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ABSTRACT

This paper introduces adivide and conquerapproach to
the design of transmit and receive filters for communication
over a Multiple Input Multiple Output (MIMO) Gaussian
channel subject to an average power constraint. It involves
conversion to a set of parallel scalar channels, possibly with
very different gains, followed by coding per sub-channel (i.e.
over time) rather than coding across sub-channels (i.e. over
time and space). The loss in performance is negligible at high
signal-to-noise ratio (SNR) and not significant at medium
SNR. The advantages are reduction in signal processing com-
plexity and greater insight into the SNR thresholds at whicha
channel is first allocated power. This insight is a consequence
of formulating the optimal power allocation in terms of an
upper bound on error rate that is determined by parameters
of the input lattice such as the minimum distance and kiss-
ing number. The resulting thresholds are given explicitly
in terms of these lattice parameters. By contrast, when the
optimization problem is phrased in terms of maximizing mu-
tual information, the solution is mercury waterfilling, andthe
thresholds are implicit.

Index Terms— Lattices, MIMO, power allocation, error
probability, mutual information

1. INTRODUCTION

Finite dimensional lattices play an important role in commu-
nication over the Additive White Gaussian Noise (AWGN)
channel. Closure under addition means that error probabil-
ity is largely independent of the transmitted signal, and trellis
codes based on lattices and cosets [1] make it possible to trade
rate for reliability with very low complexity. When the chan-
nel is subject to Inter-Symbol Interference (ISI) the lattice
structure makes it possible to separate the problem of error
correction from that of inverting the partial response channel
(see Laroia et al. [2]).

The design of transmit and receive filters for communi-
cation over a MIMO Gaussian channel subject to an average
power constraint was considered 20 years ago by Kasturia et
al. [3]. Their approach, which they callvector coding, is to

invert the channel matrix. The disadvantage, which becomes
increasingly visible at medium to low SNR, is noise ampli-
fication if the gains associated with the eigenvectors of the
channel are very different. Much more recently, Bergman and
Ottersten [4] have looked to address noise amplification by
using lattice invariant transformations to match the shapeof
the multidimensional input constellation to the differentchan-
nel gains.

It is natural to approach the problem of filter design by
first using the Singular Value Decomposition (SVD) to diag-
onalize the channel, and then implementing the optimal so-
lution for each of the parallel scalar channels that results. In
the context of maximization of mutual information, Telatar
[5] proved that this strategy did not result in any performance
loss and was optimal for Gaussian inputs. Payaró and Palo-
mar demonstrated that for non-Gaussian inputs the optimal
precoder did diagonalize the channel to the extent that the
left singular vectors of the optimal precoder can be chosen
to coincide with the matrix of right singular vectors of the
channel [6]. However, the right singular vectors of the opti-
mal precoder did induce correlations across the channels and
the loss in performance due to diagonalizing the channels was
described by Ṕerez-Cruzet al. in [7].

We shall avoid the complexity of coding across sub-
channels by diagonalizing the channel matrix. This in turn
simplifies the objective function used for optimization, which
is a sum of upper bounds on the error probabilities of the indi-
vidual sub-channels. The objective function used by Bergman
and Ottersten [4] also takes the form of an upper bound on
error probability, but it is complicated by the coupling of
component sub-channels.

The objective function is also a lower bound to the mutual
information (both bounds become tight at high SNR), but has
the advantage that the SNR thresholds are given very explic-
itly in terms of lattice parameters. This is in contrast withthe
optimal “mercury waterfilling” (MWF) solutions [8], where
thresholds are implicit and specified in terms of the inverse
Minimum Mean Squared Error (MMSE) function. The loss
in performance is negligible at high SNR and not significant
at medium SNR, where it can be further mitigated by non-



equiprobable signaling.The slight loss in mutual information
can be attributed to allocating power more conservatively than
in MWF.

2. SYSTEM MODEL

Since we are dealing with lattices, we consider directly the
real-valued MIMO Gaussian channel model equivalent to the
underlying complex-valued model [4]:

y =
√
g ·HR HHT x+HRn, (1)

wherey ∈ R
N is theN -dimensional vector of receive sym-

bols, x ∈ R
N is the vector of transmit symbols,n ∈ R

N

is a realization of a multivariate Gaussian random variable
with mean0 and covariance matrixI, andH ∈ R

N×N is
the channel matrix which is assumed to be known perfectly to
the transmitter and the receiver. The matricesHT ∈ R

N×N

andHR ∈ R
N×N represent linear transmit and receive fil-

ters. We use throughout the SVD of the channel matrixH =
UHΛHVT

H
, whereUH andVH are orthonormal matrices,

andΛH = diag {λHn
} is aN ×N diagonal matrix contain-

ing the singular values ofH. The scaling factorg denotes the
SNR at which we transmitx.

