this section we study how to apply RDO to our proposed gitagded video en-
coder. We first formulate the original RDO problem in Sectb8.], turning it to an
unconstrained problem as i69]. Then, in Sectiond.3.2and4.3.3we provide, respec-
tively, D and R models that depend on tli¢/P assignment (which implicitly deter-
mines|P|), and the quantization step of smooth coefficients for decomposition level
j = 1. Although some simplifying assumptions are needed to cocisthe models,
they give useful intuition into how to apply RDO to predict mosklection. In Section
4.3.4we use the proposed and D models to obtain analytically the parameter that
balances the weight of the and D terms in the unconstrained RDO problem. We pro-
vide a formula that relates and A, remaining only one parameter in the optimization
process, which is described in Sect8.5

It should be noted that the goal of this section is just to geme intuitions and
illustrate how the RDO process could be done, so that we make sssumptions and
simplifications explained in Sectioh3.1 Finally, in Section4.3.§ we discuss how
these simplifications affect the RDO, and the way it could lderked in order to obtain
a more realistic process.
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4.3.1 Rate-Distortion Optimization Problem for Lifting Transforms
on Graphs

In this section we formulate the RDO problem in general seostht lifting transform
on graphs. Usually, a video encoder performs the RDO aimifigdahe coding option
that minimizes aD measure subject to a givenrestriction.

Let @ be a combination of the different coding options:

0 = {A,, MV's, contour maplf;/Pj, wi} , (4.1)

where Ay is the quantization step vector used to quantize each sdidfathe lifting
representation given ir2(9)(i.e., Ay = [Aq,_, ... Ay, A, ]), U;/P; is theld;/P; as-
signment for each level of the transforimandw; represents the weights of the links on
the graph for each level

Thus, the problem can be formulated as:

Problem 4.1. RDO Problem Formulation.

mein {D(0)} subjecttoR(0) < R., (4.2)

where D(0) represents the) between the original and the reconstructed coding
unit; R(0) is the R needed to encode it (the number of bits needed to encoderseade
side information -MVs, contour map, weight andvalues, ...- and transform coeffi-
cients); andR. the maximun® allowed (theR constraint).

Using a Lagrange formulation, this constrained optimaafproblem can be con-
verted into an unconstrained proble@b], [66], [67]:

mein {J(0)}
with J(6) = D(0) + AR(6), (4.3)

where) is the Lagrange multiplier that weights the relative impare betwee®(0)
andR(0). A given value of) yields a solutiorf*(\) that is also an optimal solution to

102



Chapter 4. Video Coding Application

the original RDO problem4.2) for a particular value ok, = R(6"). Therefore, given
a R, one should find tha multiplier so thatR(6*(\)) = R...

To solve Problend.1, we make somassumptions and simplificationsnamely: (i)
we only optimize the first level of the transform= 1; (ii) we employ two quantizers
related byA,,_, = 2A,,_,; (iii) we do not take into account the side information in
the optimization process; and (iv) we obtain the optimalgh&sw,_, as explained in
Section3.1.2.2

Given that we just optimize the first level of the transforrardafter, for simplicity,
we omit the subindey = 1, so thatA refers toA,,_, (andAg4,_, = 24), andU/ /P
refers told;—; /Pj-1.

Under these assumptions and simplifications, Proldehean be written, using the
Lagrange formulation, as:

Problem 4.2. RDO Problem Formulation with Simplifications.

MI%;?AJ(U/'P, A) = u%?A {DU/P,A)+ ARU/P,A)}. (4.4)
Note that optimizing thé/ /P assignment we are optimizing tfe|. Other param-
eters could be easily considered in the problem formulaasrthe side information of
the MVs and the contour map.
Next, we presenb (U /P, A) andR(U /P, A) models and we derive themultiplier
as a function ofA\, so that both parameters are tied together. This way, givevalue
and a sequence, one can solve Problér®) py finding thel/ /P that minimizes/.

4.3.2 Distortion Model

In this section we propose & model for lifting transforms on graphs, under the as-
sumptions given in previous section. The distortion of tfimg transform on the graph
can be expressed as:

DWU/PA) =D (= 5)"+ Y (1, — 3,)°, (4.5)

uel pEP
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wherez, represents thg-th reconstructed pixel after quantization and inversediar-
mation. Assuming that the transform does not perform thetgstage and that thg
coefficients are orthogonal to its neighbors,D can be written as:

ueU pEP  \ueN,NU

+> (dy - J,,)Q, (4.6)

peEP

D(u/P,AwZ(suéu)HZ( > p<su§u>)

where\, is the set of one-hop neighbors of ngde P, m, is the number of one-hop
U neighbors of node, andp is the prediction filter used.

Now, considering thats, — s,) is the same value for evetye N, N, and assum-
ing high-resolution quantizatio®g] of the s,, coefficients and thé&, non-zero quantized
coefficients, we get

DU/P,A) —N+ Z (4, —d> + 3 (d,)?

