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Abstract—We determine the linear precoding policy that
maximizes the mutual information for general multiple-input
multiple-output (MIMO) Gaussian channels with arbitrary input
distributions, by capitalizing on the relationship between mutual
information and minimum mean squared error (MMSE). The
optimal linear precoder can be computed by means of a fixed-
point equation as a function of the channel and the input
constellation. We show that diagonalizing the channel matrix does
not maximize the information transmission rate for nonGaussian
inputs. A full precoding matrix may significantly increase the
information transmission rate, even for parallel non-interacting
channels. We illustrate the application of our results to typical
Gigabit DSL systems.

I. INTRODUCTION

Digital subscriber line (DSL) technology divides the tele-
phone line into parallel non-interacting subchannels with flat
frequency response [1]. A capacity-achieving strategy allo-
cates power to each subchannel following the well-known
waterfilling algorithm [2] and uses Gaussian inputs on each
subchannel. To accommodate for practical structures, such
as PSK and QAM input distributions, several authors have
proposed a modification of the waterfilling algorithm, where a
power gap is added to the base level prior to the water-pouring
phase [3]-[6].

Recently proposed Gigabit DSL systems [7] use all the
available copper wires in the last distribution-area (pedestal-
drop segment) [8]. These additional copper-wire pairs allow
using MIMO diversity techniques in each DSL subchannel,
boosting the transmission rate, whose ultimately limit is the
capacity found in [9]. To maximize the information transmis-
sion rate with nonGaussian inputs, Lee et al. [7] propose to
diagonalize each MIMO subchannel, amend the base level
using a constant power gap and allocate power using the
waterfilling algorithm.

In [10] the power allocation for parallel channels with
arbitrary inputs is revisited exploiting the mutual information
and the minimum mean squared error (MMSE) relation [11].
The mercury/waterfilling algorithm proposed in [10] can be
interpreted as a generalization of the waterfilling power-
allocation policy, in which the base level is modified by adding
mercury to account for the suboptimal input distribution. The
mercury level depends on the gain of every subchannel as
well as on the input distributions. Thus, the mercury level
amends the base level in a very different way from power gap

approaches, thereby significantly increasing the transmission
rate for multitone DSL systems [10].

The results in [10] illustrate that capacity-achieving strate-
gies for Gaussian inputs may be quite suboptimal for discrete
input constellations. The natural belief is that since the chan-
nels are noninterfering, to maximize mutual information is
sufficient to take into account the nonGaussiannes of the input
constellations by means of the mercury/waterfilling power
allocation. This paper challenges this natural belief, and shows
that linear precoding techniques that introduce correlation
among the channel inputs may achieve substantially higher
information transmission rates.

The optimization of a linear precoder and equalizer for
MIMO or mutually interfering channels has been typically ad-
dressed from the MMSE viewpoint [12]-[16], with the optimal
solution being the diagonalization of the channel matrix. In
[17], a unifying approach using different criteria, such as the
MMSE, the signal to interference-plus-noise ratio (SINR) and
the bit error rate (BER), leads to identical results. We propose
instead to optimize a linear precoder to maximize the input-
output mutual information. We do not restrict the optimization
of the precoder to diagonal channel matrices and we derive the
optimal linear precoder for general (not necessarily diagonal)
channel matrices. The solution is expressed as a fixed-point
equation in terms of the relation between the MMSE and
mutual information [11], [18]. In contrast to the situation
for Gaussian inputs [19], [20], the optimal linear precoder
for arbitrary inputs does not diagonalize the channel and, in
particular, it does not reduce to a diagonal matrix for parallel
non-interfering channels. We also show that in the regime of
high snr the precoder that minimizes the MMSE and BER
asymptotically maximizes mutual information.

The rest of the paper is organized as follows. We obtain
the optimal precoding matrix in Section II. The asymptotic
regime of high SNR is considered in Section III, and Section
IV applies the results to typical DSL noninterfering channels.

