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Abstract

The notion of kernels, recently introduced, has drawn a lot of interest as it allows to

obtain nonlinear algorithms from linear ones in a simple and elegant manner. This, in

conjunction with the introduction of new linear classification methods such as the Support

Vector Machines has produced significant progress in machine learning and related research

topics. The success of such algorithms is now spreading as they are applied to more and

more domains. Signal processing procedures can benefit from a kernel perspective, making

them more powerful and applicable to nonlinear processing in a simpler and nicer way. We

present an overview of kernel methods and provide some guidelines for future development

in kernel methods, as well as, some perspectives to the actual signal processing problems in

which kernel methods are being applied.

1 Introduction

Kernel-based algorithms have been recently developed in the machine learning community, they

were first used to solve binary classification problems, the so-called Support Vector Machine [1].

And there is now an extensive literature on SVM [2, 3] and the family of kernel-based algorithms

[4]. In a nutshell, a kernel-based algorithm is a nonlinear version of a linear algorithm where

the data has been previously (nonlinearly) transformed to a higher dimensional space in which

we only need to be able to compute inner products (via a kernel function). The attractiveness

of such algorithms stems from their elegant treatment of nonlinear problems and their efficiency

in high-dimensional problems.
∗This work has been partially supported by CAM 07T/0016/2003.
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It is clear that many problems arising in signal processing are of statistical nature and

require automatic data analysis methods. Furthermore, the algorithms used in signal processing

are usually linear and their transformation for nonlinear processing is sometimes unclear. Signal

processing practitioners can benefit from a deeper understanding of kernel methods, because

they provide a different way of taking into account nonlinearities without loosing the original

properties of the linear method. Another aspect is dealing with the amount of available data

in a space of a given dimensionality, one needs methods that can use little data and avoid the

curse of dimensionality. This is what Vapnik’s approach aims at [2] and explains why using

kernel methods and Vapnik’s ideas may allow to efficiently handle data from nonlinear signal

processing problems.

We will start in Section 2 with an intuitive explanation on how the data, after being put

through a nonlinear transformation, can be more easily linearly explained, and we will draw a

simple example on the transformation of a linear algorithm into a nonlinear one using kernels.

We will review in Section 3 and 4 two of the most widely use kernel algorithms, Support Vec-

tor Machines for binary classification and Kernel Principal Component Analysis (K-PCA), to

illustrate how they can be used for nonlinear knowledge discovery. We will then have sufficient

information about kernel method development to be able to extend it to any signal processing

algorithm that can be expressed using inner products.

Kernel methods need to operate with the so-called kernel matrix, which is formed by all the

inner products of the input samples in the transformed space (also known as feature space). This

matrix is regularly constructed using a known kernel function, but in many applications these

typical kernels do not provide significant results. There is a new trend in machine learning in

which the kernel matrix is not computed but it is instead learnt from the samples, so it directly

captures the nonlinear relations within the input data. We will present this approach in Section

5, together with its lines for future development.

We will continue in Section 6 with an outline of some applications in which kernel methods

and support vector machines are being applied with success and describe some of them. We will

conclude the paper with a discussion in which some open questions still remain to be answered

and give final thoughts about future work for kernel methods.

2 Kernel Methods

Many algorithms for data analysis are based on the assumption that the data can be represented

as vectors in a finite dimensional vector space. These algorithms, such as linear discrimination,

principal component analysis, or least squares regression, make extensive use of the linear struc-
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ture. Roughly speaking, kernels allow to naturally derive nonlinear versions of them.

The general idea is the following. Given a linear algorithm (i.e. an algorithm which works in

a vector space), one first maps the data living in a space X (the input space) to a vector space

H (the feature space) via a nonlinear mapping φ(·) : X → H, and then runs the algorithm on

the vector representation φ(x) of the data. In other words, one performs nonlinear analysis of

the data using a linear method.

The purpose of the map φ(·) is to translate nonlinear structures of the data into linear

ones in H. Consider the following discrimination problem (see Figure 1) where the goal is to

separate two sets of points. In the input space, the problem is nonlinear, but after applying the

transformation φ(·) which maps each vector to the three monomials of degree 2 formed by its

coordinates, the separation boundary becomes linear. We have just transformed the data and
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we hope that in the new representation, linear structures will emerge. However, we may need to

add a lot of dimensions to really make this happen and it may be hard to ‘guess’ the right φ(·).
Here is where the so-called kernel comes into the game. We shall first restrict ourselves to

algorithms that work in vector spaces endowed with an inner product. In this case, φ(·) has to

map the input space to a Hilbert space.

