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ABSTRACT

We present Gaussian Processes (GPs) for Digital communications.
GPs can be used to construct analytical nonlinear regression func-
tions, which can be suitable for digital communications in which
linear solutions under perform. GPs can be cast as nonlinear MMSE
and its hyperparameters can be easily learnt by maximum likelihood.
We present some experimental results regarding multi-user detection
in CDMA systems and show the GPs outperform linear and nonlin-
ear state-of-the-art solutions.

1. INTRODUCTION
There is a vast literature in nonlinear methods for digital communi-
cations, as in many scenarios linear methods under perform. Neural
Nets have been used for channel equalization [1] and Multi-User
Detection (MUD) in CDMA systems [2, 3], to name a few. How-
ever, training times for these methods are long and unpredictable.
Lately, Support Vectors Machines (SVMs), which were developed
from well-founded learning theory results [4], have been used for
channel equalization [5] and MUD [6]. All these methods need to
solve an optimization problem to build the nonlinear predictor. The
architecture of the Neural Net or the SVM hyperparameters have to
be pre-specified, as they cannot be learnt for each problem because
standard cross-validation techniques are not feasible in communica-
tion systems.

In this paper, we present a nonlinear estimation technique known
as Gaussian Processes (GPs) for regression [7] as a novel detector for
digital communications. GPs provide analytical answers to the esti-
mation problem, if its covariance matrix is known. Hence, there is
no need to solve an optimization problem. If the covariance matrix is
not known, it can be learnt from training examples by maximum like-
lihood. Compared to the previous nonlinear tools, it does not need
to pre-specify a structure/hyperparameters beforehand and therefore
it can provide more accurate results as its hyperparameters are learnt
for each instantiation of the problem. We propose to use this frame-
work to solve the Multi-User Detection (MUD) problem in CDMA
communication systems, which its optimal solution is known to be
nonlinear [8].

2. GAUSSIAN PROCESSES FOR REGRESSION
Gaussian Processes (GPs) for regression is a Bayesian technique
for nonlinear regression estimation. It assumes a zero-mean GP
prior over the space of possible functions and a Gaussian likelihood
model. The posterior can be analytically computed, it is a Gaussian
density function, and the predictions given by the model are also
Gaussians. Instead of presenting it from its GPs point of view, we

∗Thanks Spanish MCYT funding, TIC2003-02602 and to EX2004-0698.
†Thanks Spanish MCYT agency for funding, TIC2003-03781.

present it as a Bayesian linear regression model1. We believe the lat-
ter is a simpler way to understand GPs for regression and it allows a
straightforward comparison between the GP-MUD with the MMSE
one.

Given a labelled training data set (D = {xi, yi}n
i=1, where the

input xi ∈ Rd×1 and the outputyi ∈ R) and a new input location
x∗, we aim to predict the probability distribution for its outputy∗,
i.e. p(y∗|x∗,D). If we assume a Gaussian linear prediction model
for y: p(y|x,w) = N (y;w>φ(x), σ2

ν), whereφ(·) defines a trans-
formation of the input space, and a zero-mean Gaussian prior over
w, p(w) = N (w;0, σ2

wI), we can compute the posterior for the
weight vectorw using Bayes theorem:

p(w|D) =
p(y|X,w)p(w)
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whereµw = ΣwΦy/σ2
ν , Σ−1

w = Φ>Φ/σ2
ν + I/σ2

w, y = [y1,. . . ,
yn]>, Φ = [φ(x1), . . . , φ(xn)]> andX = [x1, . . . ,xn]>. Actu-
ally, the mean of the posterior can be computed as the maximum a
posteriori (MAP) of (1),µw = argmax {log p(y|X,w) + log p(w)}.

The prediction fory∗ are obtained integrating out the posterior
overw times its likelihood:

p(y∗|x∗,D)=

Z
p(y∗|x∗,w)p(w|D)dw = N (y; µy∗ , σy∗) (2)

where

µy∗ = φ>(x∗)µw = k>C−1y (3)

σy∗ = φ>(x∗)Σwφ(x∗) = k(x∗,x∗) + k>C−1k (4)

beingk(xi,xj) = φ>(xi)φ(xj), (C)ij = k(xi,xj) +
σ2

ν
σ2
w

δij and

k = [k(x∗,x1), . . . , k(x∗,xn)]. The nontrivial steps needed to
obtain (3) and (4) are detailed in [7]. The predicted value fory∗ in
(3) is the inner product of the MAP estimate ofw, µw, and the input
vector,φ(x∗), described next.