II. OPTIMAL PRECODING POLICY

Consider the deterministic vector channel complex-valued
model:

y =
√

snrHPx + w (1)

where the n-dimensional vector y and the m-dimensional
vector x represent, respectively, the received vector and the



independent zero-mean unit-variance transmitted information
vector. The distributions of the components of x are fixed,
and not necessarily Gaussian or equal for different dimen-
sions. The n × m complex-valued matrix H corresponds to
the deterministic channel gains (known to both encoder and
decoder) and w is the n-dimensional complex Gaussian noise
with independent zero-mean unit-variance components1. The
snr is a scaling factor that accounts for the total transmitted
power. The optimization of the mutual information is carried
out over all precoding matrices P that do not increase the
transmitted power. The precoding problem can be cast as a
constrained nonlinear optimization problem:

max
P

I(x;y) (2)

subject to:

Tr
{
E[Pxx†P†]

}
= Tr{PP†} ≤ m (3)

Theorem 1: The optimum precoding matrix P∗ that solves
(2) subject to (3) satisfies:

P∗ = λ−1H†HP∗E (4)

with λ = ‖H†HP∗E‖/
√
m. The matrix

E = E
[
(x− E [x|y]) (x− E [x|y])†

]
(5)

is known as the MMSE matrix [21]2.
The proof relies on the KKT conditions [23] and the

relation between the mutual information and the MMSE [11],
[18]. The KKT conditions are satisfied by any critical point
(minimum, maximum or saddle point). There is a unique P∗

that satisfies the KKT conditions when the problem is strictly
concave, corresponding to the global maximum. In general,
the power allocation as stated in (2)-(3) is nonconcave. It
becomes concave in some specific cases, e.g. for Gaussian
input distributions with arbitrary channel matrices [24]-[19];
it is also concave for low snr.

Consequently, to obtain a global optimum for any snr we
can first obtain the unique solution for a low enough snr to
ensure that the problem is concave. Then, we increase the
snr by small amounts until the desired snr is achieved. For
each increased snr value, a new precoding matrix is obtained,
using as starting point the precoding matrix for the previous
snr. Alternatively we could also choose several starting points
for P, find a local maxima, and keep the precoding matrix
with largest mutual information.

The optimal precoder is given by the fixed-point equation
(4). For discrete constellations, the MMSE matrix cannot be
computed analytically, because we need to sum over all the
possible transmitted vectors, which grows exponentially with
m. For large dimensions we typically estimate the MMSE

1It is also possible to consider non-identity noise covariance matrices, since
we could add a whitening filter at the receiver that only affects the definition
of the channel matrix.

2Full proofs of all the results can be found in [22].

matrix E using Monte Carlo methods and we use the following
iterative procedure to determine the optimal precoding matrix:

Pk+1 = λ−1(Pk + µsnrH†HPkE)

where µ is a small constant, the MMSE matrix depends on
Pk and λ−1 ensures that Tr{Pk+1P

†
k+1} = m.

III. HIGH snr APPROXIMATION FOR DISCRETE INPUTS

We now consider the optimal precoding policy for MIMO
Gaussian channels with arbitrary discrete input distributions
in the high snr regime. We prove upper and lower bounds
to the MMSE, and consequently, upper and lower bounds to
the mutual information by exploiting the relationship between
mutual information and MMSE [11], [18]. Then we use the
upper and lower bounds to derive the form of the optimal
policy. These results rest upon Theorem 3 in [10], where
the MMSE for single-input single-output Gaussian channels
with QPSK input distribution is expanded for large snr. These
results represent a generalization and tightening of the bound
in Theorem 4 in [10], since we consider general channel
matrices, rather than diagonal ones.

Theorem 2: For the channel model in (1) we can bound its
MMSE as:

1
M

e−d2
minsnr/4

dmin

√
snr

(√
π − 4.37

d2
minsnr

)
≤ mmse(snr)

≤ (M − 1)
e−d2

minsnr/4

dmin

√
snr

√
π (6)

where

mmse(snr) = E
[
||HPx−HPE[x|y]||2

]
(7)

and M is the product of the constellations cardinality and dmin

is the minimum distance in the received lattice:

dmin = min
x,x
x6=x

||HPx−HPx|| (8)

The lower bound is proven assuming there is only a pair
of points at minimum distance and the upper bound is proven
assuming that every pair of points is at minimum distance. In
most practical cases, these bounds are loose because for each
received point there are several pairs of points at minimum
distance, so we can approximate the MMSE for large snr by:

mmse(snr) ≈ π K
M
Q
(
dmin

√
snr/2

)
(9)

where K is the number of pairs of points at minimum distance.
This expression is π times the symbol error rate (SER) of the
received constellation. Therefore minimizing the MMSE for
large snr is equivalent to minimizing the SER for discrete
inputs.