If, in the execution of the algorithms, only inner products between data vectors are consid-

ered, i.e. the data appears only in expressions like 〈φ(x),φ(x′)〉 = φT (x)φ(x′), we can make

use of the fact that for certain specific maps φ(·) this inner product can be computed directly

from x and x′ without explicitly computing φ(x) and φ(x′). This computational trick is known

as the ‘kernel trick’. More precisely, a kernel is a symmetric function of two variables that sat-

isfies the following condition: for all n ∈ N, and all x1, . . . ,xn ∈ X , the kernel matrix, i.e. the

matrix whose elements are k(xi,xj) is positive semi-definite. The main property of functions

satisfying this condition is that they implicitly define a mapping φ(·) from X to a Hilbert space

H such that k(x,x′) = 〈φ(x),φ(x′)〉 and can thus be used in algorithms using inner products,
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introducing nonlinearities via a straightforward modification.

Because they correspond to inner products in some space, kernels can be considered as

measures of similarity between two data points. Many different types of kernels are known [4]

and among them, the polynomial kernel of degree d, defined as k(x,x′) = (a + 〈x,x′〉)d and the

so-called Gaussian kernel k(x,x′) = exp(−‖x−x′‖2/2σ2), are quite useful in practice. However,

kernels are not limited to vector spaces and can be defined on graphs, sequences, groups, among

others (see [4]). This is a key feature of kernels: they allow to work in a simple (linear) way on

data of various types (discrete or not, fixed or variable length).

Another issue is knowing why transforming the data nonlinearly to a higher dimensional

space ensures that a linear algorithm can be used over it to obtain a linear explanation of the

data. For classification, an intuitive explanation can be provided by Cover’s theorem [5] which

states the probability that n data points can be linearly separated in a d dimensional space is:

P (n, d) =





1, n ≤ d + 1

1
2n−1

d∑

i=0




n− 1

i


 , n ≥ d + 1

The direct consequence of this theorem is that the probability of linear separability of n data

points for any distribution and class label increases with growing d, so we hold to this belief to

expect that after transforming the data we will have more chances to have a linear explanation.

Another explanation can be provided based on the expression power of kernels like the Gaus-

sian kernel. It has been proved [6] for example that this kernel is universal which means that

linear combinations of this kernel computed at the data points can approximate any (continu-

ous) function. The corresponding feature space is actually infinite dimensional and intuitively,

this means that given any labelled data set (where points with different labels have different po-

sitions), there exists a linear hyperplane which correctly separates them in the Gaussian feature

space. This hyperplane may correspond to a very complex non-linear decision surface in the

input space. So the expression power is basically unlimited, but at the same time, as we will see

in section 3, the complexity of the solution can be controlled to avoid overfitting of the data.

2.1 An Example: Time Series Prediction

Now, we will illustrate how a linear algorithm can be described using kernels, obtaining a linear

algorithm in the feature space and a nonlinear algorithm in the input or original space. We

have selected a time series prediction problem in which the actual output is predicted using the

previous samples of the process, i.e ŷ[k] = w1y[k−1]+w2y[k−2]+ · · ·+wdy[k−d]+b. Our goal
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is to find the coefficients wi and b that minimise the error (mean square error) between the true

output of the process y[k] and its estimate ŷ[k] for a given number of samples from the time series.