2.1. Covariance Matrix

To get the estimation given by a GP model for regression, we only
need to specify its covariance functionC. This matrixC represents

1In [7], Williams introduces both views in a tutorial survey and shows
their equivalency



the covariance matrix between the transformationsφ(xi) of the n
training examples, which present a joint zero-mean Gaussian distri-
bution (due to the GP prior over the space of functions). This co-
variance function plays the same role as the kernel in Support Vector
Machines (SVMs) or any other kernel method, see [9] for further
details.

If we design the regressor to be linear, we setk(xi,xj) = x>i xj

(notice thatφ(x) = x). We then need to specify the value ofσ2
ν/σ2

w

to reach the desired solution. If this value is set to a small constant,
which ensures that the matrixC is non-singular, The GP provides
the same solution as the linear MMSE regressor.

We can also specify other covariance functions that yields non-
linear regression estimates. The definition of the covariance function
must capture any available information about the problem at hand.
Typically a parametric form is proposed and its hyperparameters ad-
just for each particular instantiation of the regression problem. The
chosen covariance function must construct positive definite matri-
ces, for any set of input vectors{xi}n

i=1, as it represents the covari-
ance matrix of a multidimensional Gaussian distribution. A versatile
covariance function, typically used in the literature, is described as
follows:

k(xi,xj) = α1 exp

 
−

dX̀
=1

γ`(xi` − xj`)
2

!
+ α2x

>
i xj + α3δij

(5)
Each term is weighted by an hyperparameterαi, that need to be
positive to construct positive definite matrices. Hence, we define
θ = [log α1, log α2, log α3, log γ1, . . . , log γd] for the covariance
function in (5), where we have used the logarithm of the hyper-
paramters to deal with an unconstrained optimization problem over
θ. This covariance function contains 3 terms. The second term is
the linear covariance function. Therefore, the GP model contains
as a particular case the linear regressor (α1 = 0). The third term

correspond toσ2
ν

σ2
w

δij in the definition ofC, which is considered as
an extra hyperparameter of the covariance function. The first term
is a radial basis kernel with a different length-scale for each input
dimension. This term allows to construct generic nonlinear regres-
sion functions and eliminate those components that do not affect the
solution, by setting itsγ` to zero.

To set the hyperparameters of the covariance function for each
specific problem, we define the likelihood function given the training
set and compute its maximum. The maximum likelihood hyperpara-
meters are used in (3) and (4) to predict the outputs to new input vec-
tors. We can also define a prior over these hyperparameters, compute
its posterior, and integrate them out to obtain predictions (similarly
as we did for the weight vector in (2)). But, the posterior is non-
analytical and the integration has to be done using sampling. Al-
though this second approach is more principled, it is computational
intensive and it will not be feasible for communications systems. For
the interested readers, further details can be found in [7].

The likelihood function of the hyperparamters is defined as:

p(y|x, θ) =
1p

|2πCθ|
exp

�
−1

2
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�
(6)

whereθ represents the hyperparameters of the covariance function
and we have added the subscriptθ to Cθ to explicitly indicate that
the covariance matrix depends on the hyperparamters. The negative
log-likelihood of (6) can be minimised with any off-the-shelf opti-
miser.

Gaussian Processes for regression is a general nonlinear regres-
sion tool that, given the covariance function, provides an analytical

solution to any regression estimation problem. It does not only pro-
vide point estimates, but it also gives confidence intervals for them.
In GPs for regression, we perform the optimization step to set the
hyperparameters of the covariance function by maximum likelihood.
These hyperparameters have to be pre-specified for other nonlinear
estimation tools as SVMs, or estimated by means of cross-validation.
However, cross-validation need long training sequences, limiting the
number of hyperparameters. Besides, this means solving multiple
optimization problems first to obtain the best hyperparameters, in-
creasing the computational burden. These are remarkable drawbacks
in digital communications, since we face hard non-linear problems
at limited computational resources and short training sequences. By
exploiting the GPs framework, as stated in this paper, we avoid them.

3. MMSE MULTI-USER DETECTOR

The discrete baseband synchronous CDMA model in [8] transmits
K bits (one per user) per unit of time,b = [b1, b2, ..., bK ]>. Each
user’s bit is multiplied by its spreading codehj with L chips and
suffers an attenuation given byaj . TheL-chip signal at the receiver
end is given by:

x = G

266664
HA 0 . . . 0

0 HA
. . .

...
...

