3188

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 62, NO. 7, SEPTEMBER 2013

User Activity Tracking in DS-CDMA Systems
Manuel A. Vázquez and Joaquín Míguez, Member, IEEE

Abstract—In modern multiuser communication systems, users
are allowed to enter or leave the system at any given time. Thus,
the number of active users is an unknown and time-varying
parameter, and the performance of the system depends on how
accurately this parameter is estimated over time. The so-called
problem of user identification, which consists of determining the
number and identities of users transmitting in a communication
system, is usually solved prior to, and hence independently of,
that posed by the detection of the transmitted data. Since both
problems are tightly connected, a joint solution is desirable. In this
paper, we focus on direct-sequence (DS) code-division multipleaccess (CDMA) systems and derive, within a Bayesian framework,
different receivers that cope with an unknown and time-varying
number of users while performing joint channel estimation and
data detection. The main feature of these receivers, compared
with other recently proposed schemes for user activity detection, is
that they are natural extensions of existing maximum a posteriori
(MAP) equalizers for multiple-input–multiple-output communication channels. We assess the validity of the proposed receivers,
including their reliability in detecting the number and identities
of active users, by way of computer simulations.
Index Terms—Activity detection, code-division multiple access
(CDMA), joint channel and data estimation, per-survivor processing (PSP), sequential Monte Carlo (SMC) methods.

I. I NTRODUCTION
A. Background

M

OST receivers for code-division multiple-access
(CDMA) communication systems [1], [2] operate under
the hypothesis that the number of users is a known and fixed
parameter (possibly estimated in a previous step). This is not
the case in many real-world systems in which users can enter
or leave the system (i.e., they start or stop transmitting) at any
time instant. Not accounting for the inactivity of some of the
users leads to a performance penalty [3], [4] that aggravates as
the difference between the number of active users and that of
those considered by the receiver increases.
Several recent papers addressing the problem of user identification in both single-user and multiuser systems can be found
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nation of users that are currently active and transmitting over
the communication link, and it is usually associated with the
estimation of the corresponding channel response and the detection of transmitted data. In the sequel, we focus on multiuser
schemes, which are of interest in many modern communication
systems. In [4], a two-stage multiuser detector that separates the
identification of active users from the detection of symbols they
transmit is proposed. The authors do not consider any model for
the time variation of the channel or the users’ activity pattern,
and hence, the method is tailored to static environments. A
different approach based on hypotheses testing is presented
in [3]. At every data frame, the receiver starts by deciding which
of the users that were active at the previous frame are still active.
Their contribution is then subtracted from the observations, and
the result is, in turn, used to decide whether a new user has
entered the system or not. Users are only allowed to enter or
leave the system at the beginning of a frame, and moreover,
only one user is allowed to enter the system at a given frame
(although several users can leave). The communication channel
is assumed to be static.
Angelosante et al. [6] advocate the use of random-set theory
(RST) to tackle the problem of joint user identification and
channel estimation in direct-sequence (DS) CDMA systems,
and they derive different algorithms within this framework. In
particular, they discuss the implementation of exact Bayesian
estimation recursions for this problem (although they appear
intractable due to their computational burden) and suboptimal
algorithms [6, Sec. III]. The effectiveness of the proposed
algorithms is shown through computer simulations for a transmission system with short frames (only ten symbols) and a
model for the variation of the channel response based on firstorder Markov fading. Within the same RST framework, an
alternative receiver based on the use of tree search techniques to
alleviate the complexity of the user and data detection processes
is proposed in [7]. It is shown through computer simulations
that this receiver performs well in a transmission scheme with
short frames (ten symbols) and the same first-order Markov
channel model as in [6]. However, the practical implementation
of the algorithm involves important approximations, including
a decision feedback scheme and the quantization of channel coefficients. The feedback of decisions makes the detector subject
to error propagation phenomena when the signal-to-noise ratio
(SNR) is not sufficiently high, whereas channel quantization introduces estimation errors and can compromise the complexity
of the receiver (see the Appendix for a formal description of this
method and the involved approximations). Another Bayesian
approach to the problem of user identification is presented
in [8]. However, only an additive white Gaussian noise
(AWGN) channel is assumed, and thus, the channel estimation
problem that arises in most practical systems is overlooked.
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In [9], user identification in a DS-CDMA system is achieved
by combining the use of a special set of signature sequences
with a maximum-likelihood (ML) detector. However, the resulting receiver is single-user, specifically tailored for binary
phase-shift keying (BPSK) modulation, and assumes an AWGN
channel.
For static systems, Angelosante et al. [10] propose a sparse
linear regression-based method for estimating several parameters of a DS-CDMA system, including the number and identities of the active users. It is meant to operate only during a
training phase in which known transmitted symbols allow the
estimation of relevant (static) parameters that would then be
used by a detector. Thus, no data detection is performed, and
neither the channel nor the user activity is allowed to change
within a given frame.
A multiuser detection receiver for DS-CDMA systems that
performs user identification is presented in [11] for systems
in which the a priori probability of a user being active is
low. The proposed method stems from applying a sparsityaware maximum a posteriori (MAP) criterion and is, therefore,
Bayesian. However, in addition to the low-activity hypothesis,
the channel is assumed to be static and known from a previous
training phase.
Another work on activity detection is introduced in [12].
Buzzi et al. propose a fully blind method based on the application of the generalized likelihood ratio test aimed at detecting
whether or not a specific user (whose signature sequence is
known) enters the system during a given frame.
B. Contributions
In this paper, we propose a novel approach to the problem of
joint user identification, data detection, and channel estimation
in DS-CDMA systems. Therefore, the aim and scope of this
work is similar to that in [6] and [7]. However, while the
contributions in the latter references rely on the theory of
random sets, the models and algorithms herein introduced are
built upon conventional (and elementary) probability concepts,
which should be familiar and more intuitive for engineers
working in the field. Furthermore, this is attained without
compromising the flexibility and the scope of the transmission
system model, which can effectively represent, at least, all the
scenarios considered in [6] and [7].
We investigate systems where users can enter or leave the
system at any time during transmission of a certain frame. For
that purpose, a statistical dynamical model governing the users’
activity is introduced, and the different algorithms that can be
applied at the receiver exploit this dynamics to more accurately
detect whether a user is transmitting or not.
Four different algorithms for user identification and data
detection are derived. The first algorithm is the optimal MAP
sequence detector, which is implemented by means of the
Viterbi algorithm (VA) [13], assuming the channel is perfectly
known. For those cases in which the latter hypothesis is not fulfilled, an analogous per-survivor processing (PSP) [14] method
is suggested. The latter approach is appealing because it allows
for a flexible tradeoff between performance and complexity.
Additionally, two more algorithms for joint user identification,
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channel estimation, and data detection are proposed. They both
build upon the sequential Monte Carlo (SMC) methodology,
which is also known as particle filtering [15]. In particular, we
derive the optimal SMC equalizer and, subsequently, a lowercomplexity SMC receiver whose computational burden grows
only linearly with the number of users. For the tracking of the
time-varying channel, the last three algorithms rely on Kalman
filtering (KF) [16], [17], and the channel coefficients need not
be quantized.
Computer simulations considering a standard channel model
and long data frames (that allow for significant variations in
the channel coefficients) serve to assess the performance of the
proposed algorithms in a realistic environment.
Although, in this paper, we are implicitly focusing on cellular
networks, it should be remarked that DS-CDMA is also widely
used in the context of wireless sensor networks (see, e.g.,
[18]–[21]). The communication nodes deployed in this kind
of system can often switch on and off asynchronously during
operation, and a fusion center acting as the receiver needs to
be aware, at every time, of which nodes are transmitting. These
nodes can be seen as the users of the system, and hence, the
problem to solve is tantamount to the problem tackled in this
paper.
C. Organization of the Paper
The remainder of this paper is organized as follows: In
Section II, the discrete-time signal model of a DS-CDMA transmission system with a flat-fading and time-selective channel
is described, and the proposed model describing the dynamics
of the user activity is introduced. The optimal receiver for the
case of a perfectly known channel is introduced in Section III,
whereas an extension for the unknown channel scenario, which
is based on the PSP approach, is obtained in Section IV. In
Section V, a brief introduction to SMC methods is given, and
two novel SMC algorithms that tackle the problem at hand are
derived. Computer simulation results are shown in Section VI,
and finally, Section VII is devoted to a brief summary and final
remarks.
II. S IGNAL M ODEL
Notation: Throughout this paper, we use notation p(·) for
probability density functions (pdfs) and probability mass functions (pmfs). The specific form of the pdf/pmf should always
be clear from its argument. For example, p(H−1 ) is the a priori
pdf for the channel matrix, whereas p(ut (i)) is the prior pmf for
the activity of the ith user at time t. The conditional pdf/pmf
of random vector a given the observation of related vector b
is written as p(a|b). Occasionally, we use a specific notation
for Gaussian pdfs, by letting N (z|z, K) be the Gaussian pdf
of random vector z with mean z and covariance matrix K.
Similarly, U (A) denotes the uniform probability distribution
over set A, whose cardinality is |A|.
Additionally, for a time-dependent discrete signal, e.g., a, we
write ai:j to denote the sequence of values of the signal between
time instants i and j, i.e., ai:j = {ai , ai+1 , . . . , aj }.
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A. Signal Model
We consider a synchronous DS-CDMA system with up to N
users transmitting through a time-selective flat-fading channel.
Each user is assigned a signature sequence of length L. The
discrete-time baseband-equivalent model is [2]
yt = CHt st + zt