We can describe the estimation process, given a labelled dataset ((x1, y1), . . . , (xn, yn)), where

xi = [y[d+i], . . . , y[i]]T ∈ X and yi = y[d+1+i] ∈ R, as the minimization of
∑n

i=1(yi−(xT
i w+b))2

with respect to w = [w1, . . . , wd]T and b. To transform this least square estimation into a kernel

method algorithm, we only need to apply a nonlinear mapping φ(·) over xi. In this case, we will

need to solve the following linear system:

ΦT (Φw + 1b) = ΦTy

1ΦTw + b = 1Ty
=⇒


 ΦTΦ 1

1TΦ 1





 w

b


 =


 ΦTy

1Ty




which was obtained equating to zero the gradient of the mean square error with respect to w

and b, where ΦT = [φ(x1), . . . ,φ(xn)], y = [y1, . . .yn]T and 1 is a column vector of n ones. For

solving this linear system of equations we need to know the nonlinear mapping φ(·). To work

with kernels, we can rely on the Representer theorem [7, 4] that, under fairly general conditions,

states that the best solution can be constructed as a linear combination of the training samples

in the feature space, i.e. w =
∑n

i=1 φ(xi)γi = ΦT γ. If we replace this definition into the above

system, it can be reduced to:

 H 1

1TH 1





 γ

b


 =


 y

1Ty




where (H)ij = k(xi,xj) is a matrix formed by inner products in the feature space, the so-

called kernel matrix. The predictions of the time series can be done, as well, using kernels:

ŷ[k] = φT (x)w + b, where x = [y[k − 1], . . . , y[k − d]]T . If we replace the definition of w

as a linear combination of the training samples, each prediction can be obtained as follows

ŷ[k] =
∑n

i=1 k(xi,x)γi + b. Therefore, we can find the parameters of the model and make

predictions using kernels, without ever needing to explicitly compute the nonlinear mapping φ.

This simple, yet illustrative, example shows the two basic ingredients to transform a linear

algorithm into a nonlinear one using kernels. This algorithm for regression estimation is known

as Gaussian Processes for regression [8], in which the kernel matrix plays the role of a Gaussian

covariance matrix. But before going any further, let us make two comments about the procedure

to construct kernel algorithms. First, the Representer theorem tells us how the best solution

can be constructed in a given feature space, but it is not telling that the chosen space is optimal

in any sense. The search for such space is problem dependant and the practitioner would have

to find it for each given application. In some cases, it can be as simple as tuning a hyper-

parameter, i.e. σ for the RBF kernel, or can be as complicated as learning the kernel matrix,
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as we will describe in Section 4, or constructing the whole nonlinear mapping and deriving the

kernel afterwards.

Second, transforming a linear algorithm into a nonlinear one, does not guarantee immediate

success. Linear algorithms work for linear problems, because they usually have sufficient data

for the given input space. But with a nonlinear version using kernels, in which the feature space

can be larger than the number of training samples (or even infinite dimensional), one cannot rely

only on the data to obtain good estimates. At this point is when VC (Vapnik-Chervonenkis)

Theory [2] and Regularization [9] play a fundamental role, to be able to provide meaningful

results even in an infinite dimensional feature space. We will show a practical example in the

following section, the support vector machine, in which these theories can be incorporated into

nonlinear algorithms to guarantee good performance.

3 Kernel Based Algorithms

We will present two kinds of learning algorithms. The first ones, supervised learning algorithms,

take as inputs a set of labeled examples, (x1, y1), . . . , (xn, yn) where xi are in some input space X
and yi are typically in R, and they produce as an output, a function f : X → R which (hopefully)

is able to predict the label y of new examples x. The second ones, work on unlabeled examples

(xi only) and try to describe the structure of the data (e.g. its distribution).

3.1 Support Vector Machines

The support vector machine (SVM) is a nonlinear algorithm to perform binary classification

(yi ∈ {±1}) proposed in [1] in 1992. The SVM is a nonlinear version of a linear algorithm,

the optimal hyperplane decision rule (also known as the generalized portrait algorithm), which

was first described in the early sixties [10, 11]. The idea is, given a labelled data set linearly

separable in the feature space, find the “optimal” linear decision function. In terms of training

error, we have many (some would prefer the word infinite) solutions that are optimal, i.e. that

are able to discriminate the samples without error. Therefore, we will need to find another

criteria to obtain the optimal solution among those with null training error. As our final goal is

to construct a decision function which is able to generalize for future unseen patterns, we would

have to find a criteria to match this purpose.

