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Abstract – The Least Mean Square (LMS) algorithm has become a
very popular algorithm for adaptive filtering due to its robustness
and simplicity. A difficulty concerning LMS filters is their inherent
compromise between tracking capabilities and precision, that is
imposed by the selection of a fixed value for the adaption step. An
adaptive convex combination of one fast LMS filter (high adaption
step) and one slow LMS filter (low adaption step) was proposed as
a way to break this balance. In this paper, we propose to generalize
this idea, combining multiple LMS filters with different adaption
steps. Additional speeding up procedures are necessary to improve
the performance of the basic scheme. Some simulation work has
been carried out to show the appropriateness of this approach when
identifying plants that vary at different rates.

Keywords – Least Mean Square (LMS), plant identification, convex
combination

I. INTRODUCTION

Widrow and Hoff’s Least Mean Square (LMS) [1] algo-
rithm has become the most popular algorithm for adaptive
filtering due to its robustness, good tracking capabilities, and
simplicity in terms of computational load and easiness of
implementation. It has therefore been successfully used in a
wide variety of applications such as plant identification among
others [2].

There are two main difficulties concerning LMS filters. The
first arises in scenarios with a high eigenvalue spread in the
correlation matrix of the input process. The second difficulty
is the inherent balance between speed of convergence and final
misadjustment in stationary situations that is imposed by the
selection of a certain value for the adaption step [2]. In this
paper, we will pay attention to this second issue.

Some previous proposals try to improve the speed vs
precision balance by using non-quadratic error functions (e.g.
the Least Mean Fourth (LMF) algorithm [3]) that get a faster
convergence. The idea of combining the LMS and LMF cost
functions has also been explored in the literature [4], [5].
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Following a different way, many researchers have proposed
schemes that manage the value of the learning rate. In [6] we
studied several of such approaches, being the algorithm in [7]
the one which reported a best behavior. Harris el al. propose to
adaptively change the value of the adaption step by multiplying
or dividing it by a constant factor, depending on the signs of
each of the components of the gradient vector along some
of the last iterations. This algorithm has the drawback of
introducing some extra parameters which must be fixed to
a priori values. This selection itself implies a compromise
between stability, speed of convergence, precision and tracking
capabilities. Therefore, the optimal values for these parameters
are highly dependent on the particular environment in which
the filter operates.

In [8] we proposed an alternative approach that had its roots
in the idea of model mixtures of [9], [10]. In these papers
(which consider the prediction of autoregressive processes) it
is proposed to combine adaptive filters with all possible orders
up to m, to obtain a universal predictor that is, in the mean
square error sense, at least as good as the best individual filter.
Our scheme, however, is aimed at improving the speed of
convergence vs precision balance of LMS filters. In [6] we
combined one fast and one slow LMS filters with the objective
of getting the advantages of both of them: fast convergence and
good tracking capabilities from the fast LMS filter, and reduced
steady-state error from the slow filter. In order to obtain a better
behavior from the combination, it was necessary to design
procedures that speed up the convergence of the slow filter and
improve the switching between the fast and slow filters.

In this paper, we introduce a new algorithm that combines
multiple LMS filters (M-CLMS algorithm) which is the natural
extension of the combination of two LMS filters (CLMS) of
[6]. Although the component filters in the scheme can be of
any type, we will just consider the case of LMS filters with
different values for the adaption steps. This way, each filter
will be particularly good in tracking changes that occur in the
plant at a certain rate, and the combination of all the filters will
be good at tracking any type of changes. Besides, we will also



design some procedures that improve the performance of the
basic M-CLMS algorithm.

The organization of the paper is as follow: in the next
section we summarize the CLMS algorithm, which has already
been presented in [6]. The extension of these ideas to the
combination of multiple filters (M-CLMS algorithm) plus
some procedures to improve the performance of the basic
algorithm are presented in Section III. Section IV is devoted
to some computer experiments that show the advantages of our
proposal. Finally, we present some conclusions and enlighten
some lines for future research.

II. THE CLMS ALGORITHM

In [8], [6] we proposed to use, for plant identification, an
adaptive combination of two adaptive filters, the first being
a fast LMS filter (i.e. with a high adaption step µ1) and
the second a slow one (low adaption step µ2). In principle,
both algorithms operate completely decoupled from each other,
using standard LMS adaption rules:

wi[k + 1] = wi[k] + µiei[k]x[k]; i = 1, 2 (1)

where x[k] is the filter input at instant k, and ei[k] is the error
incurred by each filter, i.e., ei[k] = d[k] −wT

i [k]x[k], d[k]
being the desired output.