(1)

where yt is the L × 1 vector collecting the observations at
discrete-time t, C is the L × N matrix of spreading codes
whose columns are the signature sequences of all potential users of the system, Ht = diag{ht (1), ht (2), . . . , ht (N )}
is the time-varying N × N diagonal channel matrix, st =
[st (1), . . . , st (N )] is an N × 1 vector with the symbols transmitted by all active users, and zt = [zt (1), . . . , zt (N )] is the
AWGN with zero mean and covariance σz2 IL , with IL being
the identity matrix of order L. When user i is active at time t,
symbol st (i) is modeled as a discrete uniform random variable
(r.v.) on the alphabet A (with cardinality |A|), and hence,
st (i) ∼ U (A).
Although the number of active users in the system is time
varying, a fixed value N (the maximum number of users that the
system can hold) is assumed in every vector and matrix whose
dimensions depend on it.1 When a user is not active, we assume
that its transmitted symbol is equal to 0 (no energy), which is
intuitively true, on one hand, and greatly simplifies the model,
on the other hand. Moreover, we are going to define the r.v., i.e.,
!
1, if user i is active at time t
(2)
ut (i) =
0, if user i is NOT active at time t.
This indicator variable is related to the corresponding symbol
transmitted by the ith user at time t according to
!
1, if st (i) ̸= 0
ut (i) = 1 − δ (st (i)) =
(3)
0, if st (i) = 0
where δ(·) denotes the Kronecker delta function. Notice that,
from the definition given in (3), st (i) completely determines
ut (i). Specifically
p (ut (i) = 0 | st (i)) = δ (st (i))
p (ut (i) = 1 | st (i)) = 1 − δ (st (i)) .

p (u0 (i) = 0) = 1 − φ

(8)

p (ut (i) = 0 | ut−1 (i) = 1) = 1 − µ

(9)

p (ut (i) = 0 | ut−1 (i) = 0) = 1 − η

(10)

and these six equations, i.e., (5)–(10), completely determine the
dynamic model for the user activity.
The model described by (5)–(10) implies that sequence ut (i),
for a fixed i, is a Markov chain. As for the symbols transmitted by the ith user, they are assumed to be independent and
identically distributed (i.i.d., with uniform distribution U (A))
conditional on the user being active, i.e., ut (i) = 1. However,
due to the sequence of activity indicators ut (i) being modeled
as a Markov chain, the sequence of symbols st (i) can be also
shown to be a Markov chain itself. In particular
p (st (i)|s0:t−1 (i)) = p (st (i)|s0:t−1 (i), ut−1 (i))

(4)

(11)

= p (st (i)|st−1 (i), ut−1 (i))

(12)

= p (st (i)|st−1 (i))

(13)

where it has been used, in (11) and (13), that st−1 (i) uniquely
determines ut−1 (i) [see (3)] and, in (12), that the symbol
transmitted at time t by the ith user, i.e., st (i), is independent
of all the past transmitted symbols conditional on the activity of
the user at the previous time instant, i.e., ut−1 (i), being known.
Furthermore, the different users are assumed to be independent,
and hence, p(st |s0:t−1 ) = p(st |st−1 ).
For the purpose of algorithm design, it is common to model
the channel variation by means of an autoregressive (AR)
process driven by white Gaussian noise [22]. We consider a
second-order AR model, i.e.,
Ht = α1 Ht−1 + α2 Ht−2 + Vt

(14)

p (u0 (i) = 1) = φ

(5)

p (ut (i) = 1 | ut−1 (i) = 1) = µ

(6)

where α1 and α2 are the coefficients of the process, and Vt is
an N × N diagonal matrix whose nonzero elements are i.i.d.
Gaussian r.v. with zero mean and variance σv2 .
From (1) and (14) and assuming that the pdf of the channel at
times t = −1 and t = −2 is Gaussian and known, it is apparent
that the channel coefficients can be optimally estimated by KF
[16] conditional on the transmitted symbols. For a convenient
description of the corresponding algorithm, we rewrite (1) as

p (ut (i) = 1 | ut−1 (i) = 0) = η

(7)

y t = B t h t + zt

Based on the r.v. {ut (i), i = 1, . . . , N, t ≥ 0}, a dynamic
model for the active users in the system at a given time instant
can be easily defined through the following probabilities:

1 In

where φ is the a priori probability of a user being active at
the beginning of the transmission, µ is the probability of a user
being active at time t, conditional on the fact that it was already
active at time t − 1, and η is the probability of a user being
active at time t given that it was not active at time t − 1. From
(5)–(7), we have, respectively

practice, this value depends on the length of the signature sequences
employed, i.e., L: a system with longer signature sequences can accommodate
a larger number of users without the performance severely degrading due to
multiple-access interference.

(15)

where ht = [ht (1), ht (2), . . . , ht (N )]⊤ is a vector whose coefficients are the elements in the diagonal of Ht , and
Bt = CSt

(16)
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with St being a diagonal matrix whose elements are the symbols transmitted at time t, i.e.,
⎛
⎞
st (1)
0
···
0
⎜
.. ⎟
.
⎜ 0
st (2) . .
. ⎟
⎜
⎟.
(17)
St = ⎜ .
⎟
.
.
..
..
⎝ ..
0 ⎠
0
···
0 st (N )
III. O PTIMAL D ETECTION W ITH K NOWN C HANNEL
We are interested in detecting, at every time instant t, which
users are active along with their transmitted data. According
to the signal model in Section II-B, all this information is
contained in symbol vector st . In particular, note that, for
i = 1, . . . , N , st (i) = 0 if and only if ut (i) = 0 and st (i) ∈ A
if and only if ut (i) = 1. Thus, our ultimate goal is to find the
most probable sequence of symbol vectors, i.e., s0:t , where st ∈
{A ∪ {0}}N for every t, given the sequence of observations,
i.e., y0:t . This can be seen as a MAP detection problem for the
sequence of symbol vectors, i.e., we aim to compute
= arg max p(s0:t |y0:t , H0:t ).
sMAP
0:t
s0:t

(18)

For the sake of clarity, this section is divided into two
different but closely related parts. In Section III-A, we derive
an analytical expression for the posterior probability in (18) and
obtain an explicit formula for its computation. Ultimately, this
results in an equivalent optimization problem that is tackled in
Section III-B by means of the VA.
A. Computation of Posterior Probabilities

p(y0:t |Ht , s0:t )p(s0:t |H0:t )
p(y0:t )

∝ p(y0:t |H0:t , s0:t )p(s0:t )

(19)

p(y0:t |H0:t , s0:t )
= p(yt |H0:t , s0:t , y0:t−1 )p(y0:t−1 |H0:t , s0:t )

k=0

+t

k=0

|yk −CHk sk |2
2
2σz

(21)

As for the a priori probability of the symbols, i.e., p(s0:t ) in
(19), we note that this is not uniform. Recall from Section II
[see (13)] that sequence s0 , s1 , . . . , st forms a Markov chain
because each vector st contains information not only about the
data transmitted at time t but also about the activity of the users
at that time instant.
By simply using the definition of conditional probability
together with (13), the a priori probability of the sequence of
symbol vectors can be written as
p(s0:t ) = p(s0 )

t
(

j=1

(22)

p(sj |sj−1 ).

Substituting (20) and (22) in (19) yields
p(s0:t |y0:t ,H0:t )∝ p(s0 )

t
(

j=1

p(sj |sj−1 )e

−

+t

k=0

|yk −CHk sk |2
2
2σz

(23)

which is the objective function that we have to maximize to
solve the problem posed by (18).
Since maximizing a function is tantamount to minimizing the
opposite of its logarithm, it follows that
= arg min {− log p(s0:t |y0:t , H0:t )}
sMAP
0:t

(24)

and substituting (23) into (24), we obtain
,
t
MAP
log p(sj |sj−1 )
s0:t = arg min − log p(s0 ) −
j=1

+

t
|yk − CHk sk |2

k=0

2σz2

.

.