If we knew the density of each class and their relative frequencies, we could construct the

optimal decision rule using maximum a posteriori (MAP) criteria. But estimating the density

from samples is a very hard learning problem [2] especially in high dimension. Thus, in most

practical pattern recognition problems, is not an affordable task. But, we can translate the
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idea behind MAP to obtain a criteria for selecting the “optimal” hyperplane without knowing

the densities and relative frequencies of the classes. We have a linearly separable set, therefore

there must be a gap between the samples of each class, where the optimal hyperplane must

lie. Not knowing their densities nor their relative frequencies, it would be advisable to set the

linear decision function in the middle of the gap between the classes, correctly classifying all

the training samples and putting the decision functions as far apart from the given samples as

possible. Therefore, having situated the linear decision function as far apart from the samples

as possible, we will have less chance of making an incorrect prediction over the unseen patterns

(that are supposed to be generated by the same distribution which generated the training data).

The distance from the decision boundary to the closest training example is called the margin

and the SVM algorithm, which finds an hyperplane which maximizes this distance is called a

maximum margin classifier.

Maximizing the margin seems reasonable if the only available information is the given data

points and, the more dimensions the data has, the more suitable this principle is, because the

less information about the exact location of the decision boundary is carried by the data. This

is an intuitive explanation of why it has shown very good results in high dimensional problems

(handwritten digit recognition [12] and face detection in images [13]). However, optimality in

the sense of maximum margin and minimum training error, does not imply optimality in the

sense of minimum test (i.e. expected) error. But the flexibility of the kernel and the simplicity

of the algorithm together with the robustness provided by the maximum margin principle makes

SVM a good starting point for any binary classification problem and in many cases it turns out

to yield the best available solution.

We mentioned earlier than one cannot only rely on the data to find a good decision function,

but needs to control the complexity of the obtained solution. This is exactly what the maximum

margin principle intends to do: among the solutions that present zero empirical error, we choose

the simplest one (where simple here means linear and with a large margin, but this is purely

a convenience choice). The rationale is that we expect to be able to better explain the future

unseen patterns with a simple solution since it may then capture the informative structure of the

data. This is what VC theory is basically about, minimizing the empirical error and controlling

the complexity (or capacity) of the obtained classifier.

To solve an SVM, we will have to find a hyperplane that correctly classifies the data, i.e.

satisfies φT (xi)w + b > 0 for every xi with class label yi = 1 and φT (xi)w + b < 0 for every

xi with class label yi = −1. These restrictions are usually expressed as: yi(φT (xi)w + b) ≥ ρ,

where ρ/‖w‖ is the minimal distance of the samples of each class to the linear decision function
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in the feature space (φT (x)w + b = 0). To maximize the margin, we should maximize ρ/‖w‖.
As any multiplicative factor over ρ and the norm of w would lead to the same solution, we can

fix one of them (ρ = 1) and maximize 1/‖w‖. The maximum of 1/‖w‖ can be obtained as the

minimum of ‖w‖ or equivalently as the minimum of ‖w‖2. The SVM optimisation problem is:

min
w,b

1
2
‖w‖2 (1)

subject to:

yi(φT (xi)w + b) ≥ 1 (2)

which is a quadratic problem (convex), that can be easily solved. A typical approach for solving

such a problem is to first convert it into the Wolfe dual problem [14] (using the Lagrange

multipliers method) which is an optimization problem expressed in terms of auxiliary variables

but which is equivalent. It has the form

max
αi

n∑

i=1

αi − 1
2

n∑

i=1

n∑

j=1

αiαjyiyjk(xi,xj) (3)

subject to
∑n

i=1 αiyi = 0 and αi > 0, where the SVM solution is obtained as w =
∑n

i=1 αiyiφ
T (xi).

Predicting the label of unseen data can be made, as well, using kernels, once the defini-

tion of w as a linear combination of the samples in the feature space is used, i.e. f(x) =

sign (
∑n

i=1 αiyik(xi,x) + b). There exist other approaches to solve the SVM optimization prob-

lem, for example using an Iterative Re-Weighted Least Square procedure [15].

The name of the algorithm is due to the fact that only a few samples have a non-zero

αi, and they are called the support vectors. They fulfill the restriction in (2) with equality

and, consequently, are the samples closest to the linear decision function. We show a simple

example in Figure 2 in a 2 dimensional space, in which the support vectors are represented as

stars. There, one can readily check that the obtained solution is the furthest apart from all the

samples maximizing the margin between the samples and the linear decision function.