A? (ZA)
~—N
12 +

|Prz| + D, (4.7)

wherep, (resp.p,.) are thep € P nodes in which the correspondirg coefficients are
quantized to zero (resp. are not quantized to z&éRy),(resp.|P,..|) is the number of de-
tail coefficients quantized to zero (resp. not quantizeceto andD, = ZZ:;P (d )
Note thatD depends on th& /P assignment throug|P,,.| and Dy. From @.7) we can
conclude that, in general, increasing the numbet/afodes would imply decreasing
|P,..| and Dy, and thusD.

Figure4.15shows some examples of actual PSNR values and PSNR estinsitgd
(4.7) for the SC solution with minimunti/| (SCj,) and with minimum|P| (SCp)). In
the experimental results, we use three fragments of spacdas of the video sequences
Carphone Mobile and Container and the video encoder described in Secda?) but
working just in the first level of the transform.

Some observations can be made from the analysis of FiylEe
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Figure 4.15: PSNR estimation for different sequences.

e As it was to be expected, thteC|p achieves higher PSNR values than 81€,
in all the examples.

e The PSNR estimation is reasonably good @arphoneand Container (around
-0.4 dB on average), and slightly worse fdobile (-0.7 dB).

e CarphoneandContainerare examples of sequences with homogeneous and sta-
tionary areas, where B node does not need too matyneighbors to be accu-
rately predicted. Therefore, the PSNR obtained fordhg, andSC)p solutions
is similar. On the contrary, iMobile, a video fragment with complex texture,
SC'p significantly outperforms th§ 'y, solution.

4.3.3 Rate Model

Next, we propose a rate model for lifting transforms on gsafain video coding, under
the assumptions given in Sectidn3.1 This model estimate® obtained when em-
ploying the RLE and arithmetic coders used in Sectich We consider a parametric
logarithmic model:

R(U/P,A) = mln(A) + G(M), (4.8)
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wherem is a sequence-dependent negative constant that indibateetay velocity of
R with A (the higherim/|, the faster the decay)y is the number of non-zero quantized
coefficients; and~ (/) is an unknown functiohthat increases with/.

It is important to highlight that we will employ thB model to derive\ as a function
of A. Therefore, we focus on the dependencerofvith A, and not in obtaining an
accurate expression f6f(M).

Firstly, G(M) depends om\ through M, because ad decreases)/ should in-

crease. Nevertheless, one can prove that, given¥hat = 2A in general|P,,.| is

Sjm1
low? and thusM = || for any A. This implies thatR increases with the number of
U nodes, and depends o\ just through m In(A). Let us analyze this observation.
To obtainR, we employ a RLE over the quantized coefficients, and therethdting
symbols are arithmetically coded. Therefofedepends on the number of symbols to
be encoded and their entroplyor a giveni/ /P assignment(i.e., [{|), the RLE leads
to a similar number of symbols for every. Neverthelessk decreases ag\ increases
because the variance (and thus the entropy) of the symboisakes aa increases,
and therefore they are arithmetically coded more efficgemMiliow, wefix the A value.
In this case R increases withi/| because ag/| increases, the number of long strings of
zeros decreases, and the RLE gives rise to a higher numbembidyto be encoded.
Figure4.16 showsR(A) obtained with three differeri /P assignments (namely:
WMC, SG,, and SG) and our estimated for the WMC case (i.e., for the WMC,
we consider the mode® = mIn(A) + K, and estimate the parametensand K by
regression using the Least Squares method). The expesrhaaé been made using
three fragments extracted from QCIF sequer@agphone Mobile andContainetr and
employing the entropy coding of Sectidt
Some conclusions can be extracted from Figlies

e The model accurately fits the WMC solution.

1 G(M) could be modeled aS(M) = Mc + d, with ¢ andd constants that depend on the sequence.
In this way, R would increase linearly witid/ [69)].

2 This assumption is analyzed in Sectit:3.6

106



Chapter 4. Video Coding Application

% WMC

a % WM X .
‘~~ W I\IC 5.5 ‘\‘ % WMC 45 BRDIN - —o— Estimated
5 . - g?;lmated 5« ‘. —o— Estimated “, == SCy
' ) k hd
. = SCy AN = SCu 4 Y Pl
45F > *

.. ]
L 2O 2
K

10 20 30 40 10
A

(a) Carphone (b) Mobile (c) Container

Figure 4.16: Rate estimation for different sequences.

e As expected,R increases withl{|. Therefore, the lowesR values in all the
sequences are obtained for the,Solution, which minimizes the number of
nodes.

e For a given video, all curves are almost parallel, and thaepends on\ mostly
throughm In(A) and with only a small dependence in termgit/). Therefore,
the factorG(U) just displaces the curve as a function|@f. This is especially
true for the WMC and Sg solutions.

e To estimate the rate at and/|, one should displace the estimation of WMC a
factor indicated by~ (i/) (e.g., an estimation for th® of the SG, could be made
by subtracting a constant value to the estimation of the WMC).