. . .
. . . 0

0 . . . 0 HA

377775
26664

bt

bt−1

...
bt−M+1

37775+n = PB + n (7)

whereH is anL × K matrix whose columns contains the spread-
ing codes,A is a K × K diagonal matrix with each user’s ampli-
tude as entries,n is an L-dimensional vector with additive white
Gaussian noise (AWGN) and theK-dimensionalbt vector repre-
sents the transmitted bits at timet. We have pre-multiplied the re-
ceived chips byG to include the effect of a dispersive channel in the
CDMA system. The matrixP summarises the effect of the channel,
the spreading codes and attenuations, andB is aKM -dimensional
vector representing the transmitted bits.

Throughout the paper, we consider a channel with inter-symbolic
interference characterised by its discrete channel impulse response:

G(z) =

nc−1X
i=0

giz
−i (8)

For this channel model theL× LM matrixG is described by:

G =

26664
g0 g1 . . . gnc−1

g0 g1 . . . gnc−1

. . .
. . . . . .

. . .
g0 g1 . . . gnc−1

37775 (9)

The matrix is completed with zeros to ensure it containsLM columns.
The objective for the MUD receiver is to recover the transmitted

bit for each user. The standard linear MMSE-MUD receiver [8] is
given by:

b̂j = sign(x>vnc−mmse) = sign(x>R−1
xxpj) (10)

which is known as the non-centralised receiver as it works directly
over the received chips. The vectorpj is thejth column ofP.

The centralised version projects the received signal to a lower
dimensional space by multiplying the received bits by the matrix
containing the chips, i.e.r = H>x. In AWGN memoryless chan-
nels, there is no loss of information after this projection [8]. The
linear centralized MMSE-MUD is described by:

b̂j = sign(r>vc−mmse) = sign(r>R−1
rr H>pj) (11)



4. GP AS A NON-LINEAR MMSE

GPs predictions are given by (3), which is similar to (10), as it
computes the inner product between the received chips and a pre-
specified vector. Therefore, the GP-MUD for a CDMA system de-
cides which was the transmitted bit for thejth user according to:bbj = sign(µy∗) = sign(φ>(x)µwj ) (12)

This solution is identical to (10) whenφ(x) = x. In this caseµwj

yields

µwj = argmin
wj

{− log p(b|X,wj)− log p(wj)} =

argmin
wj

(
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2σ2
ν

nX
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j xi)

2 +
||wj ||2
2σ2

wj

)
(13)

The only difference with the MMSE criterion is due to the second
term in (13), i.e. thelog of the prior. But its effects in the solution
will fade away as we increase the number of examples and the sum in
the first term will converge to its expectation. As in general, GP for
regression will not use a covariance function that yields linear regres-
sors its decisions can be interpreted as a nonlinear MMSE-MUD.
The GP-MUD cannot be computed blindly, as the linear MMSE is,
because we have a nonlinear transformation of the received symbols,
prior to the detection process. A known training sequence has to be
transmitted to computeµwj prior to decide on the remaining bits.
GPs can similarly be compared to the centralised MMSE-MUD, if
we usedr = H>x instead ofx in (12).

The covariance function in (5) is a good kernel for solving the
GP-MUD, because it contains a linear and a nonlinear part. The op-
timal decision surface for MUD is nonlinear, unless the spreading
codes are orthogonal to each other, and its deviation from the linear
solution depends on how strong the correlations between codes are.
In most cases, a linear detector is very close to the optimal decision
surface, as spreading codes are almost orthogonal, and only a minor
correction is needed to achieve the optimal decision boundary. In
this sense the proposed GP covariance function is ideal for the prob-
lem. The linear part can mimic the best linear decision boundary and
the nonlinear part modifies it, where the linear explanation is not op-
timal. Also using a radial basis kernel for the nonlinear part is a good
choice to achieve nonlinear decisions. Because, the received chips
form a constellation of2K clouds of points with Gaussian spread
around its centres.

5. EXPERIMENTAL RESULTS

In this section we include some simulation results for the synchro-
nous CDMA system in (7). For comparison purposes, we include
the BER for the GP-MUD, SVM-MUD in [6], and MMSE-MUD in
[8]. We also depict the BER for the ideal case, memoryless channel
without users interference, and the BER for the optimum centralized
detector, as described in [6]. The SVM-MUD has been trained using
a Gaussian kernel with its width equal to the noise standard devia-
tion, as reported in [6], and itsC parameter was chosen to minimise
the BER on the test set.