(25)

We can now arrange the terms in (25) in a more convenient way
to arrive at
,
|y0 − CH0 s0 |2
MAP
s0:t = arg min
− log p(s0 )
s0:t
2σz2
/
0.
t
|yk − CHk sk |2
+
− log p(sk |sk−1 )
. (26)
2σz2
By taking into account that both the activity and the data
transmitted by the different users are independent, the a priori
probability of st is decomposed as

p(yk |Hk , sk )

)
* −L(t+1)
−
2
= 2πσz2
e

2

k sk |
*−L/2 − |yk −CH
)
2
2σz
= 2πσz2
e
.

k=1

= p(yt |Ht , st )p(y0:t−1 |H0:t−1 , s0:t−1 )
=

p(yk |H0:k , s0:k , y0:k−1 ) = p(yk |Hk , sk )

s0:t

where, on one hand, factor p(y0:t ) does not depend on s0:t , and
hence, it is just a normalization constant, and on the other hand,
the channel and the symbols are a priori independent, which
results in p(s0:t |H0:t ) = p(s0:t ).
Let us assume that the code matrix, i.e., C, is known. Then,
using the definition of conditional probability, the likelihood on
the right-hand side of (19) can be decomposed as

t
(

where we have used the conditional independence of the observations yt given channel Ht and symbols st , i.e.,

s0:t

The a posteriori probability of the sequence of symbol
vectors can be decomposed by means of Bayes’ theorem as
p(s0:t |y0:t , H0:t ) =

3191

(20)

p(st ) =

N
(

i=1

p (st (i))

(27)
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where the a priori probability of the ith symbol in the vector
can be computed as
p (st (i)) =
p (st (i), ut (i))

Using (29) and (30) again, (36) can be rewritten as

p (st (i)|st−1 (i)) =

ut (i)∈{0,1}

=

-

p (st (i)|ut (i)) p (ut (i))

= p (st (i)|ut (i) = 0) p (ut (i) = 0) +
(28)

Since st (i) = 0 whenever ut (i) = 0 (the user is not active), it
follows that
p (st (i)|ut (i) = 0) = δ (st (i)) .

(29)

On the other hand, when a user is active (ut (i) = 1), we have
assumed that all symbols from alphabet A are equally likely,
and hence
p (st (i)|ut (i) = 1) = (1 − δ (st (i)))

1
.
|A|

Using (5), (8), (29), and (30), (28) can be written as
,
1 − φ, if st (i) = 0
p (st (i)) =
1
if st (i) ∈ A.
|A| φ,

(30)

(31)

The conditional terms p(sj |sj−1 ) in (25) can be analyzed
using a similar argument. We exploit the independence of the
users to write
p(st |st−1 ) =

N
(

p (st (i)|st−1 (i))

(32)

i=1

where
p (st (i)|st−1 (i))
p (st (i)|ut (i), st−1 (i)) p (ut (i)|st−1 (i))
=

p (ut (i)|st−1 (i)) =

if st (i) = 0
if st (i) ∈ A
(37)

!

p (ut (i)|ut−1 (i) = 0) ,
p (ut (i)|ut−1 (i) = 1) ,

if st−1 (i) = 0
if st−1 (i) ∈ A
(38)

and substituting (38) into (37), together with a straightforward
application of (6), (7), (9), and (10), yields
⎧
⎪
⎪ 1 − η,
⎪
⎨η 1 ,
|A|
p (st (i)|st−1 (i)) =
⎪ 1 − µ,
⎪
⎪
⎩µ 1 ,
|A|

if st (i) = st−1 (i) = 0
if st (i) ∈ A, st−1 (i) = 0
if st (i) = 0, st−1 (i) ∈ A
if st (i), st−1 (i) ∈ A.
(39)

B. MAP Sequence Detection
The optimization problem given by (26) can be solved using
the VA. Indeed, if we let
(s0 )

C0

=

|y0 − CH0 s0 |2
− log p(s0 )
2σz2

(40)

denote the metric associated with the first symbol vector, i.e.,
s0 , and
(sk−1 →sk )

Ct

=

|yk − CHk sk |2
− log p(sk |sk−1 ),
2σz2

k≥1

(41)

denote the metric associated with the transition from sk−1 to sk ,
then (26) can be rewritten as

ut (i)∈{0,1}

= p (st (i)|ut (i) = 0, st−1 (i)) p (ut (i) = 0|st−1 (i))
+ p (st (i)|ut (i) = 1, st−1 (i)) p (ut (i) = 1|st−1 (i)) .

sMAP
= arg min
0:t
s0:t

(33)
Moreover, symbol st (i) is conditionally independent of
st−1 (i) given activity indicator ut (i) so that
p (st (i)|ut (i) = 0, st−1 (i)) = p (st (i)|ut (i) = 0)

(34)

p (st (i)|ut (i) = 1, st−1 (i)) = p (st (i)|ut (i) = 1)

(35)

and substituting (34) and (35) into (33) yields
p (st (i)|st−1 (i)) = p (st (i)|ut (i) = 0) p (ut (i) = 0|st−1 (i))
+ p (st (i)|ut (i) = 1) p (ut (i) = 1|st−1 (i)) .

p (ut (i) = 0|st−1 (i)) ,
1,
p (ut (i) = 1|st−1 (i)) |A|

where the two probabilities on the right-hand side of (37) can
be easily derived from the model in Section II. In particular,
if st−1 (i) = 0, then ut−1 (i) = 0, whereas if st−1 (i) ∈ A, then
ut−1 (i) = 1; hence

ut (i)∈{0,1}

= + p (st (i)|ut (i) = 1) p (ut (i) = 1) .

,

(36)

(s )

,

(s )
C0 0

+

t
-

(s
→s )
Ck k−1 k

k=1

(s

→s )

.

(42)

where both C0 0 ≥ 0 and Ck k−1 k ≥ 0 for every k.
Problem (42) can be interpreted as the sequential estimation of
the state in a space-state system. To be precise, the state of the
system at time t is determined by symbol vector st , and the
dynamics is governed by conditional distribution p(st |st−1 ).
Since the state space is finite and the system is Markov, we
exactly. A
can use the VA to solve (42) and compute sMAP
0:t
peculiarity of the algorithm in this particular case is that the
initial state, i.e., s0 , is unknown, and hence, the first step of the
algorithm consists in computing the metric of every possible
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initial vector s0 . Pseudocode 1 gives an overall view of the
algorithm.
Pseudocode 1 Optimal receiver with known channel
1: for every possible initial state, s0 ∈ (A ∪ {0})N do
(s )
2: initialize its associated path as p0 0 ← s0
3: using (27) and (31), compute its initial cost as
(s0 )

C0

=

|y0 − CH0 s0 |2
− log p (s0 )
2σz2

(st−1 →st )

=

|yt − CHt st |2
− log p (st |st−1 )
2σz2

if no path arrived yet at state st then
(st−1 )
(s
→s )
(s )
Ct t ← Ct−1
+ Ct t−1 t
(s )
set the path of state st at time t as pt t ←
(st−1 )
{pt−1
, st }
(st−1 )
(s
→s )
(st )
11:
else if Ct > Ct−1
+ Ct t−1 t then
12:
update the path and cost of state st using expressions in lines 9 and 10
13: choose the state with the lowest cost
14: return its associated path

8:
9:
10:

Notice that, despite the channel being flat, the VA is needed
to obtain the optimal solution to the posed detection problem
due to the user activity model turning the sequence of transmitted symbol vectors, i.e., st , into a Markovian process.
IV. P ER -S URVIVOR P ROCESSING : S EQUENCE
D ETECTION W ITH U NKNOWN C HANNEL
When the channel is unknown, we can extend the algorithm
in Section III in the same way the classical PSP algorithm
[14] extends the conventional VA. The key idea is to maintain
a set of sequences of symbol vectors (termed survivors) for
every possible state and every time instant t (instead of a single
sequence as in the original VA), to cope with the uncertainty
associated with the channel response that needs to be estimated.
As before, we aim at finding the sequence of symbol vectors
that maximizes the a posteriori probability, i.e., the probability
of the sequence of symbols given the sequence of observations.
However, in this case, the channel is unknown, and we seek an
approximate solution for the optimization problem, i.e.,
= arg max p(s0:t |y0:t ).
sMAP
0:t
s0:t

To deal with the unknown channel, we replace the true (unknown) channel matrix at time k, i.e., Hk , with an estimate Ĥk
so that (26) now becomes
⎧5
52
⎪
⎨ 55y0 − CĤ0 , s0 55
ŝMAP
= arg min
− log p(s0 )
0:t
s0:t ⎪
2σz2
⎩
⎛5
⎞⎫
52
5
5
⎪
t
⎬
−
C
Ĥ
s
5
5y
k
k
k
⎜
⎟
+
−
log
p(s
|s
)
.
⎝
⎠
k
k−1
⎪
2σz2
⎭

(44)

k=1

4: for t > 1 do
5: for every state at time t − 1, st−1 , do
6:
for every possible symbol vector, st ∈ (A ∪ {0})N ,
do
7:
using (32) and (39), compute the cost of transition
st−1 → st at time t as
Ct
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(43)