e In Carphone the R of the SG, is considerably lower than th& of the SG,
contrary to what occurs iMobile. This is because the $Gand the SG solu-
tions are distant ifCarphone(i.e., they lead to ratios ot/s¢,,|/N = 0.26 and
\Usc,|/N = 0.73, respectively), and closer iMobile (|U/s¢,|/N = 0.36 and
\Usc,|/N = 0.64). These differences are due to the different graph topesgi

Finally, note that in a practical implementation of thiserabhodel, its parameters
should be estimatedn the fly
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4.3.4 Lambda Calculation

In this section we derive thie parameter that balances the weight of thand D terms
in the minimization Problem.2as a function of thé\ used in the coding process.
Minimizing J as a function of\, we get:

0]  9(D+ AR)

mAan = N A =0. (4.9)
From @.9), the A\ parameter can be calculated as:
oD OR

GiventhatA,;,_, = 2A,,_,|P,.|is generally small and thu®,..| << N, M ~ |U|,
and|P,| ~ |P| for any A. Therefore, for a fixedP|, we can assume th&l, does not
depend om\. Differentiating in @.10 we obtain:

A= —(Qﬁj\/f)A/m = gﬁ& (4.11)

This relation gives the Lagrange multipligias a function ofA and the negative param-
eterm, which depends on the sequence. Specificallgecreases whelm:| increases.
Let us analyze this behaviour.

Lower |m| values imply lower decay oR with A, and thus faster decay &f with
R. X can be interpreted as the slope of the line tangent to theatipeal D(R) convex
hull at the pointR(\) = R. [66]. Therefore, to reach an specifi¢-D trade-off, the
optimal A should be higher dsn| is lower, as indicated ind4(11). Figure4.17shows an
example to graphically illustrate this fact. Note thafSlope 1) is higher irContainer
which has a lowm|, than inMobile (Slope 2), in whichm/| is large, for the samé
value. Finally, note thak is proportional taA?, which is a reasonable result as is shown
in[70].
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Figure 4.17: Relation betweenand the parameten of the sequence.

4.3.5 Optimization Process

In this section we explain how the RDO can be performed usiegréisults and as-
sumptions discussed previously. Furthermore, we provigeeady algorithm to solve
the simplified RDO Problerd.2 and give an experimental evaluation that shows the
benefits of RDO.

In the simplified problem, the parameters to be optimizeddare (U4 /P, A). Note
that letting\ vary we are guaranteed to minimizefor a fixed R. = R(6*()\)). Equa-
tion (4.11) relates analytically\ and the optimalA. Therefore, we assume a givén
value (which fixes\), and search th& /P assignment on the graph that minimizés
in Problem4.2, obtaining the optimal paramete$ = ((U//P)*, A*) which solve the
problem forR. = R(6"(\)).

Using the models 0f4.8), (4.7), and @.11) in Problem4.2we can write:

A? 2A)°
minJ ~ min{—N+ (24) |Ppz| + Do

u/p u/p | 12 12
- Gﬁmy (mln(A) + G(M)) }. (4.12)
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Minimizing (4.12 is equivalent to finding thé{ /P assignment that minimize®
for a given number of\/ nonzero quantized coefficients. Assuming tfat.| is low
(i.e., M =~ |U|), the minimization of 4.12) given || is achieved by finding th&/ /P
assignment that minimizeS, (because the rest of the terms do not depend oty e
assignment), that is, finding smadll amplitude coefficients. Note that, considering one
of the pixel generation models of Secti812, this is equivalent to solving Proble®i3.1
which can be done using one of the greedy algorithms propogbdt section.

To solve Problen.2 given aA value and a sequence, one could start by searching
the SG, solution and calculating the cost= D + AR using realD and R data for
that!//P assignment. Then, in each iterationPanode should be “converted” @
following criteria given in algorithms of SectioB.2, thus minimizing theD, for that
specific|U{|. Finally, the optimal{/P assignment would be the one that minimizes
The greedy approach of Algorithiperforms this process.

Algorithm 7 RDO process.
Require: A
1: Find theset-coveringsolution with minimum|Z{(|, SG,
Estimate parameten
Calculatex
Calculate the cost((U/P)sc,,) = D((U/P)sc,) + AR(U/P)scy,)
Jopt = J
(U/P)* = U/P)scy
for Vi € I do
Convert inl{ the nodeP that solves Probler8.3.1
Calculate the cost ((U/P);) = D((U/P);) + AR((U/P);)
if J < Jop then
Jopt - J
(U/P) = U/P);
end if
. end for
: return (U/P)*

© O NSO RE DN

e i e el =
(A N el =

Note that the algorithm should calculate the “re&l”’and R values for eacld/ /P
assignment, so that it is not practical for a real implem@ma In Section4.3.6 we
discuss how to perform the RDO process in a block-by-blocisbagich considerably
would reduce the complexity.
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Chapter 4. Video Coding Application

Table 4.5: Proportion dff nodes selected by the RDO.

