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ABSTRACT

In this paper we propose to use Gaussian processes for classi-
fication (GPC) for solving the channel equalization problem.
GPC provides not only accurate decisions as other nonlin-
ear machine learning tools do, i.e. support vector machines
or neural networks, but it also assigns posterior probabilities
to each one of its output. This is a significant advantage of
GPC with respect to other machine learning tools for chan-
nel equalization, because the channel decoder benefits from
its soft outputs to provide significantly better error correcting
capabilities for the entire communication system. As, for pre-
vious schemes, the channel decoder had to rely on the hard
decisions given by the equalizer, because the output of these
methods cannot be transformed into posterior probabilities.
We show that the GCP equalizer is able to estimate posterior
probabilities accurately in a variety of real digital communi-
cations channel.

Index Terms— Gaussian processes, Equalizers, Nonlin-
ear estimation

1. INTRODUCTION

Channel equalization is a major issue in digital communica-
tions because the channel affects the transmitted sequence
with linear and nonlinear distortions. Inter-symbol interfer-
ence (ISI), which accounts for the linear distortion, consists in
spreading the received symbol’s energy through several time
intervals. ISI occurs as a consequence of both multipath and
the limited bandwidth of the channel. Besides, the channel
cannot be considered linear due to the presence of nonlinear
devices such as amplifiers and converters [1]. Channel equal-
ization minimizes these distortions to recover the transmitted
sequence. In wireless communications, the channel is time
variant and thus it is necessary to send a training sequence in
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every burst. Hence, short training sequences are a prerequisite
for achieving good spectral efficiency.

Traditionally, equalization of linear channels has been con-
sidered equivalent to inverse filtering, where a linear transver-
sal equalizer (LTE) is used to invert the channel response and
its parameters are usually adjusted using a minimum mean
square error (MMSE) criterion. These solutions are simple
but suboptimal. The optimal solution is based on maximum
likelihood sequence estimation. However, its complexity grows
exponentially with the dimension of the channel impulsive
response (Viterbi Algorithm), and it introduces an unknown
delay. Alternatively, neural networks (NNs) can be used to
approximate the optimal solution at a lower computational
cost. Several NNs schemes have been proposed to address
this problem with varying degrees of success, such as the
multi-layered perceptron (MLP) [2], radial basis functions
(RBFs) [3], recurrent RBFs [4], self-organizing feature maps
[5], wavelet neural networks [6], Kernel Adaline (KA) [7],
support vector machines (SVMs) [8] and Gaussian Processes
for Regression (GPR) [9]. Such structures usually outperform
the LTE, especially when non-minimum phase channels are
encountered. They can also compensate for nonlinearities in
the channel. The major drawback of such schemes is the need
for long training sequences to achieve optimal equalization.

In modern digital communication systems the bits are trans-
mitted through a channel encoder to introduce redundancy in
the bit sequence. The channel decoder exploits this redun-
dancy to reduce the probability of error produced by the chan-
nel. The channel decoder can work either using Hamming
distance, if only a sequence of bits is provided by the equal-
izer, or using the Euclidean distance, if a posterior probability
for each bit is available at the equalizer’s output. The former
is known as hard decoding and the latter as soft decoding.
The soft decoding is able to achieve significantly lower bit er-
ror rates for a given signal to noise ratio, because the equalizer
provides information about how likely it is that each bit is in
error. While the hard decoder has to be equally wary of all the
received bits, as it has no information about which ones could
be in error.



The previously mentioned nonlinear procedures for chan-
nel equalization only provide bitwise decisions and cannot
produce the posterior probability for each received bit. These
pattern recognition methods are trained to reach minimum
probability of error. Therefore, their soft-outputs cannot be
interpreted as posterior probabilities and they have to be thresh-
old before being fed into the channel decoder. Hence, the
procedures above can only be decoded using a hard decoder.

The support vector machine soft output can be transformed
into posterior probabilities using the so-called Platt’s method
[10]. This method passes the SVM output through a sigmoid
to obtain the posterior probabilities. Platt’s method is not very
principled, as Platt himself explains in his paper, but it typi-
cally provides good predictions. However, in some cases its
probability predictions are not accurate, as shown in [11], and
therefore it cannot be said a priori how good its fits will be. In
this paper we propose to use a novel nonlinear tool for channel
equalization known as Gaussian processes for classification
(GPC). This Bayesian tool provides the posterior probability
for each decision allowing the use of a soft decoder. This
property makes it unique among the nonlinear methods for
channel equalization. In a previous paper [9], we proposed
to use Gaussian processes for regression (GPR) to solve the
channel equalization problem. The GPR solution has the ad-
vantage of being analytical, which makes it easy to compute,
while to obtain the GPC solutions we need to use approxi-
mations for its posterior distribution, which can be time con-
suming. However, the GPR solution cannot be interpreted as
posterior probabilities for each output bit, because it assumes
it is solving a regression problem with Gaussian noise. And
that is not the case for channel equalization, which can be cast
as a classification problem.

