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Marcelino Ĺazaro,Member, IEEE,Fernando Ṕerez-Cruz,Member, IEEE,
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Abstract

In this paper, a new method for the simultaneous learning of a function and its derivative is presented.

The method, setting out the problem inside of the Support Vector Machine (SVM) framework, relies

on the kernel-based Support Vector (SV) expansion. The resultant optimization problem is solved by a

computationally efficient Iterative Re-Weighted Least Squares (IRWLS) algorithm.
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I. I NTRODUCTION

The reconstruction of a function subject to a suitable approximation of its derivatives is a common

problem in a number of applications. Nonlinear modeling of microwave (MESFET/HEMT) transistors to

predict the intermodulation distortion (IMD) behavior [1], analysis of chaotic systems or economy are

some examples. In other applications, such as telemetry or aerial traffic control, the information about

the derivatives appears naturally and it can be interesting to use such information in the reconstruction

task.

In a previous paper [2], we developed a non-linear Support Vector Machine (SVM) method to simulta-

neously approximate a function and its derivative. Although the accuracy of the method is excellent, the

number of support vectors is relatively high, and the proposed expansion requires to evaluate, besides the

kernel function underlying the SVM framework, the derivative of the kernel. In this communication, we

force the solution to adopt the conventional support vector expansion, and we use the same loss function

and regularizer as in the SVM method in [2]. Finally, the obtained optimization problem is solved by an

Iterative Re-Weighted Least Squares (IRWLS) algorithm [3].

The rest of the paper is organized as follows. The problem is stated in Section II. Section III presents

the proposed method, and Section IV develops the IRWLS algorithm used to solve the constrained

optimization problem. Some experimental results show the performance of the method in Section V.

Finally, the main conclusions are expounded in Section VI.

II. PROBLEM STATEMENT

For simplicity, a one-dimensional input space and only the first derivative are considered. In this case,

the problem can be stated as follows: given a set ofN samples of a function and its derivative

xi → (yi, y
′
i), i = 1, · · · , N, (1)

the goal is to simultaneously fit both the function and the derivative using a support vector machine

based approach. In [2], we proposed a first solution to this problem by extending the support vector

machine method for regression employing the Vapnik’sε-insensitive loss function [4]. In the general

case, a different insensitive margin is employed for the function (ε) and for the derivative (ε′), leading

to the following constrained optimization problem: to minimize

LP (w, b, ξ, ξ∗, τ , τ ∗) =
1
2
||w||2 + C1

N∑
i=1

(ξi + ξ∗i ) + C2

N∑
i=1

(τi + τ∗i ) (2)
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subject to

wT φ(xi) + b− yi ≤ ε + ξi, (3)

yi −wT φ(xi)− b ≤ ε + ξ∗i , (4)

wT φ′(xi)− y′i ≤ ε′ + τi, (5)

y′i −wT φ′(xi) ≤ ε′ + τ∗i , (6)

ξi, ξ
∗
i , τi, τ

∗
i ≥ 0. (7)

Here,φ(x) is the nonlinear transformation function that underlies in the SVM theory to map the input

space to a higher dimensional feature space, andφ′(x) denotes the derivative ofφ(x). The positive slack

variablesξi, ξ∗i , τi andτ∗i are responsible for penalizing errors greater thanε andε′, respectively, in the

function and derivative. The solution, according to the Karush-Kuhn-Tucker (KKT) conditions, takes the

form (see [2] for details)

f(x) =
N∑

i=1

αi〈φ(xi),φ(x)〉+
N∑

i=1

γi〈φ′(xi),φ(x)〉+ b. (8)

Typically, the inner product〈φ(x),φ(y)〉 is replaced byK(x, y), a kernel function satisfying the Mercer

Theorem [4]. Under this assumption, it is easy to demonstrate that〈φ′(x),φ(y)〉 is given by the derivative

of K(x, y) with respect tox.