WMC | A=10| A=20| A=30| A=40

Carphone| 0.44 0.30 0.43 0.43 0.44
Mobile 0.42 0.35 0.41 0.42 0.42

Container| 0.46 0.46 0.24 0.36 0.36

Figure4.18shows somdk-D experimental results obtained for three specific areas
and fragments of QCIF sequenc€srphone Mobile andContainer using the encoder
described in Sectiod.2 under the assumptions given in SecttbB.1 The figure gives
the R-D curves obtained using the RDO of Algorithfnand the WMC solution. Be-
sides, Tabld.5indicates the proportion @f nodes (/| /N) chosen by the RDO process
for eachA value, and the proportion for the WMC (which does not dependjpn

PSNR (dB)
PSNR (dB)

N 40 50 60 60 150 200 ~ 250 300 3 20 25 30
Bit rate (Kbps) Bit rate (Kbps) Bit rate (Kbps)
(a) Carphone (b) Mobile (c) Container

Figure 4.18: RDO Vs WMC for different sequences.

The RDO solution improves the WMC in all the examples, as exgecSpecifi-
cally, in the fragment o€ontainer which is homogeneous and stationary, RDO clearly
outperforms WMC. Note that, in this case, RDO selects a lowgrgtmn ofi/ nodes,
because increasing this proportion does not significanjyrove theD term, but, on
the other hand, it increases the Therefore, the optimal trade-off is found by choosing
a low |¢/|. Unlike Container theMobile fragment has complex textures. This way, it is
worth to select a high proportion éf nodes on the graph so that predictions are better
andD is lower, despite of the? is increased. Therefore, the optin@] is close to the
WMC solution.
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4.3.6 Discussion

The RDO process explained above is derived under some assumpnd simplifica-
tions. Next, we give some ideas of how the RDO process couldateae@ed to obtain a
more realistic and practical process.

Working in a block by block basis is an important property mfeo encoders. Be-
sides, in the case of the lifting transforms on graphs, peifag the transform on graphs
of size N = M x H x F, with F' the number of frames antl/ x H the size of each
frame, is computationally unapproachable.

Assume that we havB blocks and that we would like to optimize some parameters
in order to minimize the totaD (in the B blocks) subject to a globak constraint
(Zf:1 Ry < R.). If we consider that thé&-D curves are independent for each black
andthatk = 3", | R,andD = > | D,, we can write §7):

B B
min (Z Dy + )\Rb) = min (D, + ARy), (4.13)
b=1 b=1
so that the minimum can be computed independently for eamtkbl To that end, the
same) should be used for every block, leading to a so catledstant slope optimiza-
tion.

To do that, we could use Algorithm, performing thel/ /P assignment locally in
each bloclk, and transferring the taken decisions to its neighborioghs as in Section
4.2.4.2 The R-D values to be used in the algorithm for each block could beioéthy
performing the transform with the information of two-hogst@ince neighbors (Figure
4.19. In this way, the algorithm would return the optinid)P assignment for each
block b, minimizing the totalD for the R, constraint.

Finally, note that the encoder should send to the decodavghmal number ot/
nodes for each block, but not the label of each node (the @edawws the criteria to
perform thel/ /P assignment).

Other extensions of our proposed RDO could be to optimizehalllévels of the
transform. Given that the filtering operations are not aythal, but biorthogonal, they
are not energy conserving, so that one should weighbtbéeach subband as a function
of the closeness of the biorthogonal filters to the class thiogronal filters to compute
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‘@56 dr Two-hop ™
neighbors

“¥4d, Onehop
neighbors

0
.
......................

Figure 4.19: Transform by blocks.

the globalD (i.e., the globalD should be computed as a weighted sum offthie each
subband) (T1]). Once the weights are computed, they can be used to sdbetbn
problems using standard algorithn7&], [73].

In our experiments, thé value (and thus\) is swept, obtaining, by means of the
RDO, parameters that are optimum if the resultid@\) = R.. Nevertheless, in a real
application, one should find the desired optimalvhich is not known a priori, in order
to obtain the desired target budget. This can be done using fast algorithn@][ or
modeling the resulting? as a function of\ or A.

Assumptiond,,_, = 2A,,_, allows us to relate two of the parameters to be opti-
mized, thus making easier the RDO process. Neverthelessteiaition could not be
optimal. Specifically, one should optimiz® for each subband), as is posted in
Problem4.1

Finally, note that the hypothesis of the IgWw,..| (i.e., M ~ |U]|) used to derive
A is quite accurate in our framework. Specifically, foarphone the worse case (the
case in whichP,..| is higher) is|P,..|/N = 0.03, while in Mobile the worse case is
|P..|/N = 0.08, both forA = 10. Different results between the two sequences can be
explained by the fact that i@arphonepredictions are more accurate.
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4.4 Conclusions

In this chapter we have proposed a complete video encoded lmaslifting transforms
on graphs presented in Chap8rThe proposed system gives rise to a non-separable
3-dimensional directional transform which is criticabgmpled, versatile and of easy
interpretation. Our transform outperforms a MCTF and DCT Qassforms in energy
compaction ability. Furthermore, it solves some typicallgems inherent in temporal
wavelet transforms (i.e., MCTF approaches).