The remaining of the paper is organised as follows. In
Section 2, we present the Gaussian processes for classifica-
tion. We review the channel equalization problem as a pattern
recognition task in Section 3. Section 4 shows, by means of
computer experiments, that GPC matches the performance of
other nonlinear methods for channel equalization, while be-
ing able to provide good posterior estimates for each bit. We
conclude in Section 5 with some remarks and further work.

2. GAUSSIAN PROCESSES FOR CLASSIFICATION

Gaussian Processes for Classification is a supervised machine
learning tool for predicting the posterior probability of the la-
bel, y∗, given an d-dimensional input vector, x∗, and a train-
ing data set (D = {xi, yi}n

i=1, xi ∈ R
d and yi ∈ {±1}):

p(y∗ = 1|x∗,D) (1)

For the training set, we will assume that the n training
patterns have been i.i.d. sampled from p(x, y) and that the
probability of each sample can be computed using a latent
function f(xi) = fi:

p(yi|f(xi)) = Φ(yif(xi)) (2)

where Φ(·) is typically a sigmoid or a Probit [12]. Due to
independence, we can express the joint distribution as:

p(y|f) =
n∏

i=1

p(yi|f(xi)) =
n∏

i=1

Φ(yif(xi)) (3)

The GPC assumes that, given the input samples X =
[x1, . . . ,xn] the latent function f = [f1, . . . , fn], its prior
probability is a multidimensional Gaussian density function
(i.e., a Gaussian process) p(f |X) = N (0,K), where the
covariance matrix K is a positive definite kernel function.
Therefore we can compute its posterior using Bayes rule:

p(f |D) =
p(y|f)p(f |X)

p(D)
(4)

This posterior is non-Gaussian because the likelihood in (3)
is not Gaussian.

The latent variable at a test point f(x∗) is:

p(f∗|D, x∗) =
∫

p(f∗|f ,X, x∗)p(f |D)df (5)

and the predictive class becomes:

p(y∗|D, x∗) =
∫

p(y∗|f∗)p(f∗|D, x∗)df∗ (6)

These integrals are intractable to compute. But the poste-
rior in (4) is typically unimodal and a Gaussian approximation
is likely to approximate it well. The two standard approxima-
tion for GPC are either Laplace or EP [12]. As shown in [11]
the EP approximation does a better job describing posterior
probabilities and this is the one we will be using in this paper.

There are several issues that we have not described in de-
tail in this short introduction for GPC due to lack of space.
Details on how the kernel is selected and trained, why GPC
is a good model for classification problems and why it ap-
proximates the posterior probabilities. This information, to-
gether with deeper insight about Gaussian processes for ma-
chine learning, is perfectly described in [12]

3. CHANNEL EQUALIZATION

In Figure 1 we depict a simple band-based model to describe
a dispersive communication channel, yet typically used [13].
The transmitted signal b(t) is a BPSK modulated signal, i.e.,
an independent and equiprobable sequence of symbols with
values {−1,+1}, and n(t) represents additive white Gaussian
noise (AWGN). The linear time-invariant impulse response
for the channel is given by:

C(z) =
nc−1∑
i=0

ciz
−i (7)

where nc denotes the channel length. A linear transversal
equalizer (LTE) is typically used to invert the channel re-
sponse for recovering the transmitted signals [14]. The LTE
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Fig. 1. Simple discrete-time transmission channel model.

linearly combines the last m samples from the channel to es-
timate the transmitted bit, i.e.:

b̂(t − τ) = sign
(
w�x(t)

)
(8)

where x(t) = [x(t), x(t − 1), . . . , x(t − m + 1)] and τ is
a delay to ensure that enough information is available in the
LTE to estimate the transmitted bit. The weight vector w is
typically computed applying the MMSE criterion [14], as it
offers a trade-off between minimising the effects of the dis-
persive nature of the channel and its noise. Nonlinear channel
equalizers transform x(t) prior to computing the weight vec-
tor to obtain solutions that achieve minimum BER.

