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ABSTRACT

Stochastic gradient schemes are very useful for adaptive �ltering applications due

to their simplicity, robustness and low computational requirements. However,

the performance of these �lters depends on the cost function they employ and

the scenario in which they are applied. In this paper we propose to use an

adaptive convex combination of one LMS and one LMF �lters to put together

the best properties of their associated norms. The resulting �lter is shown to

outperform its two components in a time-varying plant identi�cation scenario

when both Gaussian and sub-Gaussian additive noise are present.

1 INTRODUCTION

Adaptive �lters are used to extract information from noisy signals in varying environments

and are of paramount importance in a wide variety of practical situations, such as equaliza-

tion of communication channels, echo cancellation applications, predictive speech coding,

sensor arrays, and radar detection, among many others.

Among the di�erent techniques for adaptive �ltering, stochastic gradient algorithms

are usually employed due to their conceptual simplicity, robustness and low computational

requirements. The Least Mean Square (LMS) algorithm (Widrow and Ho�, 1960) �by far

the most popular stochastic gradient �lter� attempts to minimize the expected quadratic

error. However, it was shown in (Walach and Widrow, 1984) that the Least Mean Fourth

(LMF) �lter, which employs the gradient of the fourth power of the error, could achieve a

lower quadratic error than LMS itself when sub-Gaussian additive noise is present.

If known, the log-likelihood of the noise term (including also model inaccuracies) would

be the preferred choice for the cost function in a stationary case. As this is not the general

case, it is possible to make the design more robust by using a mixture of quadratic and

fourth order norms, as it has already been proposed, for instance, in (Chambers et al., 1994;

Pazaitis and Constantinides, 1995; Lim and Harris, 1997; Rusu et al., 1998). However, all

these methods share the disadvantage that their associated cost functions (which can even

vary along time) are not adjusted to obtain a minimum quadratic error, so there are not

guarantees that the resulting �lter puts together the best properties of each mixed norm.



In this paper we propose an alternative approach in order to simultaneously obtain the

advantages of the second and fourth powers of the error norms, consisting on, instead of

using a mixed norm, employing a convex combination of one LMS and one LMF �lters

operating independently from each other. The combination of both �lters is optimized, at

each iteration, to minimize the quadratic error of the overall �lter. Unlike the mixed-norm

approaches, in our algorithm the cost functions minimized by both component �lters and

their combination are known and do not vary with time.

An additional advantage of the combination approach is that the LMS �lter can be used

to improve the stability of the LMF �lter, thus permitting to use higher step-sizes for this

second �lter.

Empirical evidence on the advantages of our approach will be given in the paper through

a sample of our extensive simulation work, considering di�erent kinds of noise in a system

identi�cation setup.

2 STOCHASTIC GRADIENT ADAPTIVE FILTERING

Adaptive transversal schemes obtain their output as the weighted sum y(n) = w
T (n)u(n),

where w(n) are the M �lter weights at time n and u(n) is the �lter input. To measure �lter

performance, it is customary to use the quadratic error e2(n) = (d(n) � y(n))2, d(n) being

usually referred to as the desired signal. In many applications the desired signal is modeled

as d(n) = w
T
0 u(n) + e0(n), where w0 is the optimal solution, and e0(n), uncorrelated with

u(n), stands both to consider additive noise and model inaccuracies.

Stochastic gradient �lters comprise a great variety of techniques, all of them minimizing

an associated cost function (not necessarily quadratic error) by means of local updates in

the direction given by instantaneous approximations of the gradient of the cost function

with respect to the weights of the �lter. For the Least Mean Square (LMS) case, this results

in the well-known rule:

w(n+ 1) = w(n) + 2�e(n)u(n) (1)

where the step-size � is a positive constant which controls the magnitude of the adaption

at each iteration.

LMS can be considered as a member of a more general family of Lk norm adaptive �lters

which we will review next.

2.1 Lk Norm Filters

In (Walach and Widrow, 1984) the family of stochastic gradient �lters whose associated

cost functions are even powers of the incurred error was introduced. Later, the convergence

properties of a more general family of �lters with norm Lk (k being any integer), was studied

in detail in (Figueiras-Vidal et al., 1987).