Besides, we have described a new coefficient reordering mi@thach is based on
the graph information that improves the compression gbdftthe entropy encoder,
leading to a system that outperforms a DCT based video engodeD terms. Given
that one drawback of our system is the computational contglexe have investigated
two low complexity approaches that reduce the computaltiorst of thel/ /P assign-
ment process.

Finally, we have described how the RDO process can be pertbrmeur coding
scheme under some simplifying assumptions.
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Conclusions and Future Work

5.1 Conclusions

A general class ofraph-based transforms for N-dimensional signalsand their opti-
mization have been proposed. These kind of transforms capdreas\N-dimensional
directional transforms that avoid filtering across large discontinuities. They rbay
employed for compact representation of N-dimensionalagim many scenarios and
for different applications such as coding, denoising otueaextraction.

To perform the proposed lifting transform, the first stepsists in constructing a
suitable graph. In Chapt& we discussed how to obtain a graph representation of a
generic N-dimensional signal, giving examples of multiofe audio and video rep-
resentations. To maximize energy compaction, graphs dhmilconstructed so that
they accurately capture correlation between samples.nGnat filtering operations are
performed using linked nodes, directional informationmniglicit in the graph repre-
sentation. Graph weighting greatly influences the perfoiceaof the transform, be-
cause some processes are based on the graph weights. Wesddtwo approaches
for weighting the graph in Chapt&r At that point, we have a weighted graph that cap-
tures the correlation between samples, and which is usefoétform different signal
processing operations.

Given an undirected graph, the lifting transform is guagadtto be invertible and
critically sampled by finding a graph bipartitiotd (P assignment) and defining the
updateu and predictionp filters. Therefore, we mainly focused on the optimization
of these two processes in order to minimize the detail coefficenergy. Regarding
the U/ /P assignment, we proposed graph-based and signal model-bageoaches.
Graph-based designs use the information of the weightgehgraorder to obtain the
splitting, while signal model-based approaches assurferelift data generation models
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and predictors, and assign a label to each node on the graphgaio minimize the
expected value of the squared prediction error.

Predictionp filters that provide “good” predictors for a given arbitraneighted
graph were also proposed in Chap8rFinally, the main properties of the proposed
transform, some of them inherent to the lifting scheme aherstrelated to thé/ /P
assignment, tha andp filters design, and the graph construction, were summarized

In Chapter4 we designed graph-based transform for use in video codirwesd
transforms follow 3-dimensional spatio-temporal highretation filtering paths, and
can be considered a generalization of classical s+t or t+€MWavelet encoders.

Specifically, we used the WMC splitting method and the filtesigle explained in
Chapter3, and provided a way to perform the transform at multiple lewabtaining a
MRA of the original sequence. This led to more efficient représations than a MCTF
and a DCT-based transforms for video coding. Also, we expthimow the proposed
transform is able to handle different problems that ariSd@irF approaches.

As a final contribution, we presented a complete video encmd8ection4.2 In
particular, we proposed an efficient way to reorder the aoefits before they are en-
tropy coded, improving the compression performance of tiopgsed encoder. This
led to very efficient video representations that outperfarcomparable hybrid DCT
based video encoder, which is the basis of the latest viddmgstandards. Besides,
we proposed two low complexity approaches which allows tluce the computational
complexity of the proposed scheme incurring a negligib$s lof performance. Finally,
we investigated how to apply rate-distortion optimizatiorour proposed scheme.

5.2 Future Work

There are some interesting directions for future work.

The signal model-based/P assignment methods proposed in ChaBtgrovide an
idea of how to assign a label to each node in order to mininfizedetail coefficients
energy in the first level of the transform. Nevertheless thay be extended in order to
jointly consider the optimization of the transform at alléés. This way, for example,
one could perform théf /P assignment at any arbitrary level taking into account how
this assignment will influence the expected value of thefaent energy of the final
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transformed graph signal. Three signal model-ba#sga assignment designs were dis-

cussed in SectioB.3. It would be interesting to use more accurate models as @awss

Markov random fields74] and try to find optimal/ /P assignment methods under these
models.

RDO process presented in Secti3 assumed some simplifications, discussed in
that section. Given that experimental results obtainedguRDO are promising, an
interesting direction for future work could be to design agtical RDO process.

The flexibility of the transform and the good results obtdine a video coding
application provides confidence that it may be succességlylied in a broad kind of
signals and applications. For example, as discussed imo&eci. ], it may be used for
multichannel-audio coding, trying to jointly exploit théfdrent correlations that arise
in audio signals, obtaining a frequency and time localizechgact representation of
the multiple channels, which is an important property inesrtb consider subjective
models. Other applications could be image and video dergisir biomedical signals
compact representation, where one usually has multipletsghat present correlation
in different domains (e.g., data extracted from the temipmralution of different brain
sensors present spatial and temporal correlation).
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Appendix A

Greedy Algorithm for the SC;,/SCp

This appendix contains the greedy algorithm used to obtes(;, solution. Note that
the SG solution is equivalent, and thus can be found with the sageri#hm, just by
exchangingP andi/ sets.