Similar to the classical PSP algorithm, we associate a channel
estimator with every survivor to obtain the needed channel
matrix estimates. Let P be the overall number of survivors and
(i)
s0:t , i ∈ {1, . . . , P }, the path (or symbol sequence) of the ith
survivor up to time t. Using the sequence of symbol vectors
(i)
s0:t and observations y0:t , a conditional estimate of the channel
(i)
matrix at time t, i.e., Ĥt , can be obtained (using the KF,
for example). Since this estimate depends on the specific path
(i)
of the survivor, i.e., s0:t , different survivors (even within the
same state) can have different channel estimates, and hence, the
superscript is needed.
(i)
From an estimate of the channel at time t − 1, i.e., Ĥt−1 , a
prediction thereof at time t can be easily obtained by simply
using the AR model of the channel given by (14). Once an
(i)
estimate, i.e., Ĥt , of Ht for the ith survivor at time t is
available, the cost of the transition from that survivor when st
is transmitted is computed as
5
52
5
(i) 5
:
9
(i)
5yt − CĤt st 5
(st−1 →st )
(i)
(45)
C0
=
−
log
p
s
|s
t
t−1 .
2σz2

The notation employed in (45) emphasizes that now transi(i)
tions occur between a survivor, i.e., st−1 , at time t − 1 and a
state, i.e., st , at time t (rather than between states). Similar to
the previous algorithm, there is no initial state, and hence, in the
first step of the algorithm, a metric must be computed for every
survivor i, i.e.,
5
52
5
(i) (i) 5
9 :
−
C
Ĥ
s
5y
(i)
0
0 0 5
s
(i)
− log p s0 , i = 1, . . . , P
C0 0 =
2
2σz
(46)
(i)

using an initial estimate of the channel, i.e., Ĥ0 .
The PSP-based receiver is similar to the optimal receiver
described in Section III. Pseudocodes 2 and 3 show, respectively, the initialization and the sequential step of the proposed
receiver in more detail.
Pseudocodes 2 PSP Initialization
1: let p ← P/|A ∪ {0}|N be the number of survivors per
state
2: initialize the overall survivor index i ← 0
3: for every possible state s0 ∈ (A ∪ {0})N do
4: for every survivor per state j = 1, . . . , p do
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5:
6:
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increment the overall survivor index i ← i + 1
initialize
(i)
•
the path p0 ← s0
(i)
•
the channel matrix estimate Ĥ0 = 0
•
the cost using (27) and (31) to compute
5
52
5
(i) (i) 5
−
C
Ĥ
s
5y
0
0 0 5
(s )(i)
(i)
=
− log p(s0 )
C0 0
2σz2

7:

of the ith overall survivor (jth survivor within state s0 )
(i)
update Ĥ0 using y0 and s0

Pseudocodes 3 PSP Sequential step
1: let p ← P/|A ∪ {0}|N be the number of survivors per
state
2: for t > 1 do
3: for every survivor, i = 1, . . . , P at time t − 1 do
(i)
(i)
4:
compute Ĥt from Ĥt−1 using (14)
5:
let st−1 be the state associated with the ith survivor at
time t − 1
6:
for every possible symbol vector at time t, st ∈
(A ∪ {0})N , do
7:
using (32) and (39), compute the cost of the transition from the ith survivor at time t − 1 when
st is transmitted
5
52
5
(i) 5
(i)
−
C
Ĥ
s
5y
5
t
t
t
(s
→st )
=
− log p (st |st−1 )
Ct t−1
2σz2
8:
9:

if (number of survivors within state st ) < p then
add a new survivor, identified as the kth overall
survivor at time t, such that
<
;
(k)
(i)
pt ← pt−1 , st
s

(k)

s

(i)

(i)

(st−1 →st )

0
Ct 0 ← Ct−1
+ Ct

10:
11:
12:

(k)

(i)

update Ĥt from Ĥt−1 using yt and st
else
find the survivor with the higher cost within
state st , identified as the kth overall survivor
s

(k)

s

(i)

(s

(i)

→st )

0
13:
if Ct 0 > Ct−1
+ Ct t−1
then
14:
update the kth survivor as in line 9
(k)
(i)
15:
update Ĥt from Ĥt−1 using yt and st
16: choose the overall survivor with the lowest cost
17: return its associated path

V. S EQUENTIAL M ONTE C ARLO M ETHODS
A. Background
A different approach to the problem of detecting the active
users in the considered DS-CDMA system, along with their
transmitted data, is to use SMC methods, which are also

known as particle filters (PFs) [23]–[25]. Here, we give a brief
introduction to PFs and derive, afterward, the optimal SMC
algorithm for the problem at hand.
Most particle filtering methods rely upon the principle of
importance sampling (IS) [23] for building an empirical approximation of a desired pdf, e.g., p(x), by drawing samples
from a different distribution, which is known as importance
function or proposal pdf, denoted by q(x), with a domain
that includes that of p(x). These samples are then assigned
appropriate normalized importance weights, i.e.,
x(i) ∼ q(x)
w̃(i) ∝

p(x(i) )
q(x(i) )

w̃(i)
w(i) = +M
(i)
i=1 w̃

(47)
(48)

(49)

where x(i) is the ith particle, M is the number of particles,
weights, and w(i) are
w̃(i) , i = 1, . . . , M , are the unnormalized
+
(i)
the normalized weights, so that M
w
= 1. The particles
i=1
drawn from q(x) are said to be properly weighted with respect
to p(x) because
=
f (x)w̃(x)q(x)dx
Eq [f (x)w̃(x)]
= =
Eq [w̃(x)]
w̃(x)q(x)dx
=

=

=

=

f (x)k p(x)
q(x) q(x)dx
= p(x)
k q(x) q(x)dx

f (x)p(x)dx
=
= Ep [f (x)]
p(x)dx

(50)

where f (x) is an arbitrary integrable function, and w̃(x) =
kp(x)/q(x), where k is an arbitrary constant. Intuitively, (50)
means that the expectation of function f (x) with respect to a
pdf, i.e., p(x), can be computed with respect to another pdf,
i.e., q(x), if the function is properly weighted using factor w̃(x).
Note that the normalization step in (49) naturally arises when
the fraction on the left-hand side of (50) is approximated using
samples from q, i.e.,
+M
1
f (x(i) )w̃(x(i) )
Eq [f (x)w̃(x)]
= M 1 i=1
+M
(i)
Eq [w̃(x)]
i=1 w̃(x )
M
=

M
-

f (x(i) )w(x(i) ).

(51)

i=1

At the receiver, we are interested in detecting the sequence
of symbol vectors s0:t given the sequence of observations.
Therefore, we need to approximate the a posteriori pmf2
p(s0:t |y0:t ), which contains all relevant statistical information
for the optimal (Bayesian) estimation of s0:t (and, hence, u0:t ).
2 Note that any pmf can be handled as a pdf by representing it using Dirac
delta functions.
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Accordingly, we choose an importance function with the form
q(s0:t |y0:t ).
One of the most appealing features of the particle filtering
approach is its potential for online processing. Indeed, the IS
principle can be sequentially applied by exploiting the recursive
decomposition of the posterior distribution, i.e.,
p(s0:t |y0:t ) ∝ p(yt |s0:t , y0:t−1 )p(st |st−1 )p(s0:t−1 |y0:t−1 )
(52)
which is obtained by way of Bayes’ theorem. The recursive
algorithm called sequential IS (SIS) [24] combines the IS
principle, decomposition (52), and an importance pmf that can
be factored as
q(s0:t |y0:t ) = q(st |s0:t−1 , y0:t )q(s0:t−1 |y0:t−1 )

(53)

to build a discrete probability measure with random support that
(i)
(i)
approximates the posterior pmf [24]. Let Ωt = {s0:t , wt }M
i=1
denote the set of weighted particles at time t. Then, the desired
pmf is approximated as
p̂(s0:t |y0:t ) =

M
:
9
(i)
(i)
δ s0:t − s0:t wt .

(54)

i=1

When a new observation is collected at time t + 1, the SIS
algorithm proceeds as follows to recursively compute Ωt+1 :
(i)

(i)

1) IS: st+1 ∼ q(st+1 |s0:t , y0:t+1 );
(i)
(i)
(i)
(i)
2) Weight update: w̃t+1 = wt p(yt+1 |s0:t+1 , y0:t )/q(st+1 |
(i)
s0:t , y0:t+1 );
+
(i)
(i)
(k)
3) Weight normalization: wt+1 = w̃t+1 / M
k=1 w̃t+1 .
The asymptotic convergence, for M → ∞, of the SIS algorithm is proved in [26] under mild assumptions. It is straightforward to obtain data estimates from the approximate pmf
p̂(s0:t |y0:t ). For example, a marginal MAP detector can be
implemented as
,M
.
(i)
(i)
MAP
ŝt
= arg max
δ(st − st )wt
(55)
st

i=1

which amounts to selecting the particle with the highest accumulated weight (note that some particles can be replicated).
One major problem in the practical implementation of the
SIS algorithm is that after a few time steps, most of the particles
have importance weights with negligible values (very close to
zero). This is known as the weight degeneracy phenomenon
[24]. The common solution to this problem is to resample the
particles. Resampling is an algorithmic step that stochastically
discards particles with small weights while replicating those
with significant weight [24], [27]. In its conceptually simplest
(i)
form, resampling generates M new particles {s0:t , 1/M }M
i=1 by
(i)
(i)
drawing samples from the discrete pmf pw (s0:t ) = wt .
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tance function. The optimal importance function is always the
pdf itself that we want to approximate, and thus, in this case,
we have3
q(st |s0:t−1 , y0:t ) = p(st |s0:t−1 , y0:t ).