1/||w||

1/||w||

Figure 2: Maximal margin hyperplane

The SVM has been extended to solve problems that are not linearly separable in the feature

space. This is done by softening the correct classification constraint by allowing some violation of

(2). The constraint is replaced by (yi(φT (xi)w+ b) ≥ 1− ξi) where the ξ are non-negative slack
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variables. Of course, one has to pay a penalty for misclassifying an example. The one-norm of the

slacks is added to the objective functional weighted by a parameter C (min 1
2‖w‖2 + C

∑n
i=1 ξi)

which controls the trade-off between misclassification of the training data and achieved margin.

The corresponding dual to this so-called ‘soft-margin’ formulation is the same as (3) with the

additional constraint αi ≤ C whose effect is to limit the influence an outlier can have on the

final decision boundary.

To illustrate how SVMs work we are going to classify handwritten letters from the Spanish

alphabet. We have gathered 580 samples of each letter (upper and lower cases) from 580 different

people, summing up to 274320 inputs. Each letter is a 28× 28 dimension 8-bit-per-pixel image,

we show some examples in Figure 3. To classify the letters we are going to train an individual

classifier for each letter, confronting it with the rest of the letters, any new letter will be classified

using the largest output of the binary classifiers (this is an standard procedure to construct

multiclass SVMs [2]). We have preprocesses the samples so each input value is between 0 and

1 and we have solve this problem using a gaussian kernel with σ = 20 and C = 10, which have

been set by cross validation. 500 instances of each letter has been used for training and the

remaining 80 have been used for testing purposes. The obtained classifier has an error rate of

13.7%. We have also meassure the human error rate over 24 subjects, each of them looked at

180 samples, obtaining an error rate of 6.6%.

D I N Ñ R T a e l ñ r v

Figure 3: We show 12 examples of the letters in the training set.

Besides binary classification, the SVM algorithm has been generalized for solving regression

estimation [16, 17], for multiclass [18, 19] and for multiple output problems [20, 21].

It is important at this point to mention that the SVM optimization problem can be written

as a regularization problem:

min
f,b

1
n

n∑

i=1

L(yi(f(xi) + b)) + λ‖f‖2 ,

where f(x) = wT φ(x) and ‖f‖ := ‖w‖ and L is a loss function. Choosing L(z) = max(0, 1− z)

gives the soft-margin SVM (also called 1-norm soft margin), while other choices give variants,

like the 2-norm soft margin SVM with L(z) = max(0, 1− z)2 [3] or the least-squares SVM with

L(z) = (1− z)2 [22].

In the regularization setting, ‖f‖2 is called the regularizer and λ the regularization parameter.

The role of the regularizer is to restrict the space in which the solution is searched, or equivalently
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to control its capacity. One advantage of the SVM algorithm is that the regularizer has a direct

geometric interpretation in terms of margin of separation of the classes. This is no longer the

case in the regression estimation setting. In a sense, this lack of interpretability of the regularizer

for regression may be a reason for the limited development of kernel methods in regression.

Finally, let us note that the parameters C or λ above have no direct interpretation and this

limits the use of heuristics for choosing them (the only way of tuning them is by trying several

possible values). It is thus relevant to mention the ν-SVM [23] which is, at first, a less intuitive

parametrization of the SVM, but more meaningful for practitioners because the new parameter

ν roughly represents the fraction of expected support vectors.

3.2 Unsupervised Learning Algorithms

One of the kernel algorithm that has been known from the mid-nineties is the Kernel Principal

Component Analysis (K-PCA) [24]. This algorithm performs the well-known PCA in the feature

space, so it looks for directions of largest variance that yields nonlinear directions in the input

space. We show a toy example in Figure 4, where PCA is performed in both the input and

R2

linear PCA

R2

H

Φ

kernel PCA

k
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Figure 4: Linear vs. kernel PCA

feature space produced by a polynomial kernel. The result of the kernel PCA is to extract

nonlinear components which describe the non-ellipsoidal shape of the data cloud. Besides, the

interest K-PCA presents in itself, for feature extraction [4] or for obtaining nonlinear version of

algorithms that cannot be readily kernelized [25], its development is also relevant, because it is

not straightforward to express the PCA in terms of scalar products. Therefore, presenting this

development can give some ideas on how to construct kernel algorithms.