Vis the set of nodes of the graph{ is a collection of all setd/};;, with £ € V, and
Gainof a node is the number of neighbors that a node has.

Algorithm 8 SG, Algorithm

Require: M = {N;}, 0, R=V,U ={2}, P = {0}
1: Calculate thezain of the R node set
2: Select the node with largestGain, a = max(Gain)
3: while R # {@} do

Letd — U U {a}

LetP — PUN,

Remove the incident edges{o U N, }

UpdateGain

Select the node with largestGain, a = max(Gain)
90 R+« R\{aUN,}

10: end while

11: return U andP

© N o g R
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Appendix B

Additional Proofs

This appendix contains additional proofs for Chag@er

B.1 Proof of Proposition 3.2

Proof. LetG = (V, ) be an undirected graph, wheve= {1,..., N} is a set of nodes
and€& C V x V a set of edges. Let be a set ofNV random variables, such that
represents the data value associated to naaée graph.

Let us assume that is generated as the mean noise valuef the closed neighbor-
hood of node plus an independent noiggas:

1
ri= = > & +am, (B.1)
lil

wheree; andy; are zero-mean independent random variables, with vasan@ndv,),
respectively;\}; is the closed neighborhood set of nagd@nda is an arbitrary non-
negative real constant. Note that we are consideringithat v, and that,, = v. for
any: € V.

For each nodeé € P, consider the estimator given by

m.
tjeN;nU

wherem; = |N; NU|.
Z; Is an unbiased estimate ©f,

E{w:} = mi > Bz} = mi > (/\}m kz E{ek}+aIE{nj}> =0. (B.3)

CjeNinU b jENnU Ny
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The expected value of the squared error of nodan be written as:

E{(z; — 2:)*} = B{(2:)?} + E{(2:)*} — 2E{2;3,;} = var(x;) + var(d;) — 2E{x;,},
(B.4)

where we have used th&{ (z;)} = E{(z;)} = 0.
Let us first calculate the variance of the model, ¥ar(

E{(z;)*} = var(z;) = > e +an)’ (B.5)
1

[Z]’ jGM
= WE{( > )} + ’B{n}} + E{ > emi}

JEN ’ JEN

— ﬁ Z Z E{emen} + v,

meN;) neN;

|N[z]|2 2, 2 dnntotn

meN[) neEN

+ a? Uy,

W[z] |

where we have used thgtandn; are zero-mean independent random variables, and that

ZmENm ZTLE/\/-[Z] m,n |MZ]|
Next we obtain the variance of the estimator, wgk(

nlﬂ( > % :Lz Y>> E{ewta). (B6)

iojeNinu meN; U neN;NU

E{(%;)*} = vani;) = E{
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Note that

1
E{xmxn} :E{< N Z €j+a77m []| Z €k+a77n

mi] JENm ke/\f[ ]

Z Z E{Egﬁk}-i— E{ Z €M }

|Mn]| JEN ) kEN) JENm)
N ———E{ Y e} + E{nmmn}
| [n] | kEN )
> D Gkt atudu,
|N ||M”]| meN; neNy
N VNl |
= el 026, (B.7)
N[Nl !

where we have used thatandr, are zero-mean independent random variables.

From B.6) and B.7) we get

by = L Wimg O Nl o }
var(z;) = w2 Z Z { |-/\/[m]||~/\/[n| + a vy 0mn (B.8)

meN[;) U neN;NU
W{m] NNl

S 22 Nyl

m; mEN; MU nEN ;U

where we have used that, . v/ > nen, ru Omn = M-

Now, we obtain the correlation between the model and thenasbrE{x;7;} :

tjeN;nu
1
= — > E{way}

ijeNmu
[N NNyl

1 { JOMNG s }
= — ’UE—_{—OKU(;Z"‘
m; 2 Nl M Y

vjeN;nU
_ v N 0 Nl
m; N llVG]

Y GENNU

where we have used thaf ;.\, -, vndi; = 0.
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From B.6), (B.8), and B.9), we obtain the mean squared prediction error of a node
1€ P

E{(z; — )"} = E{(z:)*} + E{(A »)2} - 2E{m-} (B.10)
NNy
— o2y & Ve J]
! |'/\/['L | 'L 7, jE/\Zﬂu kE/\Zf:]ﬂZ/{ []]||N |
s N NNl
m; JEN U Nal NV

Define theclustering degre®f nodes;j andk on graphg as

. N N N
c(j, k) = A= (B.11)
N V|
From B.10) and B.11) we have:
. v Ve .
E{(z: = &)%) = 0%y + 1 N T —trs >, D, ik (812
b JENNU kEN};NU
Ve .
—2— .
- Z c(i, k)
keN; U
O

B.2 Proof of Proposition3.3

Proof. LetG = (V, £) be an undirected graph, wheve= {1, ..., N} is a set of nodes
and€ C V x V a set of edges. Let be a set ofN random variables, such that
represents the data value associated to naaée graph.