(56)

By means of Bayes’ theorem, the conditional probability on
the right-hand side of (56) can be computed as
p(st |s0:t−1 , y0:t ) =

p(yt |s0:t , y0:t−1 )p(st |s0:t−1 , y0:t−1 )
p(yt |s0:t−1 , y0:t−1 )
(57)

where the normalization constant p(yt |s0:t−1 , y0:t−1 ) can be
exactly evaluated; hence
p(st |s0:t−1 , y0:t ) = +

p(yt |s0:t , y0:t−1 )p(st |st−1 )
.
s˜t p(yt |s0:t−1 , s˜t , y0:t−1 )p(s˜t |st−1 )
(58)

Notice that in (58), we have also taken into account that when
the corresponding observation, i.e., yt , is not available, the
symbols transmitted at time t only depend on those transmitted at time t − 1 (due to the user activity model), i.e.,
p(st |s0:t−1 , y0:t−1 ) = p(st |st−1 ).
The likelihood of the form p(yt |s0:t , y0:t−1 ) that appears in
(58) can be analytically computed using a Kalman filter. Indeed,
recalling that ht is a vector built by taking all the elements in
the diagonal of matrix Ht , we can write
p(yt |s0:t , y0:t−1 )
>
= p(yt |ht , s0:t , y0:t−1 )p(ht |s0:t , y0:t−1 )dht .

(59)

Both densities in the integrand are Gaussian, and therefore, the
integral can be solved [28]. Specifically, it can be shown (see,
e.g., [29, App.] for details) that
p(yt |s0:t , y0:t−1 )
)
*
= N yt |Bt (α1 ht−2 + α2 ht−1 ) , Bt Kt|t B⊤
t

(60)

where Kt|t is the filtered covariance of ht computed by the KF,
and Bt = CSt .
The weight update equation for importance function (56) can
be easily obtained combining (52), (53), (56), and (58) to yield
9
:
(i)
p s0:t |y0:t
(i)
:
w̃t = 9
(i)
q s0:t |y0:t
(i)

=wt−1

: 9
:
- 9
(i)
(i)
p yt |s0:t−1 , s˜t , y0:t−1 p s˜t |s0:t−1 , y0:t−1 .
s˜t

(61)

B. Optimal SMC Receiver
It is well known that the performance of any particle filtering
method depends to a great extent on the choice of the impor-

3 Notice that we are only defining the non-recursive part of the proposal
function q(s0:t |y0:t ) since the latter is selected to decompose according
to (53).
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Pseudocode 4 provides a complete description of the operation
of the algorithm.
Pseudocode 4 Optimal SMC receiver
1: for every particle i = 1, . . . , M do // initialization
2: initialize a KF to estimate the channel associated with
particle i
3: for every possible s0 ∈ (A ∪ {0})N do
(i)
4:
compute p(st |s0:t−1 , y0:t )|t=0 = p(s0 |y0 ) using (58),
noting that at time t = 0
p(st |st−1 ) = p(s0 )
p(yt |s0:t−1 , s˜t , y0:t−1 ) = p(yt |s˜0 )
p(s˜t |st−1 ) = p(s˜0 )
5:
6:

(i)

draw a sample, i.e., s0 , from q(s0 |y0 ) = p(s0 |y0 )
(i)
compute
the unnormalized weight of the particle w̃0 =
+
s̃0 p(yt |s̃0 )p(s̃0 )
7: update the KF associated with the ith particle using the
(i)
drawn sample s0
8: compute the sum of the unnormalized weights W ←
+M (i)
i w̃0
(i)
(i)
9: normalize each weight w0 ← w̃0 /W
10: for t > 1 do // sequential step
11: for every particle i = 1, . . . , M do
12:
for every possible st ∈ (A ∪ {0})N do
(i)
13:
compute p(st |s0:t−1 , y0:t ) using (58)
(i)
(i)
14:
draw a sample, i.e., st , from q(st |s0:t−1 , y0:t ) =
(i)
p(st |s0:t−1 , y0:t )
15:
compute the unnormalized weight of the ith particle,
(i)
i.e., w̃t , using (61)
16:
update the KF associated with the ith particle using
(i)
sample st
17: if weight degeneracy phenomenon occurs then
18:
resample the particles
19: else
20:
compute the sum of the unnormalized weights W ←
+M (i)
i w̃t
(i)
(i)
21:
normalize each weight wt ← w̃t /W
22: choose the particle with the highest weight
23: return its associated path

From (58), it is clear that the random sampling of the vector
of symbols transmitted at time t requires the computation of
|A ∪ {0}|N likelihood and |A ∪ {0}|N symbol vector probabilities. This entails an exponential complexity on the number
of users, which is prohibitive in most practical cases. Therefore,
alternative methods providing a tradeoff between performance
and complexity are desirable. One of such methods, which is
also based on particle filtering, is introduced in the following
section.

C. Complexity-Constrained SMC Receiver
To get a complexity-constrained algorithm that solves the
stated problem, we propose an SMC scheme based on the ideas
of sampling in a higher dimension [30] and sequentially on the
data space [31]. Specifically, we address the approximation of
the joint pdf p(s0:t , Ht |y0:t ) using an importance function of
the form q(s0:t , Ht |y0:t ), which will be defined as follows.
Using Bayes’ theorem, the target pdf can be decomposed as
p(s0:t , Ht |y0:t )
p(yt |Ht , s0:t , y0:t−1 )p(s0:t , Ht |y0:t−1 )
=
p(yt |y0:t−1 )
∝ p(yt |Ht , s0:t , y0:t−1 )p(s0:t , Ht |y0:t−1 )

= p(yt |Ht , s0:t , y0:t−1 )p(st |s0:t−1 , Ht , y0:t−1 )
× p(s0:t−1 , Ht |y0:t−1 )

= p(yt |Ht , s0:t , y0:t−1 )p(st |st−1 )

× p(Ht |s0:t−1 , y0:t−1 )p(s0:t−1 |y0:t−1 )

(62)

where the proportionality is due to p(yt |y0:t−1 ) being a normalization constant that does not depend on either the sequence of
symbol vectors, i.e., s0:t , or on channel matrix Ht . In addition,
it has been taken into account that the channel and the symbols
are a priori (when no observation connecting them is available)
independent, and hence
p(st |st−1 , Ht , y0:t−1 ) = p(st |st−1 ).

(63)

At the sight of (1), the likelihood p(yt |Ht , s0:t , y0:t−1 ) on
the right-hand side of (62) is Gaussian with mean CHt st
and covariance σz2 IL and, thus, can be easily computed. On
the other side, the proposal function is, as usual, recursively
defined. Specifically, we draw samples from an importance
function of the form
q(s0:t , Ht |y0:t )

= q(st |s0:t−1 , Ht , y0:t )q(s0:t−1 , Ht |y0:t )

= q(st |s0:t−1 , Ht , y0:t )p(Ht |s0:t−1 , y0:t−1 )
× q(s0:t−1 |y0:t−1 )

(64)

and we only need to define the marginal proposal q(st |s0:t−1 ,
Ht , y0:t ). This last probability is conditional on channel matrix
Ht and observation vectors y0:t , from which soft estimates of
the symbols transmitted at time t can be obtained as
ŝt = Ft yt

(65)

where Ft is any linear filter, such as a decorrelator or a
minimum mean square error (MMSE) filter [32]. Once a soft
estimate, i.e., ŝt , of the jth symbol, i.e., st , is available, we
draw a sample of the latter from the proposal
q (st (j)|st−1 (j), ŝt (j))
= p (st (j)|st−1 (j), ŝt (j))
=+

p (ŝt (j)|st (j)) p (st (j)|st−1 (j))
.
s̃t (j) p (ŝt (j)|s̃t (j)) p (s̃t (j)|st−1 (j))

(66)
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The marginal proposal for the entire symbol vector is then
defined as
q(st |s0:t−1 , Ht , y0:t ) =

N
(

q (st (j)|st−1 (j), ŝt (j))

*
)
q (ŝt (j)|st (j)) = N ŝt (j)|st (j), σq2

(67)

(68)

whose mean is the corresponding symbol that is being estimated and whose variance, i.e., σq2 , is matched to that of r.v.
ŝt (j) − st (j). Notice that this is just a model we assume for the
sake of simplicity at the time of sampling. Soft estimate ŝt (j)
is not necessarily Gaussian distributed.
Equation (67) combined with (64) yields the (overall) proposal function, i.e.,
q(s0:t , Ht |y0:t )
N
(

j=1

+

p (ŝt (j)|st (j))
p
(ŝ
(j)|s̃
t
t (j)) p (s̃t (j)|st−1 (j))
s̃t (j)

× p(Ht |s0:t−1 , y0:t−1 )q(s0:t−1 |y0:t−1 )

(69)

and from (62) and (69), the resulting weight update equation is
:
9
(i)
(i)
p s0:t , Ht |y0:t
(i)
:
w̃t = 9
(i)
(i)
q s0:t , Ht |y0:t
9
:
(i) (i)
= p yt |Ht , s0:t , y0:t−1
9
: 9
:
?N +
(i)
(i)
s̃t (j) p ŝt (j)|s̃t (j) p s̃t (j)|st−1 (j)
j=1
×
?N
j=1 p (ŝt (j)|st (j))
(i)

× wt−1 .