The k-th component in the Lk norm family employs a gradient descent scheme over

the surface of the k-th power of the absolute error, using the instantaneous approximation

r̂wEfje(n)jkg = r
w(n)je(n)jk, which leads to:

w(n+ 1) = w(n)� � rwje(n)jk

= w(n) + k � e(n)je(n)jk�2
u(n)

(2)



In (Walach and Widrow, 1984; Figueiras-Vidal et al., 1987) the properties of the above

family of �lters have been analyzed, obtaining the following relevant conclusions:

� Stability for all values of the step-size is only guaranteed for the Least Absolute De-

viation �lter (k = 1). When using higher powers of the error it is necessary to impose

a limit (more restrictive as k increases) on the maximum value for �. For k = 2 this

bound depends only on the length of the �lter and the power of the input signal.

However, for k > 2 (LMS) the properties of e0(n) and the initial conditions should

also be taken into account, so stability in varying scenarios is only guaranteed if using

a small step-size, what limits the tracking capabilities of the �lter.

� The value of k which minimizes the quadratic error incurred by the �lter (for a �xed

convergence rate) depends on the probability distribution of e0(n): for Gaussian distri-

butions it is the LMS which performs best; however, if e0(n) follows a sub-Gaussian
1,

distribution better behavior can be obtained from k > 2.

2.2 Mixed-norm Adaptive Filters

In the adaptive �ltering literature there are several proposals that try to put together the

advantages of the di�erent norms by using a combination of them. For instance, the Least

Mean Mixed-Norm (LMMN) �lter (Chambers et al., 1994) was proposed as a way to exploit

the best properties of the LMS and Least Mean Fourth (LMF, k = 4) algorithms, by using

a combination of their cost functions:

L(n) = �Efe2(n)g+ (1� �)Efe4(n)g (3)

where � is a mixing parameter between 0 and 1 that must be selected a priori.

Similar mixed-norm approaches have also been proposed in (Pazaitis and Constantinides,

1995; Lim and Harris, 1997; Rusu et al., 1998), where di�erent schemes for adapting �(n)

are used. Although these algorithms were originally proposed with the aim of improving

the convergence of the LMS �lter, it seems that no agreement exists about how to build

and adapt the mixed-norm cost function. For instance, (Pazaitis and Constantinides, 1995;

Rusu et al., 1998) argue the convenience of using the fourth power of the error whenever

je(n)j > 1 and LMS if this condition is not satis�ed. On the contrary, for other authors

(Lim and Harris, 1997; Sayed, 2003) the high instability of LMF suggests the use of the

opposite criterion.

3 ADAPTIVE CONVEX COMBINATION OF LMS AND LMF FILTERS

As we have already discussed, a case where LMF achieves a systematic gain over LMS

performance is that in which e0(n) presents a sub-Gaussian distribution. In this paper we

extend the ideas of (Arenas-García et al., 2003), using an adaptive convex combination of

one LMS and one LMF �lters, as a way to obtain the best possible behavior, independently

1A random variable s is said to present a sub-Gaussian distribution when its kurtosis, �(s) =

Ef(s�Efsg)4g=E2f(s�Efsg)2g is below 3.



of the distribution of e0(n). Thus, the output of the combination is given by

y(n) = �(n)yLMS(n) + (1� �(n))yLMF (n) (4)

where �(n) is a mixing parameter which is de�ned as �(n) = sigm(a(n)) =
�
1 + e�a(n)

��1
,

so it remains between 0 and 1 and the combination keeps its original sense.

Both component �lters are independently adapted using their own rules and errors.

Regarding mixing parameter a(n), it is LMS adapted in order to minimize the quadratic

error of the combination:

a(n+ 1) = a(n)� �a
@e2(n)

@a(n)

= a(n) + 2�ae(n)(yLMS(n)� yLMF (n))�(n)(1 � �(n))

(5)

where e(n) is the error of the resulting �lter, and �a must be very high to allow a very

fast adaptation of the combination. The use of the sigmoidal activation function for �(n)

serves to stabilize the behavior of the mixture when �(n) is close to 0 or 1. In any case, a

momentum term can be added to the above learning rule to improve its performance:

a(n+ 1) = a(n)� �a
@e2(n)

@a(n)
+ �(a(n)� a(n� 1)) (6)

In the light of (5), it is also obvious that the adaption of �(n) could stop whenever �(n)

gets too close to 0 or 1. To avoid this, we simply restrict the values of a(n) to lie inside an

interval [�a+; a+], which makes �(n) 2 [1� �+; �+], where �+ = sigm(a+), so a minimum

level of adaption is always guaranteed.

The functioning of the above scheme can easily be explained in an intuitive way: if the

additive noise presents a Gaussian (or super-Gaussian) distribution, it is the LMS �lter

which attains a lower quadratic error, and application of (5) will make �(n) go to 1. On

the contrary, under sub-Gaussian noise it is the LMF �lter which achieves a lower quadratic

error, making �(n) ! 0. In summary, the combination tends to perform, at each iteration,

as well as the best component �lter.