We aim to illustrate the fast convergence of the GP in compari-
son to the SVM-MUD in [6] and the suboptimal decisions provided
by centralised MUDs, when the channel is not memoryless. First, we
reproduce the Example 2 in [6], whereK = 3, L = 8 andai = 1,
and we report the BER for Users 2 and 3. The spreading codes are
described in [6] and the Channel response is given by:

c(z) = 0.4 + 0.9z−1 + 0.4z−2 (14)
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Fig. 1. BER for User 2 in a CDMA scenario with 3 users,L = 8
and20 training samples. MMSE (◦), SVM (∗) and GP (¦) with non-
centralized (solid) and centralized (dashed) MUD.
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Fig. 2. BER for User 2 in a CDMA scenario with 3 users,L = 8
and50 training samples. MMSE (◦), SVM (∗) and GP (¦) with non-
centralized (solid) and centralized (dashed) MUD.

In Figure 1 and 2 we depict the BER for User 2 with 20 and 50
training samples respectively. We include the averaged results for
50 independent experiments and105 test samples in each run. For
20 training examples, Figure 1, only the non-centralised GP-MUD
detector provides meaningful results, while the others just report
chance level performance. For 50 training examples in Figure 1 the
non-centralised GP-MUD still provides remarkably the best results.
The non-centralised SVM and MMSE-MUD are comparable to the
GP-MUD for low SNR, but they fail to reduce the BER as the SNR
increases. In the centralised case, GP and MMSE-MUD provide
similar results closing to optimal performance, but the SVM-MUD is
not able to reduce its error below 0.1. For longer training sets, more
than 100 samples, the SVM-MUD exhibits the same performance as
the GP and MMSE-MUD and they all tend to the optimum.

In Figure 3, we show the BER for User 3 with 100 training ex-
amples. It can be observed that the SVM and GP-MUD achieve the
same BER, while the linear detectors under perform. In this case, the
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Fig. 3. BER for User 3 in a CDMA scenario with 3 users,L = 8
and100 training samples. MMSE (◦), SVM (∗) and GP (¦) with
non-centralized (solid) and centralized (dashed) MUD.

optimal solution is heavily nonlinear and the linear detectors cannot
provide accurate answers. The SVM and GP will achieve the optimal
BER performance in the centralised case for training sequences with
more than 400 bits, as shown in [6]. In this example, it is clearly seen
that centralised detectors are suboptimal, as relevant information is
lost when reducing the problem dimensionality fromL to K.

Finally, we include a more realistic scenario withK = 8 users
and Gold spreading sequences withL = 31. The amplitudes of the
interferer users are between 0 and 30 dB above the user of inter-
est, so we can also check the performance of the GP-MUD detector
for the near-far problem [8]. We also used the channel described
in (14). In Figure 4 we plot the averaged results for50 indepen-
dent experiments with30 (solid) and200 (dashed) training samples.
The BER was computed using105 bits for each experiment. We
only report the non-centralised detectors, as we have shown in the
previous experiments that the centralised detectors are suboptimal
for dispersive channels. The GP-MUD detector provides meaning-
ful solutions for training sequences shorter that the spreading code,
while the MMSE and the SVM-MUD provides chance level detec-
tion. For 200 training samples the GP detector is close to optimal
performance, while the SVM is still providing 50% error rate. At
this point, the MMSE detector is starting to reduce the BER, but
BER is always above10−3, even for high SNRs.

6. CONCLUSIONS

In this paper, we have presented the Gaussian Processes for regres-
sion framework for digital communications. GPs are used to con-
struct nonlinear regressors, according to the Minimum Mean Square
Error criterion. The main advantages of the GPs are twofold. First,
the solution given by the GPs is analytical, given its covariance ma-
trix. Hence, it allows learning the covariance matrix by Maximum
Likelihood, being able to adjust the hyperparameters in a single opti-
mization step. Second, GPs provide confidence intervals, which can
be used to assess the quality of the estimates. These characteristics
differentiate them with respect to other nonlinear tools as SVMs or
Neural Nets, in which an optimization step is needed to obtain the
point estimates and no confidence intervals are provided.

We have shown that this framework is very useful for solving the
MUD problem in CDMA systems compared to the linear MMSE cri-
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Fig. 4. BER for a CDMA scenario withK = 8 users and Gold
sequences withL = 31. Non-centralized MMSE (◦), SVM (∗) and
GP (¦) MUD for 30 (solid) and200 (dashed) training samples. The
UoI’s power is 30dB bellow the interferer users. Also, the BER with
memoryless channel and no interference (dash-dotted).

terion and SVMs, in which the hyperparameters are specified before-
hand. We have tested the GP and SVM-MUD in a realistic scenario,
in which the codes for the other users are unknown; the users arrive
with different signal power; and we have dispersive channels. For
this scenario we have shown that the GP-MUD is able to converge
to the optimal solution providing accurate answers with very short
training sequences, shorter than the chip length.
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