We sample the channel inputx from anN -dimensional
constellationX with cardinalityM that has zero mean and
unit power per dimension, i.e.,E {X} = 0 andE

{

XXT
}

=
I. Furthermore, we assume that anMn-PAM signal is trans-
mitted over thenth channel, such that the input vectors are
equivalently drawn from an integer lattice. The lattice is
rescaled so that it has unit-power per channel and we can
express the minimum distance:

dmin,n =

√

12

M2
n − 1

, (2)

and the kissing numberKn on thenth channel is double the
number of pairs of points at minimum distancedmin,n, since
the distance is counted once for each point of a pair:

Kn = 2(Mn − 1). (3)

2.1. Design constraint: Channel diagonalization

The objective is to design the transmit and receive filters such
that:

√
g HR HHT = D, (4)

whereD is some diagonal matrix. Although this diagonaliza-
tion constraint admits the possibility of some loss in perfor-
mance compared to an unconstrained design, as shown in [7]
at high SNR it considerably simplifies the optimization pro-
cedure. However, it is sufficiently robust so as to circumvent

the noise amplification problems away from high SNR asso-
ciated with the special case of channel inversion, i.e., when
D = I.

The general form of the transmit and receive filters fol-
lows immediately from (4). We choose a receive filter, which
results in no noise coloring, as follows:

HR = UT

H
. (5)

In turn, we choose a transmit filter to satisfy the diagonal con-
straint as follows:

HT = VHΛHT
, (6)

whereΛHT
= diag (λHTn) is someN ×N diagonal matrix

with elementsλHTn. It is clear that the transmit and receive
filters perform two standard operations:i) conversion of the
MIMO channel into a bank of parallel independent channels,
whose gains(|hn|2) depend on the original channel singu-
lar values;ii ) power allocation over the parallel independent
channels. Consequently, we introduce the following defini-
tions to give helpful intuitionλ2

HTn
= pn, n = 1, . . . , N, and

λ2

Hn
= |hn|2, n = 1, . . . , N .

2.2. Performance Metric: Error Probability

The performance metric used is an upper bound to the error
probability. First we upper bound the true error probability
Pr(e) using the union bound which results in a sum of sub-
channel-wise error probabilities,Pr(en), n = 1, . . . , N :

Pr(e) = Pr (e1 ∨ e2 ∨ · · · ∨ eN ) ≤
N
∑

n=1

Pr (en) . (7)

We can then upper bound the subchannel-wise error
probabilities (assuming equiprobable input symbols, i.e.,
Pr
(

xn = xi
n

)

= 1/Mn) as follows:

Pr (en) =

Mn
∑

i=1

Pr
(

en|xn = xi
n

)

· Pr
(

xn = xi
n

)

=
Kn

Mn

Q





√

g
pn|hn|2d2min,n

4





≤ 1

2

Kn

Mn

exp

(

−g
pn|hn|2d2min,n

8

)

, (8)

wherePr
(

en|xn = xi
n

)

is the probability of error whenxi
n is

transmitted andQ(·) is bounded forx ≥ 0 by [9]:

Q(x) =

∫

∞

x

1√
2π

exp

(

−y2

2

)

dy ≤ 1

2
exp

(

−x2

2

)

. (9)

Consequently, an upper bound to the error probability is:

Pe,UB =
1

2

N
∑

n=1

Kn

Mn

exp

(

−g
pn|hn|2d2min,n

8

)

. (10)



3. OPTIMAL POWER ALLOCATION POLICY

We define a channel metrican that measures the strength of
thenth sub-channel and governs the SNR where it turns on:

an =
Kn

Mn

·
|hn|2d2min,n

8
. (11)

Note thatan is a function of the kissing number and the
minimum distance ofMn-PAM. The design of transmit and
receive filters that optimizePe,UB subject to a transmit power
constraint can thus be expressed as the following convex op-
timization problem in terms ofpn:

min
p1,...,pN

N
∑

n=1

Kn

Mn

· exp
(

−gpn
|hn|2d2min,n

8

)

, (12)

subject to:

E
{

tr
(

HTxx
THT

T

)}

=

N
∑

n=1

pn ≤ 1 (13)

pn ≥ 0, n = 1, . . . , N. (14)

The KKT conditions imply that a channel is allocated
power once its channel metric exceeds the thresholdλ/g:

an · g < λ, p∗n = 0 (15)

an · g ≥ λ, p∗n =
8

g|hn|2d2min,n

· ln
(

1

λ
ang

)

, (16)

whereλ is such that (13) is satisfied with equality.