We can use the upper and lower bound of the MMSE and
the relation between the MMSE and the mutual information to
bound the mutual information for large snr and discrete input
distributions.
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Theorem 3: The mutual information between x and y for
the channel model in (1) can be bounded by:

logM − 2(M − 1)
√
π

d3
min

√
snr

e−d2
minsnr/4 ≤ I(x;y)

≤ logM − 2e−d2
minsnr/4

Md3
min

√
snr

(√
π − 4.37 + 2

√
π

d2
minsnr

)
(10)

As we did for the MMSE, we can also approximate the
mutual information for large snr as:

I(x;y) ≈ logM − 2
Kπ

Md2
min

Q
(
dmin

√
snr/2

)
(11)

These results show that for a MIMO channel model with
discrete inputs, the precoding matrix P that maximizes the
information transmission rate corresponds to the matrix that
maximizes the minimum distance in the received lattice, in the
high snr regime. This matrix also ensures the minimization of
the MMSE and the SER. This result is a direct generalization
of a result in [10] for non-interfering channels. This is an
appealing result as it tells us that for discrete inputs in high
snr regime, minimizing the symbol error rate is equivalent
to both minimizing the mean squared error and maximizing
the mutual information, thereby linking three standard criteria
typically used for power allocation in the all-important case
of discrete input distributions.

In many communication systems, diagonal channel models
are typically encountered or sought [20]-[28] with diagonal
power allocation strategies commonly proposed to maximize
the mutual information. Power allocation for arbitrary inputs is
often sought based on the fact that power-allocation strategies
are capacity achieving for parallel independent channels with
independent Gaussian inputs [2].

We can illustrate with a simple example why linear pre-
coders achieve larger information transmission rates than di-
agonal power allocation matrices. Let us assume a simple real-
valued communication system with a non-interfering channel
matrix

H =
[√

3 0
0 1

]
, (12)

in which both inputs are BPSK distributions. We first set P =
I and the minimum distance in the received constellation is
2. The optimal power allocation matrix corresponding to the
mercury/waterfilling [10] solution is:

P =
[
1/
√

2 0
0

√
3/2

]
(13)

and the minimum distance increases to
√

6. We can further
compute the optimal linear precoder:

P =
[

1/
√

2 1/
√

2
−1/
√

2 1/
√

2

]
, (14)

and obtain the largest minimum distance of 2
√

2. In Figure 1
we have plotted the constellations for the optimal precoder and
power allocation matrices to highlight the difference between

the received constellations. The difference between the trans-
mission rates for precoding and power allocation strategies are
quite substantial, as illustrated in the next section.

Fig. 1. ‘◦’ represents the received constellation for the diagonal power
allocation solution and ‘∗’ represents the output constellation achieved with
the optimum linear precoder.

IV. APPLICATION: GIGABIT DSL

In this section we show the benefit of using a full precoding
matrix instead of a diagonal power allocation matrix for max-
imizing the mutual information in a MIMO communication
channel with Gaussian noise when the inputs are QPSK.
We first deal with a diagonal channel matrix, encountered
in many different scenarios as detailed in [20]-[28]. We
compare the information transmission rate obtained using
the optimal mercury/waterfilling power allocation proposed
in [10], corresponding to a diagonal real-valued matrix P,
to a non-diagonal precoding matrix. The results show that
even for diagonal channel matrices a full precoding matrix
significantly increases the information transmission rate in
the communication channel, compared to a diagonal power
allocation matrix.

In the second example we use a full four-by-four channel
matrix. This matrix is typically encountered in each sub-
channel of Gigabit DSL systems [7]. However, rather than
performing diagonalization of the channel matrix followed by
waterfilling power allocation over the subchannels, as pro-
posed in [7], we directly optimize the precoding matrix which
significantly increases the input-output mutual information.

A. Diagonal channel matrix

For our first example we have used the following diagonal
channel matrix:

H=

26664
2e−j2.51 0 0 0 0

0 1.5ej1.60 0 0 0
0 0 e−j0.79 0 0
0 0 0 0.8e−j3.05 0
0 0 0 0 0.6e−j1.67

37775
(15)

and QPSK inputs. In this matrix the ratio between the norm
of the largest and smallest element is less than 4.

