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Information Sources and Source Coding Chapter 6

What is the entropy of the discrete-time source in bits/output (sample)? What is
the entropy in bits/sec?

6.7 Let X denote a random variable distributed on the set { = {a;, a2, ..., an} with
corresponding probabilities {p1, p2, -, py ). Let Y be another random variable
defined on the same set but distributed uniformly. Show that

H(X) = H(Y)
with equality if and only if X is also uniformly distributed. (Hint: First prove the
inequality lnlx < x — 1 with equality for x = 1, then apply this inequality to

Yone1 Pn In()).

A random variable X is distributed on the set of all positive integers 1,2,3, ...
with corresponding probabilities p1, p2, P3, ... - We further know that the ex-
pected value of this random variable is given to be m; i.e.,

o0
pri =m
=1

Show that among all random variables that satisfy the above condition, the geo-
metric random variable which is defined by

1 1 i—1
p,-=—'~(l—’) 200 . - A

m m

has the highest entropy. (Hint: Define two distributions on the source, the first
one being the geometric distribution given above and the second one an arbitrary
distribution denoted by g;, and then apply the approach of Problem 6.7.)

Two binary random variables X and Y are distributed according to the joint

distribution p(X =Y =0) = p(X =0,Y =) =p(X =Y = 1) = 5. Com-
pute H(X), H(Y), H(X |Y), HY | X), and H(X,Y).

Show that if ¥ =g(X) where g denotes a deterministic function, then
H(Y|X)=0.

A memoryless source has the alphabet sl = {-5,-3,—1,0,1,3, 5} with corre-
sponding probabilities {0.05,0.1,0.1,0.15, 0.05, 0.25, 0.3}

1. Find the entropy of the source.
2. Assume that the source is quantized according to the quantization rule
q(=5) = g(=3) =4,
g(—1) =q(0) =q(1) =0
q(3)=4(5) =4
Find the entropy of the quantized source.

6.12 Using both definitions of the entropy rate of a process, prove that for a DMS the
entropy rate and the entropy are equal.
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332 Information Sources and Source Coding Chapter 6

6.34 Let % and % denote finite sets. We denote the probability vectors on & by p and
the conditional probability matrices on % given ¥ by Q. Then /(X; Y) can be
represented as a function of the probability distribution on 9 and the conditional
probability distribution on %Y given ¥ as I (p; Q)-

1. Show that I (p; Q) is a concave function inp;ie.,foranyQ,any0 <A < 5
and any two probability vectors pi and p, on %, we have
AM(p; Q) +AI(p2: Q) = T(Ap1 + Ap2; Q)

whened, =1 —4.
2. Show that I (p; Q) is a convex function in Q; i.e., forany p, any 0 < A=
and any two conditional probabilities Qy and Q,, we have

I(p: AQ; +2Q2) < AL (p; Q1) + A (p; Q2)

(Note: You have to first show that Ap; + Apz and AQ; + 2.Q, are a legitimate
probability vector and conditional probability matrix, respectively.)

6.35 Let the random variable X be continuous with PDF fx (x) and let Y = aX where
a is a nonzero constant.
1. Show that h(Y) = logla| + A(X).
2. Does a similar relation hold if X is a discrete random variable?

6.36 Find the differential entropy of the continuous random variable X in the following
cases

1. X is an exponential random variable with parameter A > 0; i.e.,

U -
fx(x)={ e r, x>0

%
0, otherwise
2. X is a Laplacian random variable with parameter A > 0; i.e.,

1 x
fx(x) = ‘z—le_lr*l

3. X is a triangular random variable with parameter A > 0; i.e.,

x_:-f}i, —)LEXSO

fx(x) = =2, 0<x <A
0, otherwise

6.37 Generalize the technique developed in Problem 6.7 to continuous random vari-
ables and show that for continuous X and ¥

1. h(X |Y) < h(X) with equality if and only if X and Y are independent.
2. I(X;Y) = 0 with equality if and only if X and Y are independent.
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Channel Capacity and Coding

0.5
0.3 0.2

0.2
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Figure P-9.1

1—€

€

E

1—€

Figure P-9.2

9.4 Using Stirling’s approximation n! ~ n"e™"+/2rn, show that

n ~ anb(e)
ne

9.5 Show that the capacity of a binary-input, continuous-output AWGN channel
inputs +A and noise variance o (see Example 9.1.2) is given by

c=s(8)+(-)

St A |
so=[ —
—o0 V2T
The matrix whose elements are the transition probabilities of a channeli§
p(yi | x;)’s, is called the channel probability transition matrix. A channelis cal
symmetric if all rows of the channel probability transition matrix are permuti i
of each other, and all its columns are also permutations of each other. Showd
in a symmetric channel the input probability distribution that achieves capae
is a uniform distribution. What is the capacity of this channel?
9.7 Channels 1, 2, and 3 are shown in Figure P-9.7.

1. Find the capacity of channel 1. What input distribution achieves capacil
2. Find the capacity of channel 2. What input distribution achieves capici




6°6-d 231

3

0 —= 0
'6'6~d 2INSL] UT UMOYS ([2UUeyD Z 3Y) SB UMOLY) ST ) [QUUBTD JY L 66
"{N 801 ‘ jy Sor}urm
> D eyl moyg {4 < U 14} = f 1aqeydre indino pue {Nx ‘- lx flx) =1
12qeydie indur ym [aUUBYD SSI[AIOWSW-I]IISIP € Jo Aoeded oy 2OUP D 197 86

CI+)E <o )
@+12)¢=0 (@
@+ 128 >0 (v
LAUM pue angy sploy
suone[a1 SUIMO[[0] Y] JO YITYA\ TOUUBYD PUOIAS PUE IS1y oyl Jo sanoeded
oy Jussardar T pue 1) pue [uueyd paIyl Ayl Jo Aroeded oY) 9j0udp ) 197 €
L'6-d amarg

€ [Puury)

S0
§¢o

Z 1ouuey) 1 [ouuey)

§0 I

swa|qoid




Channel Capacity and Coding Chaptg

. Find the input probability distribution that achieves capacity.

2. What is the input distribution and capacity for the special cases € =0,¢
and € = 0.5?

3. Show that if n such channels are cascaded, the resulting channel wilk
equivalent to a Z channel with €; = €”.

4. What is the capacity of the equivalent Z channel when n — 0.

9.10 Find the capacity of the channels A and B as shown in Figure P-9.10. Whati
capacity of the cascade channel AB? (Hint: Look carefully at the channelsd
avoid lengthy math.)

Channel A Channel B

Channel A Channel B

Figure P-9.10

9.11 Find the capacity of an additive white Gaussian noise channel with a bandwi
of 1 MHz, power of 10 W, and noise power-spectral density of Nf = 10~ Wi

9.12 Channel C; is an additive white Gaussian noise channel with a bandwidth of
transmitter power of P and noise power-spectral density of %ﬂ Channel G; 1§
additive Gaussian noise channel with the same bandwidth and power as cham
C; but with noise power-spectral density S, (f). It is further assumed that

total noise power for both channels is the same, that is

w B ' NO e
[Wsn(f)df—[w " df = NoW

Which channel do you think has a larger capacity? Give an intuitive reasoning
9.13 A discrete-time memoryless Gaussian source with mean 0 and variance o°
be transmitted over a binary-symmetric channel with crossover probability e

1. What is the minimum value of the distortion attainable at the destinatio
(Distortion is measured in mean-squared-error.)
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