III. PROPOSEDMETHOD

The method in [2] provides outstanding results and has shown the benefits of including the derivatives

in the reconstruction of a function [2], [5]. However, in most applications it is preferable to provide a

more compact expansion in order to minimize the evaluation cost. In this paper we propose to force the

solution to adopt the SV expansion [6],

f(x) =
N∑

i=1

βiK(xi, x) + b, (9)

instead of (8). This expansion can also be seen as a single hidden-layer feedforward network. Under

very mild constraints forK(·, ·), this kind of networks have the capability to approximate with any given

accuracy an arbitrary function and its derivatives [7]. To force the expansion (9) means that the weight

vector has to be

w =
N∑

i=1

βiφ(xi). (10)
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Taking into account the relationship between kernel and transformation, the problem reduces now to

solve the following constrained optimization problem: to minimize

LR(β, b, ξ, ξ∗, τ , τ ∗) =
1
2
βTKβ + C1

N∑
i=1

(ξi + ξ∗i ) + C2

N∑
i=1

(τi + τ∗i ), (11)

subject to
N∑

j=1

βjK(xj , xi) + b− yi ≤ ε + ξi, (12)

yi −
N∑

j=1

βjK(xj , xi)− b ≤ ε + ξ∗i , (13)

N∑
j=1

βjK
′(xj , xi)− y′i ≤ ε1 + τi, (14)

y′i −
N∑

j=1

βjK
′(xj , xi) ≤ ε1 + τ∗i , (15)

ξi, ξ
∗
i , τi, τ

∗
i ≥ 0. (16)

Here,K is the kernel matrix with elements(K)ij = K(xi, xj), K ′(xi, xj) is the derivative of the kernel

function with respect to the second variable, andT denotes transpose. Note that now||w||2 = βTKβ.

In order to solve this problem, a Lagrangian functional is introduced leading to a quadratic optimization

problem in terms of the Lagrange multipliers

L(β, b, ξ, ξ∗, τ , τ ∗,α,λ,µ,θ) =
1
2
βTKβ + C1

N∑
i=1

(ξi + ξ∗i ) + C2

N∑
i=1

(τi + τ∗i )

−
N∑

i=1

αi

ε + ξi −

 N∑
j=1

βjK(xj , xi) + b− yi

−
N∑

i=1

αi

ε + ξ∗i −

yi −
N∑

j=1

βjK(xj , xi) + b


−

N∑
i=1

λi

ε′ + τi −

 N∑
j=1

βjK
′(xj , xi)− y′i

−
N∑

i=1

λi

ε′ + τ∗i −

y′i −
N∑

j=1

βjK
′(xj , xi)


−

N∑
i=1

(µiξi + µ∗
i ξ

∗
i + θiτi + θ∗i τ

∗
i ) . (17)

The expression forβ is obtained by equating the derivative of the Lagrangian (17) to zero, which

gives the solution

β = (α∗ −α) + K−1K′(λ∗ − λ), (18)

where K′ is the matrix with elements(K′)ij = K ′(xi, xj), and α∗, α, λ∗ and λ are the Lagrange

multipliers vectors. Note that any non-null value on the(λ∗ − λ) vector, given the structure of the
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K and K′ matrices, potentially implies that all theβ coefficients would be non-null. This means that

forcing the SV expansion in practice eliminates the property of providing a number of support vectors

by allowing to discard the remaining vectors (the vectors associated to zero valued Lagrange multipliers

in the conventional SVM framework).

IV. IRWLS ALGORITHM

The Lagrangian (17) can be solved, as usual in the SVM framework [6], finding the dual quadratic

constrained optimization problem for the Lagrange multipliersαi and λi, which can be solved by

Quadratic Programming (QP) techniques. However, in this case we have used an Iterative Re-Weighted

Least Square (IRWLS) procedure [3]. The IRWLS algorithm has shown to require a lower computational

burden than conventional QP techniques to solve support vector classifiers [8] and has been recently proven

to converge to the SVM solution [9]. The proposed algorithm follows the same basic idea proposed in

[3] and followed too in [2]: the Lagrangian is rearranged to group the terms depending on the Lagrange

multipliers and is simplified taking into account the KKT conditions. This leads to a functional that can

be written as

L =
1
2
βTKβ +

1
2

N∑
i=1

aie
2
i + a∗i (e

∗
i )

2 +
1
2

N∑
i=1

sid
2
i + s∗i (d

∗
i )

2, (19)

where

ei = βT Ki + b− yi − ε, ai =
αi

ei
, (20)

e∗i = yi − βT Ki − b− ε, a∗i =
α∗

i

e∗i
, (21)

di = βT K ′
i − y′i − ε′, si =

λi

di
, (22)

d∗i = y′i − βT K ′
i − ε′, s∗i =

λ∗i
d∗i

, (23)