The CLMS filter uses a convex combination of the weights
of the two LMS filters

weq[k] = λ[k]w1[k] + (1− λ[k])w2[k] (2)

where parameter λ[k] is kept in the interval [0,1] by defining
it as λ[k] = sgm (a[k]) = 1/(1 + e−a[k]). The combination
parameter is adapted to minimize the error of the overall
adaptive filter, also using LMS adaption rule:

a[k +1] = a[k]− µa

2
∂e2

eq[k]
∂a[k]

(3)

= a[k] + µa

(
d[k]−wT

eq[k]x[k]
)
(λ[k] (1−λ[k]))

(w1[k]−w2[k])T x[k].

In the above equation, µa must be fixed to a value much
higher than µ1, so the combination is adapted even faster than
the fastest of the LMS filters. Finally, we limit the values
of a[k] to the interval [−4, 4], to prevent the algorithm from
stopping because either λ[k] or 1−λ[k] is too close to 0.

This scheme has a very intuitive interpretation: in situations
where a high speed would be desirable, the fast LMS will
outperform the slow one, making λ[k] evolve towards 1, and
weq[k] ≈ w1[k]. However, in stationary intervals, it is the
slow filter which operates best, making λ[k] get close to 0, and
weq[k]≈w2[k].

It is possible to further improve the performance of the
basic combination algorithm by using the good convergence
properties of the fast filter to speed up the convergence of the
slow LMS filter. We do this by step-by-step transferring a part

of weight vector w1 to w2. So, in this case, the adaption rule
for the slow filter becomes

w2[k+1] = α (w2[k] + µ2e2[k]x[k])+(1−α)w1[k+1] (4)

The weight transfer must only be applied when the fast LMS
is performing significantly better than the slow one.

A second modification serves to reduce the pernicious effect
of factor w1[k]−w2[k] in equation (3), when both weights are
similar. To alleviate this problem we can include a momentum
procedure for the adaption of parameter a[k]:

a[k + 1] = a[k]− µa

2
∂e2[k]
∂a[k]

+ ρ(a[k]− a[k − 1]). (5)

Although CLMS algorithm requires the introduction of
some extra parameters, we showed in [6] that their selection
is not critical, and the optimal values are not very dependent
on the concrete scenario in which the filter is being used.

III. COMBINING SEVERAL LMS FILTERS: THE
M-CLMS ALGORITHM

The main topic of this paper is the extension of the CLMS
algorithm to allow the combination of an arbitrary number of
individual filters. When doing so, the weight vector of the
combined M-CLMS algorithm becomes:

weq[k] =
L∑

i=1

λi[k]wi[k] (6)

L being the total number of LMS filters that are placed into
the combination, and wi the weights of the i-th LMS filter
with µi adaption step (as before, µ1 > µ2 > · · · > µL).
As we previously explained for the CLMS algorithm, the L
component filters operate, in principle, completely decoupled,
and adapted using standard LMS rule.

During the derivation of the CLMS algorithm, we were
able to see the importance of using a convex combination
and limiting the values of λ[k] for the good performance of
the algorithm. Similarly, in this case we will use a softmax
activation function to obtain the weights assigned to each
individual filter:

λi[k] =
exp(ai[k])∑L

j=1 exp(aj [k])
; i = 1, · · · , L (7)

which guarantees that 0≤ λi[k]≤ 1, and
∑L

i=1 λi[k] = 1.
Using LMS for the adaption rules of the ai[k] parameters

we obtain

ai[k +1] = ai[k]− µa

2
∂e2

eq[k]
∂ai[k]

(8)

= ai[k] + µa

(
d[k]−wT

eq[k]x[k]
)




L∑

j=1

∂λj [k]
∂ai[k]

wj [k]




T

x[k]; i = 1, · · · ,L.
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Fig. 1. The proposed M-CLMS adaptive filter. L independent LMS
filters with different adaption steps combine their outputs to produce
the overall output of the filter. The error achieved by the combined

scheme is used to update the values of the mixing coefficients.

The partial derivatives of λj [k] with respect to ai[k] are given
by

∂λi[k]
∂ai[k]

= λi[k]−λ2
i [k] (9)

∂λj [k]
∂ai[k]

= −λi[k]λj [k]; j 6= i.

Now, substituting (9) into (8), we finally get the adaption rule
for the mixing parameters

ai[k +1] = ai[k] + µa

(
d[k]−wT

eq[k]x[k]
)
λi[k] (10)

(wi[k]−weq[k])T x[k]; i = 1, · · · ,L.

Again, parameter µa must be fixed to a value much higher
than the highest adaption step of any individual LMS filter. For
practical considerations, we also impose a limit on the absolute
value of the ai[k] parameters to guarantee that λi[k] < 0.95. It
can be shown that this condition is satisfied if we keep |ai[k]| ≤
1
2 ln(19(L− 1)).

In Figure 1 we summarize the M-CLMS algorithm,
indicating which error is used to adapt both the filters
parameters and the mixing coefficients.