7:

(70)

Pseudocodes 5 and 6 summarize, respectively, the initialization
and the sequential step of the algorithm.
Pseudocode 5 Complexity-constrained SMC receiver
Initialization
1: for every particle i = 1, . . . , M do
2: initialize a KF to estimate the channel associated with
particle i
(i)
3: draw a sample, i.e., Ĥ0 , using the filtered mean and
covariance given by the KF
(i)
(i)
4: from Ĥ0 and y0 , compute soft estimates, i.e., ŝ0 , of
the symbols transmitted
5: for j = 1, . . . , N do
6:
for every possible st (j) do

(i)

compute
q(st (j)|st−1 (j)(i) , ŝt (j))|t=0 =
(i)
q(s0 (j)|ŝ0 (j)) using (66) noting that at time
t=0
p (st (j)|st−1 (j)) = p (s0 (j))

j=1

and we have decoupled the sampling of the symbols within
vector st . Notice that probabilities p(st (j)|st−1 (j)), j =
1, . . . , N, in (66) can be easily calculated using (39). Regarding
p(ŝt (j)|st (j)), we assume that the soft estimates follow a
Gaussian distribution, and thus

= p(st |st−1 )
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p (s̃t (j)|st−1 (j)) = p (s̃0 (j))
8:
9:

(i)

(i)

draw a sample, i.e., s0 (j), from q(s0 (j)|ŝ0 (j))
compute the unnormalized weight of the particle
using (70)
10: update the KF associated with the ith particle using the
(i)
(i)
(i)
(i)
sample drawn s0 = [s0 (1), s0 (2), . . . , s0 (N )]⊤
11: compute the sum of the unnormalized weights W ←
+M (i)
i w̃0
(i)
(i)
12: normalize each weight w0 ← w̃0 /W
Pseudocode 6 Complexity-constrained SMC receiver
Sequential step
1: for t > 1 do
2: for every particle i = 1, . . . , M do
(i)
3:
draw a sample, i.e., Ĥt , using the predictive mean
and covariance given by the KF
(i)
(i)
4:
from Ĥt and yt , compute soft estimates, i.e., ŝt , of
the symbols transmitted
5:
for j = 1, . . . , N do
6:
for every possible st (j) do
(i)
(i)
7:
compute q(st (j)|st−1 (j), ŝt (j)) using (66)
(i)
8:
draw a sample, i.e., st (j), from
(i)
(i)
q(st (j)|st−1 (j), ŝt (j))
9:
compute the unnormalized weight of the particle, i.e.,
(i)
w̃t , using (70)
10:
update the KF associated with the ith particle using
(i)
(i)
(i)
(i)
the sample drawn st = [st (1), st (2), . . . , st (N )]⊤
11: if weight degeneracy phenomenon occurs then
12:
resample the particles
13: else
14:
compute the sum of the unnormalized weights W ←
+M (i)
i w̃t
(i)
(i)
15:
normalize each weight wt ← w̃t /W
16: choose the particle with the highest weight
17: return its associated path

VI. S IMULATION R ESULTS
A. Setup
We have carried out a set of computer simulations to assess
the performance of the proposed algorithms. For simplicity,
the considered DS-CDMA system employs spreading codes of
length L = 8 (randomly generated) and can allocate up to N =
3 users. The modulation format is BPSK, and transmission is
carried out in frames of K = 1000 symbols per user.
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The probability of a user becoming active (starting to transmit at a certain time instant given that it was not transmitting at
the previous time instant) is η = 0.01, whereas the probability
of a user staying active (transmitting at a certain time instant
given that it was transmitting at the previous time instant) is
µ = 0.99.
The channel coefficients associated with different users are
assumed to be independent. Their dynamics are modeled using the multidimensional AR process (14) for the purpose
of algorithm design. However, to assess the performance of
the proposed algorithms in a more realistic environment, we
have carried out our computer simulations assuming channel
impulse responses (CIRs) generated using the classical Clarke
autocorrelation function [33]. Thus, the Doppler spectrum of
every user coefficient is set to be the classical Jake’s spectrum [34, Sec. 5.4], which yields Clarke’s autocorrelation
function, i.e.,
9 v
:
m
Fc kTs
ρ(k) = J0 2π
c

where k is the delay in symbol periods, J0 is the Bessel
function of the first kind and zeroth order, vm = 50 km/h is
the relative speed of the transmitter with respect to the receiver,
c is the speed of light, Fc = 2 GHz is the carrier frequency, and
Ts = 1/(500 · 103 ) s is the symbol period. The latter entails a
symbol rate of fs = 500 · 103 symbols (bits) per second.
Given a certain autocorrelation function (such as Clarke’s
autocorrelation function), the parameters of the AR process (coefficients and variance) that best approximate it can be obtained
by solving the Yule–Walker equations [22]. However, plugging
the values of the parameters they yield in this particular case
(α1 = 1.99999, α2 = −0.999998, and σv2 = 3.84826 · 10−11 )
into the KF results in poor performance. This is due to the
small value assigned to variance σv2 , which does not account
for the uncertainty in the estimation of the channel.4 Through
computer simulations, we have found that reasonable values
for the parameters of the AR process are α1 = 0.59999, α2 =
0.39999, and σv2 = 0.0001 (the value selected for σv2 being the
most critical one).
As for the signature sequences of the different users, the
matrix of spreading codes, i.e., C, is randomly generated at
each frame. Each entry is drawn from a uniform distribution
taking values on set {+1, −1}. The matrix is only dismissed
(and a new matrix is generated following the same procedure)
if it is rank deficient.
All the results presented herein are referred to a particular
user of interest, which is chosen to be (without loss of generality) the first user. So that it is possible to compute the
symbol error rate (SER) at every frame for this user, the a priori
probability of this user being active is φ = 1. However, after
the first time instant, the reference user can leave or enter the
system (according to the model) at any time as the rest of the
users, and the receiver has to detect such events. As for the rest

4 Notice that uncertainty in the estimation of the channel is always present
as long as estimates of the transmitted symbols (rather than the transmitted
symbols themselves) are fed to the channel estimator.

of the users, the (a priori) probability of each one being active
at the beginning of a frame is φ = 0.5.
A common issue in DS-CDMA systems is the so-called
near–far problem [2]: the power received for the user of interest can be very small when compared with that received for
interfering users. Since our goal is to compare the performance
of the different algorithms rather than to tackle this wellknown difficulty associated with CDMA and other wireless
communication systems, all channel realizations that yield a
signal-to-interference ratio below −30 dBs (the power of the
interfering users is 1000 times bigger than that of the user of
interest) are discarded in the simulations.