Let us assume that

r
= — + an;, B.13
T (Mf}];m |/\/t| Z Ek) an; ( )

keN;
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where/\/ﬁ] and [Z] are the closed sets of spatial and temporal neighbors, ctgglyg,
of nodes; r, is an arbitrary constant if0, 1], with r, = 1 — r,; ¢; andn, are zero-
mean independent random variables with variancgsandv,,, respectively; and. is
an arbitrary nonnegative real constant.

Consider the predictions given by

— > i+ Z x;, (B.14)
JENSﬁM je/\/’mu
wherem; = [N NU| andm! = [N} nU|.
Consider that,, = v, and that,, = v, for anyi € V.
Estimatez; is an unbiased estimate of,

E{z;} = S E{gt+ o > E{a) +aE{n} =0 (B.15)
[z]' JENE, | M' kEN,
and
E{i}=— > E{a}+—; > E{n}=0. (B.16)
vojeNgnu ’ keENOU

The expected value of the squared error of nodan be written as:

(B.17)

where we have used th@f{z;} = E{z;} = 0.
Let us first calculate the variance of the model, ¥gr(
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E{(2:)°} = var(z;) = B{(.

| | Z | Z €x + an;)? (B.18)

JENG kEN,
2 2
,
=E{| —— €| + €k
Nl 2 A EN:

7‘3 r
! Z ejen + a’n?}

= (ﬁ) Z Z E{emen} + <|N |> Z Z Efemen}

meN neN, me/\f[fi] ne/\/[ti]
+2 Z Z E{emen} + 042E{771 }
] [Z] meN) neNj,
:<> > 5 () B B
meNE, neNS mENt nEN
Ts Tt

> b + ’E{5}}

NN & A

2 2
9 T h 27“57”1;
= "V, + U, )

where we have used thgtandn; are zero-mean independent random variables, and that

Ve Zmej\f[j] Zne/\/[j] S = v€|j\/[j]| (similarly for the temporal neighbors) and

Ve Zme./\/’[‘z] ZnENﬁ.] 577%” = Ve
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Next we obtain the variance of the estimator, ¥gr( Estimatez; is unbiased, with

variance:
A wS
var(i;) = E{(-— > :cj+— > a)?
]ENsﬂu M keNtNU
;Y Y B
m;) mGNSﬂUneNsﬂL{
s 2 2 Efoww}
meNNU neNNU
2 s
DTN ST E{amd. (B.19)
i JENFNU keNtnU
Note that
E{z;zc} = ‘ HNS Z Z E{emer}+ - | Z Z E{e,es}
(4] meN, reN, ol neNt, seNt
N:s?f\/’t Z Z E{emes }+ Ttrjvs Z Z E{e,c,}
| || [k] me/\/'S e/\/'t [J]H | .g/\/'t TGNSk]
+ o’ E{nm}
_ v NG ANl el O NGyl verrd NGy 0 V|
NGV NG IV NG IV
rere N N
adi o ] 020,05, (B.20)
NGV
where we have used thatindn are zero-mean independent random variables.
Define
NN
D)= ) WG O NGl j’“' (B.21)
VGV

JENTU keNPrU

for a, b, c,d equal to“s” or “t”.
From B.19), (B.20), and B8.21) we get:
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S (r2D33(0) + 12 DI (i) + 2r,r(DL(0)) + aoym?)

(mg )

vew?

(m?"

20W Wy

~

var(z;) =

+ 5 (r2D3 (i) + 1] Dy (i) 4 2rer (D) (i) + avym})

DB (2 D33(3) + DI (0) + rar D3 + D).

(B.22)

where we have used thax’ (i) = D (i) andD;! (i) = D (i).
Finally, we obtain the correlation between the model andetstmatorE{x;z;}.

Define A
N
D) = WG 0N (B.23)
JENFNU ‘ [J]H [@]|
for a, ¢, d equal to“s” or “t”.
We can write:
A ws w
B{zid} =B{w(— > a+— > ax)} (B.24)
tjeENENU b keNtnU
Wg Wy
v jeN;sNU v keN U
Using definition B.23) in (B.24), we get:
E{wid;} = — o S (12D (i) + 12D (i) + ror( DD + DI#(3)))
VeW 88 S s
T (r2D (i) + r7 DY (i) + ror D} (i) + DY (3)).
(B.25)

Fixing r, = w, andr; = w; and using B.17), (B.19), (B.22) and B.25), the ex-
pected value of the squared error of nedan be written as:
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R w? w? 2w wy
S (V\W ] [tt'ﬂ ] [S'1||N[t']|>

2 2 2 2 2
talu (=24 ) g (e g+
ms (ms) t

Pom i <m1)2 mims
o, (w_zj T %K) |
m; i
where
G = w’D% + w?D™ + 2w,uw, D, (B.27)

H = w?D;® + w2D! 4 2waw, DY,

I = wiD3 + w; DY + wawy (D3 + D%,
J = wlD + w? D' + wuwy (D + DE),
K = w?D;® + w; D}' + wsw,(D;* + D}*).
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Appendix C

Optimal Weighting for a Given Graph
and U/ /P Assignment

This appendix contains the formulation to obtain the optimeights that minimize
the detail coefficient energy using a given graph &® assignment, and assuming
one-hop filters defined below. First, in SectiGri, we consider a video representation
example. Then, in sectio@.2, we extend this result té’ kinds of edges with different
correlations.