For this diagonal channel model, we have computed the
optimal power-allocation policy corresponding to a diagonal
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real-valued P [10] (denoted as MWF) and the optimal non-
diagonal precoding matrix. We depicted the mutual informa-
tion for these precoding matrices in Figure 2, together with
the waterfilling solution for Gaussian inputs, which serves as
an upper bound to the mutual information. It can be seen
that the mutual information for the full precoding matrix is
substantially higher than that for the diagonal power allocation
matrix, which is the best power-allocation matrix as shown
in [10], yielding gains in snr higher than 2dB. The lower
bound in Figure 2 corresponds to the precoder that maximizes
the minimum distance. It represents a lower bound, because
maximum minimum distance precoders are equivalent to max-
imum mutual information precoders only for infinite snr.
However, the maximum minimum distance precoder achieves
substantially higher information transmission rates than the
optimal power allocation, for the snr range of practical interest
even when the high snr assumption no longer holds.
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Fig. 2. Information transmission rates for the 5× 5 matrix in (15).

As the snr increases, the optimal diagonal power-allocation
matrix tends to:

P1 =


0.20 0 0 0 0
0 0.27 0 0 0
0 0 0.41 0 0
0 0 0 0.51 0
0 0 0 0 0.68


while the full precoding matrix tends to:

P2 =


0.28ej2.5 0.26ej1.8 0.27e−j0.1 0.16ej1.5 0.23ej1.8

0.09ej1.9 0.21ej0.9 0.16e−j3.1 0.34e−j2.5 0.25ej2.7

0.26ej0.7 0.09e−j2.6 0.15ej1.6 0.17ej0.1 0.27ej3.0

0.07ej0.6 0.23ej1.4 0.21ej1.8 0.02e−j0.1 0.17e−j0.7

0.18ej0.8 0.17e−j2.9 0.15e−j0.5 0.21e−j1.0 0.12e−j1.0


For the diagonal power-allocation matrix, the assigned power
is inversely proportional to norm of the subchannel. Hence,
this policy for power allocation ensures that HP1 = cI and
all the subchannels are equally powerful at the receiver end.

The non-diagonal precoding matrix approximately assigns
the same power for all inputs, as the norms of the columns of
P2 are almost identical. However, more power is assigned to
the stronger channels, as the norm of the rows of P2 decreases
with the channel gain. Therefore, using a full precoding matrix,

we are able significantly increase the mutual information for
the snr range of interest.

B. Full channel matrix: The Gigabit DSL scenario

In this second example, we illustrate for a nondiagonal
channel matrix H that a full precoder provides substantially
higher information transmission rates than standard channel
diagonalization followed by mercury/waterfilling power allo-
cation. We consider a situation encountered in Gigabit DSL
systems with four copper-wire pairs typically available in the
last distribution area [8]. In particular, we use the following
channel matrix:

H =

2664
ej2.80 0.5e−j0.97 0.01e−j1.02 10−3e−j1.06

0.5e−j0.43 e−j2.98 0.1ej0.12 0.01e−j3.12

0.01ej2.93 0.1ej1.27 e−j2.00 0.5e−j1.83

10−3ej2.63 0.01e−j2.06 0.5ej2.38 ej2.69

3775 (16)

in which we have assume that each channel has unit gain and
it is interfered by the other pairs.

In Figure 3, we show the mutual information as a function
of the snr for the optimal precoding as well as for the
optimal power allocation policy using the mercury/waterfilling
algorithm [10] performed after diagonalization of the channel
matrix (denoted as MWF). As in the previous example, the full
precoder significantly increases the information transmission
rate with respect to the optimal power allocation strategy.
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Fig. 3. Information transmission rates for the 4× 4 matrix in (16).

V. CONCLUSIONS AND FURTHER WORK

In this paper we have shown that when the inputs are
not Gaussian, information transmission rates are maximized
when a full complex-valued precoder is used instead of a
power allocation strategy coupled to channel diagonalization.
The optimal precoder matrix is expressed using the relation
between the MMSE and the mutual information and it is
computed as a fixed-point equation. We have also shown
that for asymptotically high snr the optimal precoder matrix
for discrete inputs achieves maximal minimum distance and
minimal mean squared error, linking three common criteria for
designing digital communication systems.
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The complexity of the proposed approach has not been
addressed in this paper. For example, a 256 subchannel DSL
system would need to optimize 65536 elements in the precoder
matrix P. To reduce the complexity of optimizing a full
P we could constraint it to be block diagonal, Toeplitz or
unitary. Hence reducing the number of components we need
to optimize to obtain the optimal precoder, but reducing the
possible gains from using a full precoder. For block diagonal
or Toeplitz P matrices, we would also need to sort the channels
in a way that we ensure a maximal information transmission
rate.
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Fernando Pérez-Cruz is supported by AI-COM Marie Curie
Fellowship from the 6th Research Framework Programme of
the European Union. Fernando Pérez-Cruz is also a faculty
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