Again, to get a more practical M-CLMS implementation,
it is advisable to include procedures of weight transfer and
a momentum for the adaption of the mixing coefficients.
Regarding the weight transfer, the problem arises in deciding
which weights should be transferred, and to which filters.
We will always transfer weq[k] to all the filters that are
significantly different and are performing worse than the
complete combined scheme. To be more precise, when λi < β

and ‖wi⊥‖2
‖wi‖‖2 > γ (where wi⊥ and wi‖ are the components of

wi that are perpendicular and parallel to weq, respectively),
we replace the adaption of the weights of the i-th filter to be

wi[k + 1] = α (wi + µiei[k]x[k]) + (1−α)weq[k]. (11)

Finally, the inclusion of a momentum in (10) will serve
to speed up the adaption during long steady intervals, where
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Fig. 2. Evolution of the coefficients of the 3-tap plant. w0[k] and w1[k]
(dashed and dotted lines, respectively) remain constant during the

example, while the third coefficient (solid line) introduces changes in
the plant at different rates.

factor wi[k]−weq[k] is close to 0 for a number of filters.

ai[k+1] = ai[k]− µa

2
∂e2

eq[k]
∂ai[k]

+ρ (ai[k]− ai[k − 1]) . (12)

IV. EXPERIMENTS

In this section we will use a simple example to illustrate the
advantages of our algorithm in plant identification tasks. The
plant we use is a 3-tap transversal filter with input x[k] being a
white, Gaussian, zero-mean, unit variance signal. At the output
of the plant we add measurement noise n[k], which is the same
kind of signal as x[k] but with variance 10−2. The coefficients
of the plant are initially selected to be

w = [w0, w1, w2]T = [0.8212, 0.1620,−0.5897]T

and then, changes are introduced in the third coefficient which
linearly increases (see Fig. 2) towards w2 = 1.7691 from k =
3500 to k = 4500, and then towards w2 = 2.3588 and w2 =
2.5947 at k = 6500 and k = 8500, respectively. Therefore,
changes occur in the plant at different rates.

The learning rates that will be used are µ1 = 0.1, µ2 = 0.03,
µ3 = 0.01, µ4 = 0.003, and µa = 200 for the combination (so,
µa À µ1 > µ2 > µ3 > µ4). The parameters for the weight
transfer procedure have been set to α = 0.8, β = 0.8 and
γ = 0.03, and the momentum used in the learning of the ai[k]
parameters is ρ = 0.5.

We have initialized the weights of all the LMS filters to the
zero vector, and the ai[k] parameters are initially set to get
λ1[0] = 0.95 and λ2[0] = λ3[0] = λ4[0] = 0.05/3.

The merit figure that will be used through our simulations is
the Normalized Square Deviation (NSD) between the real and
the estimated plant

NSD[k] =
‖w[k]− ŵ[k]‖22

‖w[k]‖22
(13)

All the results are averaged over 1000 runs.
In Figure 3(a) we show the performance of the proposed M-

CLMS filter against that of the µ1, µ2, µ3 and µ4 LMS filters.
Figure 3(b) shows the evolution of the mixing coefficients as
a function of k. We can see (looking at either the NSD or
λi[k] graphics) that, following the initial transition, M-CLMS
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Fig. 3. Performance of the M-CLMS filter. (a) NSDs achieved by LMS filters with µ1 = 0.1, µ2 = 0.03, µ3 = 0.01 and µ4 = 0.003 are depicted
using dashed lines. NSD of the combined M-CLMS filter with µa = 200, α = 0.8, β = 0.8, γ = 0.03 and ρ = 0.5 is represented using a solid line;

(b) evolution of the mixing coefficients λ1, λ2, λ3 and λ4.
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Fig. 4. Performance of the M-CLMS filter when used with and without speeding up procedures (solid and dashed lines, respectively).

softly changes from the fastest LMS filter to the slowest one,
thus achieving the good initial convergence properties of the
µ1 LMS filter, and the low misadjustment error of the µ4 filter.

Later, at the non stationary interval (3500 < k < 8500),
the M-CLMS filter is, at each time, tuned with the LMS filter
which is achieving a lower identification error. Thus, during
3500 < k < 4500 it is the µ1 LMS filter which performs best
and, correspondingly, λ1[k]≈ 1. During 4500 < k < 6500 and
6500 < k < 8500 the best filters are the µ2 and µ3 LMS filters,
respectively, and we have λ2[k] ≈ 1 for 4500 < k < 6500 and
λ3[k] ≈ 1 for 6500 < k < 8500. Finally, from k = 8500, the
plant remains without changes and, as a consequence, λ4[k]
evolves towards 1, reflecting the best performance of the µ4

LMS filter in steady state situations.
Next, we illustrate the importance of the speeding up

procedures that have been devised. In Fig. 4 we compare
NSD evolution for M-CLMS when speeding up procedures
are activated/deactivated. The use of these procedures leads
to a lower NSD. This is specially clear following the initial
transition, when the weight transfer procedure makes the
combined filter converge to the misadjustment of the slowest
LMS filter at k ≈ 1000. However, a µ4 LMS filter would not
get that identification error before k = 2000 (see Fig. 3(a)).
The effect of the momentum is well appreciated after k =
10000, when it speeds up the switching from weq[k] ≈ w3[k]
to weq[k]≈w4[k].