C.1 Optimal Weighting for a Video Representation Given
anU /P Assignment

LetG = (V, &) be an undirected graph, wheye= {1,..., N} is a set of nodes and

£ C VxVasetofedges. L&, 7 be the set of spatial and temporal edges, respectively,
with SUT = £. Denote one-hop spatial neighborhood abN° = {j € V : ij € S}.
Letm?$ = |N° NU| be the number of one-hop spatial update neighbors of hed®.
Thus, the mean value of the update spatial neighbors of ainede is defined as

S
ms
_ 1 -
T = —5 z T, (C.1)
my =S
JENT U

and is defined similarly for the temporal neighbors. Assuntirat every node € P is
linearly predicted from its spatial and temporal updateghleors as:

T; = WT; + w, T, (C.2)
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we want to find the weights, andw; that minimize the quadratic prediction error
over all the nodes € P:

min Z (z; — #;)° = min Z (d;)* = min Z (z; — w,z — wtff)z : (C.3)
W, Wt W, Wt Ws, W

icP 1€P 1€P

Differentiating with respect ta, andw, we obtain the solution:

w* = (wiwf) =R 'r (C.4)
where
diep TiTE Y iep TiT;
and

r=3s [ x] (C.6)

are the correlation matrices.

Next, we express the optimal weight vectet as a function of matrices derived
from the spatial and temporal adjacency matrices of thelgrap

Let A = [a,,,] andA¢ = [a,, ] be the adjacency matrices of the subgraphs con-
taining only the spatial and temporal edges, respectively.

Let iy, (resp. ip) be aN x 1 indicator vector in which{i,} = 1 if nodeh € U
(resp. € P), and zero otherwise. Léd{, (resp.Ip) be a diagonal matrix in which the
main diagonal id;, (resp.ip). DenoteBs = I;AI» andB; = I;AI», and letB, =
[bs,,] andBy = [0y, ,] be theBy andB; matrices where each column is normalized
(i.e., defining|\/7| as the number of non-zero elements of columty, , = 1/ |7 if
bs,, =1; b, =0if by, , = 0).

Si,g Siyj

129



Chapter C. Optimal Weighting for a Given Graph dngP Assignment

“Vectorize” the graph data into & x N row vectorx (e.g., if the data is a video
sequence, we obtainlax (L x H x K) row vector, wherd. x H is the frame size and

K the number of frames considered).
The optimal weight vectow* can be written as:

-1

. [ xBBIxT xB.B;xT xBxT
W= =T 1 5T T = T (C.7)
xB¢B, x* xB;B, x xBix

Proof. The matrix producl;, A is the spatial adjacency matrix, but setting P rows
as zero vectors, and similarlpsI» is the spatial adjacency matrix in whiech e U
columns are zero vectors. Therefol, = I;;A I, can be interpreted as a matrix in
which the non-zero columanrepresents the nodec P and the indices of its non-zero
elements are the < U/ spatial neighbors of.

Normalizing by columnsB; = [b;, |, whereb,, , = 1/ |N7|. Note thath,, , # 0 if
j € P,i €U, andij € S, andthat\’|is the number of: € U spatial neighbors that the
nodec P of column; has. Multiplying thel x NV data vectoi by B, a = [a;] = xBs,
we obtain al x N row vector:

z;, ifkeP,
ag) = C.8
o { 0, ifkeU. €9

The above reasoning is equivalent for the temporal adjgoerdtrix A:.
Thereforeaa™ = >, _, :7; = xBq (XES)T — xB,B, xT.

L e = =T
Similarly, >°._p z52! = xB,B, xT.
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C.2 Optimal Weighting for [ Different Kinds of Links
Given anl{ /P Assignment

We now generalize the result il€(7) to the case off’ different kinds of links with
different correlations.
For every nodé < P, let us define the mean value of its update neighbors linked by
means of links of clasg as:
1 K2
m:
LojeNnu
Assuming that every node iR is linearly predicted from itg" types of neighbors, we

would like to find the weightsv;, ws, ..., wr that minimize the quadratic prediction
error over all the nodes P:

Y [P
~ ) 2
min g (x; — ;)" = min g (xl — unT; — WeT; — — WpT; )
W1, W2, W W1, W2,y WE
i€P i€P
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The optimal weights can be obtained as:

— __1 - -

xB;B;xT xB;B,x* --- xB;Bpx" xB;xT
= =T = =T = =T =
xB,B:xT xBsB,xT ... xB,BnxT xBox T
W = o o ar : 2 (C.11)
xBpB;xT xBpB,x* - xBpBgx?’ xBpxT
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