Ki = [K(x1, xi), · · · ,K(xN , xi)]T , and K ′
i = [K ′(x1, xi), · · · ,K ′(xN , xi)]T . This expression can be

seen as a weighted-least-squares functional. Since the weights depend on the previous solution, the

system must be iterated until the fixed point solution is reached. At each step, the solution can be

obtained equating the derivatives of the functionalL with respect toβ and to b to zero, which leads

to a matrix system of two equations. The second equation can be replaced by the simpler constraint∑
i(α

∗
i − αi) = 0, which is obtained from the KKT conditions. The first equation can be written as

[
KDa+a∗KT + K′Ds+s∗K′T + K

]
β =

[
K,K′]  Da+a∗(y − 1b) + Da−a∗1ε

Ds+s∗y′ + Ds−s∗1ε′

 . (24)

July 26, 2004 DRAFT



SIGNAL PROCESSING LETTERS, VOL. X, NO. Y, MONTH 2004 6

Replacingβ by

β =
[
I,K−1K′]  α∗ −α

λ∗ − λ

 , (25)

pre-multiplying the equation by

([
K,K′]T

)+
=

 KT

K′T

 [
K,K′]−1  KT

K′T

 , (26)

and introducing the second equation, it is straightforward to see that the system becomes

 H +

 Da+a∗ 0

0 Ds+s∗

−1

,

 1

0


[
1T ,0T

]
0




α∗ −α

λ∗ − λ

b

 =


y + a−a∗

a+a∗ ε

y′ + s−s∗

s+s∗ ε
′

0

 , (27)

where a−a∗

a+a∗ and s−s∗

s+s∗ denote, respectively, the column-vector containing(ai − a∗i )/(ai + a∗i ) and (si −

s∗i )/(si + s∗i ) in the ith row, and

H =

 KT K′

K′T K′TK−1K′

 . (28)

Finally, Table I shows the algorithmic implementation of the IRWLS procedure. The expressions to

actualize the coefficients at the fourth step arise straightforward from the KKT conditions (see [3] for

details).

V. EXPERIMENTAL RESULTS

To evaluate the accuracy of the proposed method, labeled SVR-dr in the following, we have compared

it with the conventional support vector machine for regression (SVR) and with the method proposed in

[2], labeled SVR-d. Gaussian kernels of sizeσ have been employed for all methods. In terms of accuracy,

basically the proposed method exhibits the same capability of SVR-d. Therefore, the advantages obtained

by including the derivative in the reconstruction, which were shown in [2] and [5], are kept by this

method. Here we will remark the main differences obtained between both models and we include the

SVR reference as in [2] and [5].

We have selected a set of band-limited functions to test the model: specifically, in each experiment

a linear combination of 100 sinusoids with random amplitudes, frequencies (between 0 and 1 Hz) and

phases has been generated. In the first example, 50 equally spaced sampling points in the range 0-5 have

been employed by the SVR (50 samples of the function), and 25 points by the SVR-d and SVR-dr methods
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(25 samples of the function + 25 samples of the derivative). In this way, the number of total available data

is the same for all methods. 1000 independent noisy experiments have been considered, with the same

signal to noise ratio (SNR) in the samples of both the function and the derivative. Figure 1 plots the mean

values of signal to error ratio (SER) in the reconstruction of the function as a function of the kernel size

σ. Results are provided for two different SNR values: 30 and 10 dB, respectively. The optimal parameters

ε andC1 were obtained by cross-validation for each method. In this case,ε′ = πε andC2 = C1/π have

been considered to take into account the different amplitude range of function and derivative (the mean

amplitude of the derivative isπ times higher than the mean amplitude of the function). This leaves only

three free parameters for all methods,ε, C1 andσ. For SNR=30 dB, the methods including the derivative

provide better results than the SVR method. In this case, the only difference between the SNR-d and

the proposed method is that this exhibits a slightly higher sensitivity to the selection of the kernel size.

For SNR=10 dB, the 3 methods provide a similar capability of approximation and the sensitivity to the

choice ofσ is not noticeable now.