We end this section by comparing the performance of M-
CLMS with other previous proposals. In Figure 5(a) we have
depicted M-CLMS and CLMS NSDs. CLMS has been used
with µ1 and µ4 for the fast and slow LMS filters, and the same
settings of M-CLMS for the speeding up procedures. While
CLMS keeps the tracking capabilities and the precision of a
µ1 and a µ4 LMS filters, respectively, it can be seen from
the results in interval 4500 < k < 8500, that incorporating
extra component filters with intermediate adation steps can
give some advantage at certain variation rates.

In Figure 5(b) we compare M-CLMS with an algorithm
taken from [7]: Variable-Step LMS (VS-LMS). This algorithm
increases/decreases the value of the adaption step by multi-
plying/dividing it by a constant factor (that we have fixed to

c = 1.1 in our experiments), depending on the signs of each
of the components of the gradient of the error with respect to
the weights, along some of the last iterations (for a detailed
description of the algorithm, please refer to [7]). It should
be noted that VS-LMS uses a different adaption step for each
weight in the adaptive filter, what could occasionally give it
some advantage over M-CLMS.

VS-LMS requires the introduction of two parameters, m0

and m1, which must be selected a priori. According to [7],
m0 = m1 is the natural choice when the algorithm is used
in non stationary scenarios. In Fig. 5(b) we have depicted
(dotted line) the NSD achieved for m0 = m1 = 1. In this
case, M-CLMS outperforms VS-LMS during all the example.
Selection of m0 < m1 favors the decreasing of the adaption
step. Consequently, we can see that VS-LMS with m0 = 1
and m1 = 2 (dashed line) obtains a very good performance
in stationary environments (see its initial convergence, and
the low NSD after k = 8500). However, during 3500 < k <
8500, when the plant is suffering changes, VS-LMS NSD is
clearly higher than that of M-CLMS. We have carried out
more experiments for other values of m0 and m1, arriving at
the conclusion that the selection of these parameters implies
itself a compromise of performance during varying/stationary
intervals.

We believe that the advantage of using a convex combina-
tion of LMS filters over other algorithms that directly manage
the value of the adaption step is that, rather than trying to guess
an appropriate value for the adaption parameter, M-CLMS (and
also CLMS) just has to decide which is the best filter from a
set of candidates with different adaption steps.

V. CONCLUSIONS

In this paper we have presented the natural extension
of the CLMS algorithm to the case in which we want to
combine an arbitrary number of LMS filters. To respect
the basic philosophy inherent to CLMS, we have included
in the M-CLMS algorithm a softmax function to activate the
mixing coefficients that are used to combine the outputs of the
individual filters. Besides, a new procedure for transferring



0 2000 4000 6000 8000 10000 12000
−60

−40

−20

0

k

N
S

D
(d

B
)

M−CLMS
CLMS

(a)

0 2000 4000 6000 8000 10000 12000
−60

−40

−20

0

k

N
S

D
(d

B
)

M−CLMS
VS−LMS, m

0
=1,m

1
=2

VS−LMS, m
0
=m

1
=1

(b)

Fig. 5. Performance of the M-CLMS filter against that of CLMS and VS-LMS. (a) Comparison of performances of the M-CLMS and the CLMS
filters (solid and dashed lines, respectively) with the same settings. (b) NSDs achieved by the M-CLMS filter (solid line) and VS-LMS filters for

m0 = m1 = 1 (dotted line) and for m0 = 1 and m1 = 2 (dashed line).

weights across filters has been designed, to get a better
practical performance.

Although the CLMS filter itself serves to combine high
speed with low steady-state error, some computer simulations
have given evidence that the inclusion in the scheme of a
higher number of filters, operating with a wider range of
adaption steps, provides a better performance when tracking
changes that occur in the plant at different speeds. M-CLMS
performance has also shown to be superior to that of previous
techniques.

The use of CLMS and M-CLMS type algorithms in other
practical applications represents a logical direction for further
research. In addition to this, the proposed algorithm can be
further refined. We are currently working on schemes that
make use of the values of the mixing parameters to efficiently
manage the adaption steps in a 3 filter configuration. Finally,
it is also possible to combine different algorithms for adaptive
filtering in a similar manner.
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