Note that, unlike the mixed-norm �lters described in Subsection 2.2, the cost functions

minimized by the component �lters and their combination are explicitly known, and remain

�xed during all the iterations. Furthermore, since LMS is used to optimize the combination,

the overall criterion for the �lter is always the quadratic error.

Stability Control Mechanism for the LMF Component

As we have already discussed, the main di�culty of the LMF �lter is that its stability could

be seriously a�ected when the scenario in which the �lter is being applied abruptly changes.

(Walach and Widrow, 1984) suggested to use an LMS �lter in parallel, restarting the LMF

with the LMS weights when it gets unstable. Obviously, the application of this procedure

is straightforward when using the combination approach. To detect LMF instability we will

simply use the condition
jeLMF (n)j

jeLMS(n)j
> 100; we have checked that the concrete value used for

the threshold does not have a very important in�uence on the behavior of the combination,

as long as a high value is used.



0 2500 5000 7500 10000
−28

−22

−16

−10

−4

2

8

D
(n
)
(d
B
)

n

LMS
Combination
LMF Component

Figure 1: Plant identi�cation error of a combination of LMS and LMF �lters (�LMS = 0:005,

�LMF = 0:0007, �a = 5 and � = 0:5) in a scenario with Gaussian, uniform and bipolar noise.

The performance of LMS and (stabilized) LMF have also been displayed.

4 EXPERIMENTAL RESULTS

The performance of the proposed combination scheme will be tested in a plant identi�cation

setup. The real system is a transversal �lter of length M = 9 and weights proportional to

[1; 2; 3; 4; 5; 6; 7; 8; 9], such that kw0k20 = 1. At n = 5000 these weights are circularly shifted

to the right by 5 positions, and their values multiplied by
p
10, in order to simulate an

abrupt change in the plant. The input vector, u(n), is taken from a process of independent

and identically distributed (i.i.d) Gaussian samples, with zero mean and variance �2
u
= 1,

as uT (n) = [u(n); � � � ; u(n�M+1)]. e0(n) is also i.i.d., zero mean and has variance �20 = 1,

but its distribution changes with time: during the �rst 3000 iterations it presents a Gaussian

distribution, while a sub-Gaussian uniform distribution is used for 3000 < n � 7000. After

n = 7000, e0(n) is a bipolar signal (i.e., e0(n) 2 f�1;+1g).
The step-sizes of the component �lters have been selected to get similar convergence

rates from the LMS and LMF �lters (�LMS = 0:005 and �LMF = 0:0007, respectively),

while �a = 5 and � = 0:5 are used to adapt the mixing parameter. The initial values for

the weights and mixing parameters are w1(0) = w2(0) = 0 and a(0) = 0 (�(0) = 0:5).

The performance of the adaptive �lters will be measured by using an estimation of their

Mean Square Deviations (MSD)

D(i)(n) = Efkw(i)(n)�w0k22g (7)

obtained as the average of kw(i)(n)�w0k22 over 1000 independent runs.
In Figure 1 we have represented the MSDs achieved by the LMS �lter, the stabilized LMF

(LMF component of the combined scheme), and by their adaptive convex combination. We

can appreciate how LMS gets the lowest misadjustment during n � 3000. On the contrary,

LMF gets a better behavior (both in terms on convergence rate and �nal misadjustment)

after n = 3000, with even a clearer advantage during the 3000 last iterations, when e0(n)



has a bipolar distribution (the most sub-Gaussian of all employed). It is important to say

that, if no stability control mechanism were used, the LMF �lter would become unstable

after n = 5000, due to the high error provoked by the abrupt change in the plant.

Finally, we can check that the LMS-LMF combination performs as expected: the combi-

nation methodology allows us to get, at each moment, the behavior of the component which

is incurring in a lower quadratic error, with independence of its associated cost function.

5 CONCLUSIONS

In this paper we have proposed to use an adaptive convex combination of one LMS and one

LMF �lters as a way to build adaptive schemes that are able to operate well in situations

in which the properties of the additive noise are not known a priori or can vary with time,

presenting both Gaussian and sub-Gaussian behavior. The proposed scheme is able to switch

between its components achieving at each moment the lowest possible quadratic error.

Logical directions for future research include the exploration of new schemes combining

a higher number of �lters employing other cost functions, as well as the exploitation of their

bene�ts for other applications.
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