The Principal Component Analysis solves the eigenvalue equation:

λv = Cv (4)
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where λ and v are, respectively, the eigenvalues and eigenvectors of C, which is the covariance

matrix of the samples x1 . . . ,xn in the feature space:

C =
1
n

n∑

i=1

φ(xi)φT (xi) (5)

for
∑n

i=1 φ(xi) = 0 1.

As a covariance matrix, C is positive semidefinite, so that the resolution of the eigenvalue

equation (4) will give only non-negative eigenvalues (λ ≥ 0) for non zero eigenvectors v ∈
H−{0}. However, the problem is expressed in terms of the covariance matrix, which is formed

by outer products of the samples, not by inner products. To be able to introduce kernels, we

need to obtain a representation of v in terms of φ(xi). We replace in (4) the definition of C in

(5) to get

λv = Cv =
1
n

n∑

i=1

φ(xi)φT (xi)v

where one can realise that for nonzero eigenvalues the eigenvector is constructed as a linear

combination of the input vectors in the feature space (this is another form of the Representer

theorem mentioned earlier):

v =
n∑

i=1

φ(xi)αi = ΦT α

where αi = φT (xi)v
λn . We can use this definition of v to solve the PCA problem with kernels,

leading to the following eigenvalue equation:

λΦT α =
1
n
ΦTΦΦT α (6)

If we premultiply it by the pseudoinverse of ΦT , we are left with:

nλ(ΦΦT )−1ΦΦT α = (ΦΦT )−1ΦΦTΦΦT α

which can be simplified to:

nλα = Hα (7)

which is an eigenvalue equation for the kernel matrix H, where the eigenvectors α are the

expansions coefficients of the eigenvectors v for the covariance matrix C.

Once it has been solved, we will have n eigenvalues λj (λ1 ≥ λ2 ≥ · · · ≥ λn corresponding to

the nλ in (7)). As the eigenvalue equation is solved for αj instead of vj , we will have to apply

a normalization post processing to the αj to ensure that the eigenvalues vj have unit norm in

the feature space, therefore αj = αj/
√

λj , see [26] for further details.

1We will deal with non-centered data at the end of this section.
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The expansion of any vector φ(x) in the feature space can be calculated, as well, using

kernels for the nonzero λj :

〈vj , φ(x)〉 =
n∑

i=1

αj
iφ

T (xi)φ(x) =
n∑

i=1

αj
ik(xi,x) ∀j = 1, . . . , m (8)

where m is the number of nonzero λj .

We will now deal with non-centered data in the feature space. In this case the data would

have to be centered in the feature space and then the kernel matrix would have to be computed,

this operation can be directly done using the kernel matrix of the data as follows: H̃ = H −
1nH−H1n + 1nH1n, where 1n is a n× n matrix with all its entries equal to 1/n and being H̃

the kernel matrix of the centered data and the one to be used in the previous development.

We have plotted in Figure 5 the output of the KPCA algorithm for a 2D data set. We have

run the KPCA with a gaussian kernel (σ = 0.5), the contour plots show the output of the KPCA

to the eigenvectors with largest eigenvalue. It can be seen that the first three plots concentrate

on distinguishing between clusters and the fourth it considers the intercluster structure.

(a) (b) (c) (d)

Figure 5: We show the contour lines of the KPCA algorithm for the first four eigenvectors.

Another type of unsupervised learning algorithm is the so-called one-class SVM whose goal

is to estimate the support of the data distribution. It works by applying a variant of the SVM

algorithm with all yi set to 1. The result is a nonlinear boundary that encloses the data (or a

prescribed fraction), which can be applied to the outliers or novelty detection problem [27].

Finally, other types of algorithms that are often used in signal processing have been recently

extended to the nonlinear case via kernels. These include Vector Quantization [28], Independent

Component Analysis [29, 30] and Canonical Correlation Analysis [31].

4 Learning the Kernel Matrix

We have already mentioned in Section 2 that given a feature space the best strategy one can

follow is maximizing the margin between the classes. The problem that still needs to be addressed

is finding the optimal feature space and, as we only know it by its kernel, it reduces to choosing

the best kernel for the actual learning.
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Each kernel corresponds to a space of functions along with a preference relation on this space.