B. Algorithms and Figures of Merit
Within this simulation setup, we have compared
• the ML receiver when the channel is perfectly known, but
the model governing the users’ activity is ignored (hence,
all the sequences of symbol vectors, i.e., s1:K , are assumed
equally likely), labeled “Naive ML (known channel)”;
• the optimal (MAP) receiver based on the VA that has full
knowledge of the CIR, as developed in Section III, labeled
“Optimal (known channel)”;
• the PSP-based method explained in Section IV, labeled
“PSP”;
• the optimal SIS receiver derived in Section V-B, labeled
“SIS-opt”;
• the complexity-constrained SIS method based on the use
of linear filters presented in Section V-C, here using
MMSE filters, labeled “SIS-LF” (where LF stands for
“linear filter”);
• the finite random set (FRS)-based method developed in [7]
considering a grid with W = 20 points equally spaced between hmin = −2.0 and hmax = 2.0 for the quantization
of the channel coefficients, labeled “FRS (W = 20).”
The optimal (Viterbi-based) and PSP algorithms perform
a search over a typical trellis diagram with |{A ∪ {0}}|N =
33 = 27 states. The number of survivors employed by the PSP
algorithm is P = 54 (which amounts to keeping two survivors
per state), and this is also the number of particles employed by
the two SMC algorithms (i.e., M = P ).
We evaluate the performance of the receivers in terms of
SER, activity detection error rate (ADER), and mean square
error (MSE) of the channel estimates. When computing the
SER, an error is computed at time t whenever the symbol
ŝt (1) ∈ {A ∪ {0}} estimated for the user of interest differs
from the actual transmitted symbol, i.e., st (1). This means
that an error in activity detection also entails a symbol error.5
Regarding the MSE, if we let ĥt denote the vector containing
the coefficients in the diagonal of channel estimate Ĥt and
ht denote the vector containing those in the diagonal of the

5 The opposite is not true, however, when calculating the ADER: if the user
of interest is active, ŝt (1) ̸= st (1) entails no activity detection error as long as
ŝt (1) ̸= 0.
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TABLE I
PARAMETERS OF THE SIMULATED SYSTEM

Fig. 2. MSE for several values of the SNR (in decibels). The results are
averaged over 45 000 independent data frames, where each one has its own
associated channel realization and spreading-code matrix.

Fig. 1. SER for several values of the SNR (in decibels). The results are
averaged over 45 000 independent data frames, where each one has its own
associated channel realization and spreading-code matrix.

actual channel matrix Ht , then the normalized MSE at time t is
computed as
:H 9
:
9
ht − ĥt
ht − ĥt
MSEt =
.
(71)
ĥH
t ĥt
The overall normalized MSE is then obtained by averaging over
all time steps, i.e.,
K−1
1 MSE =
MSEt .
K t=0

(72)

All the algorithms that perform channel estimation rely on the
KF to do so.
Table I summarizes the values of the model parameters that
we have used in the computer simulations.
C. Numerical Results
Fig. 1 shows the SER achieved by all the receivers for
different values of the SNR. For low SNRs (up to 10 dBs), the
PSP receiver performs very close to the optimal receiver with
known channel. The gap between the two algorithms widens

as the SNR increases, but still, for SER ≈ 10−2.5 , the curve
of the PSP is only 1 dB away from that of the optimal receiver.
The SMC algorithms, on the other hand, perform slightly worse
for SNRs below 21 dBs. Specifically, the SIS-opt and SISLF receivers exhibit 3- and 4-dBs losses, respectively, when
compared with the optimal receiver. It can be also observed
that the slope of the PSP algorithm’s curve becomes less steep
for high SNRs (above 18 dBs), which translates into some
performance penalty. The SIS-opt receiver does not suffer this
performance degradation, and for SNRs higher than 21 dBs, it
outperforms the PSP receiver. The FRS (W = 20) algorithm
displays poor performance in the whole range of SNRs, which
is mainly caused by the channel estimation error introduced in
quantization and, to a lesser extent, by the error propagation
phenomenon. Further results for this receiver will be shown
later.
One remarkable fact in Fig. 1 is the relatively poor performance of the Naive ML (known channel) algorithm, which
points out the importance of exploiting the available statistical
information concerning the dynamics of the users’ activity.
Fig. 2 displays the channel estimation MSE attained by the
PSP, optimal SMC equalizer, and complexity-constrained SMC
equalizer, together with the corresponding error curve achieved
by a KF fed with the true transmitted symbols (without errors),
that serves as a lower bound and reference for comparison. The
figure shows that the PSP algorithm is clearly outperformed
by the two PFs for low SNRs, but only by the SIS-opt in
high SNRs. However, for medium-high SNRs, the SIS-opt and
PSP algorithms usually yield channel estimates with similar
MSE, and the gap between the curves observed in Fig. 2
is mainly due to the MSE achieved by the PSP algorithm
having a higher variance. The FRS (W = 20) algorithm incurs,
due to the quantization of channel space, on severe channel
estimation errors (even for high SNRs), as illustrated by the
MSE it attains, which is approximately two orders of magnitude
above that of the remaining algorithms (recall that this is a
normalized MSE).
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Fig. 3. ADER for several values of the SNR (in decibels). The results
are averaged over 45 000 independent data frames, where one has its own
associated channel realization and spreading-code matrix.

Fig. 4. Estimation of the user of interest’s channel coefficient carried out by
the SIS-opt algorithm for a specific frame when SNR = 15 dBs. The thick solid
line below the plot indicates the activity of the user of interest: markers are only
present when it is active; hence, the gaps correspond to periods of inactivity.

To evaluate the reliability of user activity detection, Fig. 3
displays the ADER against several values of the SNR. It can be
seen that Fig. 3 is very similar to Fig. 1. Indeed, we have found
that most symbol errors accounted when computing the SER
were due to the algorithms not correctly detecting the activity
of the user of interest.
Finally, we assess the effect of the users’ inactivity in the
channel estimation algorithms. Notice that the channel coefficient associated with a given user evolves regardless of the
latter’s activity, and hence, when the user is not transmitting,
the channel can only be predicted using the AR model given
by (14).
Fig. 4 shows the estimation of the user of interest’s channel
coefficient carried out by SIS-opt using the KF. The curve of
the estimated channel coefficient is given by the filtered mean
computed by the KF, whereas the two thin lines above and
below it account for the mean plus and minus one standard
deviation, respectively. As for the lower part of the figure, it
shows the user activity (markers are present only when the
user is transmitting an actual symbol.) The figure shows how

Fig. 5. SER for several values of the SNR (in decibels) when the frame length
is K = 10. The results are averaged over 20 800 independent data frames,
where each one has its own associated channel realization and spreading-code
matrix.

the standard deviation of the channel estimate starts increasing
when the user stops transmitting and, conversely, how the
standard deviation curves tightly squeeze the channel estimate
mean after the user has been transmitting for a few time
instants. Additionally, when the user is not transmitting, it can
be appreciated that the estimate of the corresponding channel
coefficient stays approximately constant. This is due to the KF
updating the estimate using only the a priori information given
by the AR process that models the evolution of the channel, i.e.,
(14), which yields a slow variation.
Apparently, the performance of the FRS-based algorithm
depends on both the length of the data frame and the number of
points, i.e., W , of the grid that is used to quantize the channel
coefficients. In the last experiment, we consider (as in [7]) short
data frames of only K = 10 symbols per user to avoid the
error propagation phenomena, and additionally, we simulate
the FRS-based algorithm using a grid of W = 50 points (the
corresponding curve to be labeled “FRS (W = 50)”).
Fig. 5 shows the SER attained by the proposed receivers, the
optimal sequence detector with a known channel, and the FRSbased receivers (with W = 20 and W = 50) when the frame
length is K = 10. We first observe that the SER of the optimal
receiver with a known channel increases (when compared with
that in Fig. 1), as shorter sequences are harder to detect on average. As a consequence, the SER curves corresponding to all the
other receivers described herein are also shifted upward, and the
performance gaps between different algorithms are reduced. In
particular, the SER of the FRS-based receiver appears closer to
that of the PSP and SMC detectors. We also observe that using a
finer grid for the discretization of channel coefficients (W = 50
instead of W = 20) leads to a clear performance improvement
in the SER of the FRS-based approach, particularly noticeable
for the higher SNRs. However, the computational burden of the
FRS (W = 50) algorithm is prohibitive in practice since (50 ×
|{−1, +1, 0}|)3 = 1503 = 3 375 000 different combinations of
transmitted symbols and (discrete) channel coefficients need
to be explored (for N = 3) in the worst-case scenario (if a
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systematic tree search procedure is applied, see the Appendix
for more details), and furthermore, its performance is still
inferior compared with that of the receivers introduced in this
paper.
VII. S UMMARY AND D ISCUSSION
In this paper, we have tackled the problem of user identification in time-varying multiuser DS-CDMA systems. We
have proposed a detailed model for the observed signals that
explicitly takes into account the users’ activity dynamics and
the effect of a flat-fading and time-selective channel. At the
receiver, the number and identity of the active users, their transmitted data, and their corresponding time-varying channel coefficients have to be jointly estimated at every time instant. For
this task, we have proposed three different algorithms, which
are based on the PSP and SMC methodologies. The optimal
(MAP) sequence detector with a perfectly known channel has
been also derived for comparison. A remarkable fact about the
proposed receivers is that they all arise as natural extensions of
simpler existing equalizers for multiple-input–multiple-output
channels [35] in which the number of inputs (equivalent to the
number of users in a DS-CDMA setup) is a fixed parameter.
The proposed receivers have been numerically assessed, by
means of computer simulations, in terms of the SER (for
data detection), the ADER (for user activity detection), and
the MSE (for channel estimation). Both the PSP- and SMCbased equalizers attain a performance that is close to the genieaided MAP sequence detector in terms of both the SER and
the ADER, particularly in the low- and medium-SNR regions.
Moreover, the computer simulations show that most symbol
detection errors are due to the failure in the detection of the
users’ activity (both for the optimal and the proposed receivers).
Therefore, keeping the ADER low is strictly necessary to attain
a low SER.
We have also assessed the impact that ignoring the statistical
model of the users’ activity dynamics has on performance. To
be specific, we have simulated an ML receiver that has perfect
knowledge of the CIR (at every time step) but does not take
into account the users’ activity probabilities. All the proposed
algorithms, including the PSP and SMC equalizers that have to
carry out channel estimation, clearly outperform this naive ML
receiver in the whole range of SNRs. Therefore, the appropriate
modeling of the users’ activity dynamics appears fundamental
for the reliability of the receiver.
The aim and scope of this paper is similar to recent works [6],
[7], where RST has been used for the representation of user activity patterns and the design of Bayesian detection algorithms.
The system model proposed in this paper is built upon classical probability theory; hence, we expect that it appears more
intuitive and easier to understand for many engineers working
in the field. In addition, the proposed algorithms avoid certain
approximations required by the RST-based receivers proposed
in [7], including the feedback of hard decisions (with the
subsequent risk of error propagation) and the discretization of
channel coefficients. A detailed description of the methodology
in [7] and a comparison with the techniques herein introduced
are provided in Section VI and the Appendix.
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A PPENDIX
U SER ACTIVITY D ETECTION U SING F INITE R ANDOM S ETS
We briefly review the approach to multiuser activity detection
based on RST. This methodology was introduced in [36] and
later developed in [6], [7], and [37] by the same group of
authors. We follow [7], which tackles the same problem as this
paper and proposes practical algorithms for joint user activity
detection, channel estimation, and multiuser data detection.
When comparing with the methodology of this paper, we
will refer to the model in Section II as “elementary” because
it is built using only notions and objects from the classical
probability theory.
Model: We adapt the notation in [7] to be consistent with
the rest of the paper. First, we define the (random) set of active
i
users St = ∪N
i=1 St , where
,;
<
[i, ht (i), st (i)]⊤ , if user i is active at time t
i
St =
∅,
otherwise.
Assuming, for the sake of clarity, that the channel is real,
each element in set St is a 3 × 1 vector in space S =
{1, . . . , N } × R × A, containing the index, i.e., i, of a currently active user, its associated channel coefficient ht (i), and
transmitted symbol st (i). We denote the projection of St over
the set of indexes {1, . . . , N } as π(St ) (hence, i ∈ π(St ) if and
only if user i is active).
Both in [7] and in the elementary model in Section II, the
following assumptions are made.
• The observation noise is assumed to be a white Gaussian
sequence.
• The symbols transmitted by the users are assumed mutually independent.
• The channel is assumed to be frequency flat and time
varying.
• The maximum number of users that the system can hold,
which is denoted by N , is fixed.
Additionally, in [7] and in this paper, we assume that N ≤
L, but in both cases, the methodologies can be extended to
overloaded scenarios.
The sequence {St } of FRSs can be shown to be a discretetime Markov process with transition distribution [7]
p(St |St−1 ) = |A|−|St | µ|π(St )∩π(St−1 )|