Figure 2 shows the SER in the reconstruction of the derivative. In this case the methods including the

derivative clearly outperform SVR for both SNR’s. Again the SVR-dr shows a slightly higher sensitivity

to σ than the SVR-d for the high SNR, while for 10 dB the performance curves practically overlap.

To compare the complexity of the models, we have looked at the number of support vectors for each

method. In this case, the proposed method has a fixed number of support vectors, which is given by

the sampling points, 25 in this example. Results over 1000 independent test signals have been averaged.

Different parametersε, C1 andσ (composing a multidimensional grid) have been tested for each signal.

Table II compares the minimum number of support vectors necessary to achieve a given SER in the

reconstruction of the function and of the derivative (this can be seen as the number of support vectors

for the optimal parameter choice). The table shows that a trade-off between number of support vectors

and accuracy can be done. Although SVR and SVR-d are able to produce reasonable results with less

support vectors than SVR-dr, it can be seen that for the higher accuracy the number of required support

vector is greater than 25, the number of fixed support vectors for SVR-dr.

Moreover, this results rely in an optimal parameter selection. Table III compares the mean number of

support vectors obtained with all the parameter choices that gave a SER into a given interval. In this

case, the mean number of necessary support vectors is clearly higher.
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VI. D ISCUSSION

A new method for regression of a function and its derivative has been presented. The proposed

approach provides a compact kernel-based expansion. We have presented an IRWLS algorithm to solve

the constrained optimization problem proposed to penalize errors in the reconstruction of both the function

and the derivative. By introducing the information of the derivative, we have shown that the accuracy of

conventional support vector regression is increased, especially in the reconstruction of the derivative, as

happened with the expansion presented in [2].

When comparing it with the method in [2], the proposed method has a higher training load (basically

because of the evaluation ofβ by (25) at each step). However, this is not a problem in most of applications

involving regression, which usually are solved off-line. For off-line applications the main computational

constraints appear at evaluation time, and therefore the more compact expansion is a clear advantage.

Moreover, it also can reduce the number of parameters (support vectors) of the representation when high

accuracy is necessary, as shown by the presented experiments, thus reducing again the computational

complexity of evaluation.

Although we have only considered the one-dimensional and one derivative case, the extension of the

method to higher order derivatives and higher dimensional input spaces is straightforward.
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[6] B. Scḧolkopf and A. Smola,Learning with Kernels. Cambridge, MA: MIT Press, 2002.

[7] K. Hornik, M. Stinchcombe, and H. White, “Universal approximation of an unknown mapping and its derivatives using

multilayer feedforward networks,”Neural Networks, vol. 3, pp. 551–560, 1990.
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1) Initialization:

• ComputeH (from K, K′)

• ai = C1, si = C2 for odd i; a∗i = C1, s∗i = C2 for eveni.

2) Solve (27) to obtainα∗ −α andλ∗ − λ.

3) Evaluate

β =
[
I,K−1K′]  α∗ −α

λ∗ − λ


e = KT β + 1b− y − 1ε, e∗ = y −KT β − 1b− 1ε

d = K′T β − y′ − 1ε′, d∗ = y′ −K′T β − 1ε′

4) Recalculateai, a∗i , s∗i ands∗i

ai =
C1

ei
, a∗i =

C1

e∗i
, si =

C2

di
, d∗i =

C2

d∗i

5) Go to step 2 until convergence is achieved.

TABLE I

IRWLS ALGORITHM PSEUDOCODE.

Model

SVR

SVR-d

SER for function

20 dB 25 dB 30 dB 33 dB

15 18 27 –

17 19 29 29

SER for derivative

20 dB 24 dB 26 dB 30 dB

18 27 – –

17 19 19 29

TABLE II

M INIMUM NUMBER OF SUPPORT VECTORS NECESSARY TO ACHIEVE A GIVENSER.

Model

SVR

SVR-d

SER for function

20-25 dB 25-30 dB 30-33 dB More than 33 dB

25 28 39 –

28 29 38 40

SER for derivative

20-24 dB 24-26 dB 26-30 dB More than 30 dB

29 39 – –

20 30 37 39

TABLE III

MEAN NUMBER OF SUPPORT VECTORS OBTAINED WITH ALL THE PARAMETER CHOICES THAT GAVE ASER INTO A GIVEN

INTERVAL
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