4. EXPERIMENTS

In this section we include some experimental results of chan-
nel equalization for a linear channel model. We actually illus-
trate that the novel approach based on GPC does not only pro-
vide optimal results but also accurate predictions for posterior
probabilities. We have first used a simple channel model that
will actually allow us depict the percentile curves for the op-
timum decision function and the one provided by the GPC
equalizer. The channel model is given by:

C(z) = 1 + 0.5z−1 (9)

In Figure 2a we have depicted the BER versus the Eb/N0

when 100 and 800 samples have been used for training a two
tap equalizer. We have limited ourselves to low signal-to-
noise ratio since we are only interested in high probability
of error at the equalizer’s output. The resulting BER will
be further reduced after the channel decoder. The channel
decoder has not been simulated in this paper, but any state-
of-the-art procedure as Low-Density Parity-Check (LDPC)
codes or Repeat and Accumulate (RA) codes [15] will pro-
vide BER bellow 10−5 for Eb/N0 as low as 1 or 2dB. Also,
we have not compared the BER of the GPC equalizer with
other nonlinear method as it performs as the GPR equalizer
in [9], in which a full comparison is made with state-of-the-
art channel equalization methods. In any case, we are not as
much interested in the BER performance as we are on the
predicted probabilities given by the GPC equalizer, as accu-
rate prediction for these posterior probabilities allows optimal
performance for the channel decoder. In Figure 2b we have
depicted the posterior probabilities of the optimum classifier

1 2 3 4 5 6 7

10
−2

10
−1

(a)

E
b
/N

0

B
E

R

   (b)

P[b=1]=0.1

P[b=1]=0.5P[b=1]=0.9

Fig. 2. In (a), BER vs. Eb/N0 for the channel in (9). The
solid line represents the optimal BER. The dashed and dash-
dotted lines, respectively, represent the BER for the GPC
equalizer with 100 and 800 training examples. In (b), we rep-
resent the percentile curves for a signal to noise ratio of 2dB
for both the optimum decision function (solid) and the GPC
equalizer trained with 800 examples (dashed).

(solid lines) and the predicted probabilities of the GPC equal-
izer (dashed lines). These curves are almost identical, which
explain the perfect fit between the GPC equalizer and the op-
timum classifier.

We have shown in Figure 3-6 the calibration curves for
the GPC equalizer compared to the optimum posterior prob-
abilities for 104 test samples. We have shown these plots for
training sequences with 100, 200, 400 and 800 samples. In the
horizontal axis we report the true posterior probability and in
the vertical axis the probability predicted by the GPC equal-
izer. In these plots we can see that, as we increase the number
of training samples, the points concentrate on the diagonal
axis, which represents the perfect fit between GPC equalizer
and the optimum. It is important to notice that although the



BER does not improve when we move from 100 to 800 train-
ing examples, as it can be seen in Figure 2a, the calibration
curves vary significantly as the number of training examples
increases. The GCP equalizer is able to find the 50% per-
centile accurately with few training example, which explains
the BER performance. It is also understandable that we will
need more training samples to provide with accurate poste-
rior probabilities predictions compared to only predicting the
right label, as we are asking for a better description about the
probability of each received bit. Hence, the longer the train-
ing sequence is the better the matched between the predicted
and optimum posterior probabilities will be.
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Fig. 3. Calibration curve for a 2dB signal to noise ratio chan-
nel for 100 training samples
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Fig. 4. Calibration curve for a 2dB signal to noise ratio chan-
nel for 200 training samples.

Finally, we propose to use a more realistic channel model

C(z) = 0.3482 + 0.8704z−1 + 0.3482z−2 (10)
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Fig. 5. Calibration curve for a 2dB signal to noise ratio chan-
nel for 400 training samples.
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Fig. 6. Calibration curve for a 2dB signal to noise ratio chan-
nel for 8100 training samples

as proposed in [7] to model radiocommunication channels.
For this channel we report in Figure 7 the calibration curves
for 800 training samples with a four-tap unit-delay equalizer.
In this more realistic scenario the GPC classifier performs as
well as it did in the previous example and the reported prob-
abilities are very close to each other, so they can be used in
a soft channel decoder to significantly reduce the BER at its
output.

To train the GPC we have used Carl Rasmussen software
at http://www.gaussianprocess.org and we have used a Gaus-
sian kernel with isotropic covariance matrix.
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Fig. 7. Calibration curve for a 1dB signal to noise ratio with
800 training examples for the channel in (10).

5. CONCLUSION AND FURTHER WORK

In this paper we have shown how Gaussian processes for clas-
sification can be used for solving the channel equalization
problem. This nonlinear tool performs as well as other neu-
ral network and kernel methods. Moreover it provides extra
information for each one of its decisions, i.e. the posterior
probability of being in the correct class. This information can
be used by the channel decoder to significantly reduce the
BER for low signal to noise ratio. This characteristic is not
shared by the other nonlinear machine learning tools, as they
can only provide hard decisions as outputs. We have shown
that, as the number of samples increases, the predicted prob-
abilities tend to the true posterior probabilities.

We have not checked how the channel decoder will per-
form with these estimated probabilities and which will be
the final performance of the complete communication system.
This has been left as a further work, as it will not only depend
on the quality of the predicted probabilities, but also on the
error correcting code. We need to study further the interac-
tion between the GPC equalizer and the used error correcting
codes to find synergies that can be exploited to improve the
BER at the decoder’s output, which is the final goal when de-
scribing a communication system.
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