Indeed, the space of functions associated to a kernel is the space of linear hyperplanes in the

corresponding feature space f(x) = wT φ(x) + b and the preference is given to those functions

whose weight vector has a small norm ‖w‖. If the desired (target) function can be represented

by a weight vector with a small norm, the kernel algorithm will have a good performance since

a small amount of data will be needed to identify the correct function.

This shows that the performance of the kernel algorithm will be highly dependent on the

kernel and the best kernel depends directly on the problem at hand. This has two implications:

• If one has some prior knowledge about the problem and more precisely about the shape of

the solution, it is possible to introduce this knowledge into the kernel in a principled way.

This will significantly improve the performance of the kernel algorithm.

• On the other hand, if the kernel is not appropriate to the learning problem, the performance

can be arbitrarily bad, so that one needs to tune the kernel.

So the bad news is that one needs prior knowledge to have good performance (there exist no

universally good algorithm) but the good news is that some of this knowledge can be extracted

from the data.

One approach is to tune the hyperparameter of a given family of functions, i.e. set the kernel

width σ for the Gaussian Kernel K(x,x′) = exp(−‖x − x′‖/2σ2). This tuning can either be

done using cross validation approaches [32] or using a performance bound [33]. However, this

parametric approach has limited flexibility especially with non-vectorial data such as strings [34],

in which popular kernels are not able to provide meaningful results. For this kind of problems,

i.e. text categorization, gene expression or protein classification, people have mainly devised

their own kernel incorporating prior knowledge. Further information about these techniques

can be found in [35, 36, 37].

The second and more promising approach consists in trying to learn the kernel matrix directly

from the data, instead of tuning a hyperparameter of a given parametric family of kernels. The

goal this approach seeks is two-fold. First, not to be restricted to a family of kernels that

might not be able to capture precisely the required nonlinear mapping for the problem at hand.

Second, to stop tuning any hyperparameter, obtaining a robust learning procedure which is able

to provide a kernel matrix without setting any learning parameter for any given problem.

The first of such methods was introduced by Cristianini et al. [38], in which the objective is

to align the kernel matrix with the samples labels, using a normalized Frobenious norm:

Â =
〈H,yyT 〉F√

〈H,H〉〈yyT ,yyT 〉 =
yTHy

n
∑n

i,j=1(H)2ij
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The larger this norm is, the larger the alignment would be between the label vector y and

the kernel matrix H. The proposed algorithm decompose H as a sum of kernel matrices,

H =
∑

i αiHi and maximize the kernel target alignment with respect to αi. To ensure the

obtained kernel matrix is positive semi-definite, the αi are restricted to be nonnegative. This

work has been extended by Lanckriet et al. [39] in which the kernel target alignment was

maximized using a semi-definite programming procedure [40], which ensure the kernel matrix

being positive semi-definite. In this approach the overaligment (overfitting) is controlled using

transductive learning [2], in which the labels have to be predicted over a known test set, instead

of inductive learning, in which the test set can be potentially any point in the input space.

Two recent proposals [41] and [42] have come to provide a better understanding on learning

the kernel matrix. In [41], a regularized functional is constructed to solve the learning problem,

in which a term is added to control the kernel complexity, in the same way as it is done for

controlling the decision function complexity. They use an extension of the Representer theorem

to construct kernels for kernels, which they name superkernels. Initially, one can think that in

this case one would need to set the hyperparameters of the superkernels instead of the kernels

parameters, so we have just translated the problem to another tuning procedure. The relevance

of this approach is the relative insensitivity of the obtained solution to the hyperparameters of

the proposed regularized functional, so the tuning has limited influence on the solution.

Finally, in [42], inspired by the work of [39], the authors propose a different measure for

the learning kernel matrix, instead of maximizing the kernel alignment, minimizing
√

trH
Mn , where

trH is the trace of the kernel matrix (after centering), M is the margin of the classifier and n the

number of training samples. They propose to fix the trace of the kernel matrix and maximize

the margin of the classifier with respect to the kernel matrix. The space of possible matrices is

chosen as the convex hull of a finite number of given matrices which yields a significantly simpler

algorithm than the semi-definite programming approach proposed in [39].