× (1 − µ)|π(St−1 )|−π(St )∩π(St−1 )
× η |π(St )\π(St )∩π(St−1 )|

× (1 − η)N −|π(St−1 )|−|π(St )\π(St )∪π(St−1 )|
(
×
p(ht (i)|ht−1 (i))
i∈π(St )∩π(St−1 )

×

(

p (ht (i))

i∈π(St )\π(St )∩π(St−1 )

and a priori distribution (at time t = 0)
p(S0 ) = |A|−|S0 | φ|S0 | (1 − φ)N −|S0 |

(

i∈π(S0 )

p (h0 (i)) .

(73)
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In (73), note the need for the marginal pdfs p(ht (i)) to describe
the dynamics of the FRS sequence. This is a difficulty (because
most models are based on transition densities p(ht (i)|ht−1 (i)),
with an a priori density for the initial time instant) that does not
exist in the proposed elementary model.
The assumptions on the RST-based model in [7] are exactly
the same as those on the elementary model in Section II, and
both models can represent the same kind of system.
Methodology: Using the given formulation, the MAP detector for the FRS St can be written as
StMAP = arg

max

St ∈{S∪{∅}}N

p(St |y0:t ).

(74)

The (approximate) solution for this problem proposed in [7] is
based on the Bayesian decomposition, i.e.,
p(St |y0:t ) ∝ p(St |y0:t−1 )p(yt |St )
where p(yt |St ) is the likelihood of the candidate FRS St , and
>
(75)
p(St |y0:t−1 ) = p(St |St−1 )p(St−1 |y0:t−1 )δSt−1
where δSt−1 denotes the set integral operator in [38].
The methodology in [7] requires two types of approximations
to handle the predictive distribution of (75). The first approximation consists in the discretization of the channel coefficients
(see [7, Sec. 4]). To be specific, each coefficient ht (i) ∈ R,
i = 1, . . . , N , is assumed to take values on a grid with W
points, which are denoted by W = {a1 , . . . , aW } ⊂ R. The
discretized channel coefficients are denoted by ȟt (i) ∈ W, and
i
the FRSs are redefined as St = ∪N
i=1 St−1 , where
, ;@
A⊤ <
i, ȟt (i), st (i)
, if user i is active at time t
i
Št =
∅,
otherwise.
Transition distribution p(Št |Št−1 ) is the same as in (73) but
substituting p(ht (i)|ht−1 (i)) and p(ht (i)) by p(ȟt (i)|ȟt−1 (i))
and p(ȟt (i)), respectively. Note that both p(ȟt (i)|ȟt−1 (i)) and
p(ȟt (i)) have to be computed from the original (continuous) channel model by integration, which is not necessarily a
straightforward task.
After channel discretization, the predictive distribution
becomes
p(Št |Št−1 )p(Št−1 |y0:t−1 ) (76)
p(Št |y0:t−1 ) =
Št−1 ∈(∅∪Š)N

where Š = {1, . . . , N } × W × A, which is still too complex
because of the large number of terms in the summation. To
alleviate this difficulty, Angelosante et al. [7] suggest a “zeroorder approximation” (ZOA) that consists in substituting the
sum on the right-hand side of (76) by a single term. Specifically,
˜
if we let Š
t−1 denote the FRS detected at time t − 1, then the
predictive distribution is approximated as
˜ )p(Š
˜ |y
p(Št |y0:t−1 ) ≈ p(Št |Š
t−1
t−1 0:t−1 )

and the original problem of MAP detection in (74) is replaced
by (the approximation)
˜ = arg
Š
t

max

Št ∈(∅∪Š)N

˜ )p(Š
˜ |y
p(Št |Š
t−1
t−1 0:t−1 )p(yt |Št ). (77)

Problem (77) can be solved using tree search procedures, as
discussed in [7, App. A].
Discussion: The algorithms for detection of FRS proposed
in [7] rely on the discretization of the channel coefficients and
the so-called ZOA.
In addition to introducing a quantization error in the channel
estimates, channel discretization can be understood as expanding the symbol alphabet, i.e., for each user, instead of detecting
symbol st (i) from set A, it is necessary to detect a product
symbol ht (i)st (i) from set W × A. This is relevant because
the size of the tree (over which solutions for problem (77)
are searched) becomes |W × A|N . For example, with BPSK
symbols and a known channel, the search tree has 2N leaves.
If, e.g., W = |W| = 10, the search tree has 20N leaves. While
tree search methods (referred to as sphere detection in [7]) can
be efficient, which means that they do not necessarily have to
explore the complete tree to find the optimal path from the root
to the leaves, their complexity is still given by the number of
leaves. There is no optimal tree search method that can guarantee the optimal solution of (77) with nonexponential complexity
for any observation vector yt . In particular, at low or even
moderate SNR, it can be expected that a large proportion of
the tree nodes have to be explored, while the search should be
considerably faster at a high SNR. (See [39] for a review of tree
search techniques applied to multiuser detection.)
The methods proposed in this paper, which are both based on
the PSP principle and the SMC methodology, avoid discretization of the channel by using Kalman filters to estimate diagonal
matrix Ht recursively. Therefore, they do not suffer from
quantization error. Note, from the previous discussion, that in
the FRS approach, reducing the quantization error (by increasing W ) increases the complexity of the detector drastically.
The ZOA can be easily interpreted as a feedback scheme.
It consists in “fixing” the set detected at time t − 1 to ease
detection at time t. As acknowledged in [7, Sec. 3.2], this kind
of approximation can be expected to be adequate only for a
sufficiently large SNR. At lower SNR ranges, it may lead to
error propagation phenomena as any other decision feedback
scheme. Within the framework of this paper, the ZOA in [7]
is analogous to reducing the number of survivors in the PSP
algorithm to one (for the whole set of possible states).
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