Several questions remain open with regard to learning of the kernel matrix. It is not clear

yet what is the best criterion to optimize. Also computationally efficient procedures have to

be designed. Finally the choice of the class of kernel matrices to be considered is an important

aspect of these methods. Therefore, important developments can be expected in this domain.

5 Signal Processing Applications

Kernel algorithms have presented a steady growth in the recent years. The SVM has been

applied to several signal processing and communications applications. Some of them are di-

rect application of the standard algorithms for detection or estimation and others incorporate
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prior knowledge to the learning process, either incorporating virtual training samples or by

constructing a relevant kernel for the given problem. The SVM has been applied to: speech

and audio processing (speech recognition [43], speaker identification [44], extraction of audio

features [45]), image processing and computer vision (face detection and recognition [13], image

coding [28], handwritten digit recognition [12]), communications (channel equalization [46, 47],

non-stationary channel models [48], multi-user detection [49]), time series estimation (chaotic

time series [50], financial series [51]), and others (text [34, 37] and protein [35] classification) in

which string kernels have been defined and used with great success. This list does not intend to

be exhaustive but shows the diversity of problems that can be addressed with an algorithm and

its variants. We will now revisit some of these applications.

5.1 Handwritten digit recognition

Handwritten digit recognition was the first real application solved using SVMs [1], and it can be

considered the SVM killer application, because it improved the best previous result using the

SVM directly over the unprocessed images of the handwritten digits [12] (the input vector are the

pixels of the images). This application has been further improved by using virtual training sam-

ples [52], which consists of constructing new samples from the initial ones. The virtual samples

are formed by making the training digit thinner/coarser and by slightly translating/rotating it.

These extra samples will incorporate prior knowledge to the problem, because of a “5” written

with a thinner pen is still a five and an “8” rotated 5 or 10 degrees is still an eight. The SVM

trained with 12 virtual digit per digit is actually the best available classifier for the MNIST

digit recognition with a misclassification rate of 0.6%. Also a new method for incorporating

invariances into the kernel matrix, taking into account the positioning of the training samples

has further improved the classification rate [53].

5.2 Speech recognition

Speech recognition has been usually solved applying Hidden Markov Models (HMM) trained

using maximum likelihood estimates. The limitation of this approach is that the probability

density function of the models is unknown and any assumption could be misleading. There is

a proposal in which the SVM has been incorporated into the HMM decision process [43], to be

able to process the voice as it is generated, but at the same time make the decisions according

to the maximum margin rule that will ensure best separability under any density model.
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5.3 Communications

Channel equalization and estimation is one of the key issues in digital communication because it

involves linear (Inter-Symbolic Interference) and nonlinear (amplifiers and converters) distortions

and, in many situation, the training sequence need to be short, not to reduce the payload bits.

Channel equalization is needed, because the communication channels introduces inter-symbolic

interference, each transmitted symbol is spread between some contiguous received symbols.

Therefore a linear transversal filter, that contains several consecutive symbols, is used to estimate

the incoming symbol. Least squares are frequently employed to compute the weights of these

filters. SVMs have been used with great success over nonlinear channel directly using linear and

nonlinear kernel with very short training sequences [46] and some modifications using hidden

Markov models have been also proposed [47]. One of the most relevant features in equalization is

that the channel does not need to be stationary, needing to change the decision function without

new training sequence. The SVM has been originally proposed for i.i.d. training sample, and

consequently it has to be modified for using it over time varying communication channels. This

has been obtained by incorporating the prior information about the evolution with time in the

SVM cost and margin [48].

6 Discussion and Perspectives

In this paper, we have tried to give an overview of kernel methods focusing on their aspects

that we consider most relevant and that can be expected to have a great development in the

forthcoming years. We have explained that the maximization of the margin in classification

problems provides an intuitively reasonable measure for generalization in a given feature space.

We have also explained how this feature space can be constructed from the data. These are

two basic elements in the success of support vector machines and they can be extended to other

settings to construct meaningful kernel methods from linear algorithms.

We would like to say that this paper reflects our own point of view on kernel methods and

the views that we expressed regarding their justification or their future developments may not

be shared by the whole community. However, we hope that this will encourage people to use

these methods and to express their own views in turn, to the benefit of all.
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