3.1. SNR Thresholds

The SNR value at which theith channel is switched on is de-
noted bygi. We relabel the channels such thata1 ≥ a2 ≥
· · · ≥ aN , because the power allocation at low SNR and the
SNR thresholdsgi become more intuitive relative to this or-
der. Note that when theith sub-channel just switches on,

λ = gi · ai. (17)

Combining (17) with (16), and using the power constraint
(13) with equality, we obtain the SNR value at which theith

‘strongest’ sub-channel turns on:

gi = gi · 1 = gi

N
∑

n=1

pn =

i−1
∑

n=1

(

8

|hn|2d2min,n

ln
an
ai

)

. (18)

3.2. Low-SNR Regime

If we specialize the optimal power allocation policy to the
regime of low SNR (g → 0) where we can use the approxi-
mationex ≈ 1 + x for smallx so that our objective function
becomes:

Pe,UB ≈ 1

2

N
∑

n=1

(

Kn

Mn

− gpnan

)

, (19)

this expression is minimized, when the available power is al-
located to the strongest channel, i.e., the channel with the
largestan value.

3.3. High-SNR Regime

In general, when any two channelsi andj are active, we can
use (16) and equateλ to get:

p∗i
|hi|2d2min,i

8
=

1

g
ln

(

ai
aj

)

+ p∗j
|hj |2d2min,j

8
. (20)

At high SNR, asg → ∞ the first term on the right-hand
side in (20) tends to zero and we get a simple expression that
describes channel equalization:

p∗i =
|hj |2d2min,j

|hi|2d2min,i

p∗j . (21)

This policy aims to reverse the stretching of the input lat-
tice due to the channel (|hn|2) and unit-power normalization
(d2

min,n) in (2) so that the action of the channel is to “pass
through” the integer lattice so that the received lattice isa
translate of a scaled integer lattice.

4. RESULTS

We compare the results obtained using our objective function
Pe,UB with those using the true error probabilityPe and mu-
tual information (MWF). The channel is a randomly gener-
ated4× 4 real diagonal matrix. The input is aZ4 lattice, with
each sub-channel being used to transmit a4-PAM signal. Fig.
1 shows that the loss in performance is extremely low at all
SNR. This is significant becausePe,UB splits into a sum of
functions of individual sub-channels, unlikePe, a fact which
expresses itself in Fig. 2. ForPe,UB and mutual information
optimization, the channels turn on one after another, whereas
for Pe optimization, the power is shared between all the chan-
nels for all SNR. The plots show a rapid convergence between
various techniques once all the channels are turned on, i.e., we
recover the same solution at high SNR.

A notable phenomenon is seen in Fig. 3 where we com-
pare the power allocations of MWF andPe,UB . Since opti-
mizingPe,UB also maximizes a lower bound to mutual infor-
mation, the curves display similar characteristics. However,
the channels in our solution turn on at higher SNR than in
MWF. An intuitive explanation for this can be that our ob-
jective function is more conservative when turning on chan-
nels. We refrain from using a channel until the SNR is good
enough, to keep thePe,UB low, whereas MWF turns a channel
on as soon as some code exists for reliable communication.

5. CONCLUSIONS

We have expressed the problem of linear filter design for
MIMO Gaussian channels using lattice parameters. Our
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Fig. 1. BER performance comparison for the filters which
optimizePe, Pe,UB and mutual information.
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Fig. 2. Optimal power allocation comparison for optimal fil-
ters which optimizePe (dashed lines) andPe,UB (solid lines).
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Fig. 3. Optimal power allocation comparison for the filters
which optimize mutual information (dashed lines) andPe,UB

(solid lines).

framework decouples the problem and attacks each sub-
channel independently. This not only simplifies the relevant
calculations, but also endows the set of sub-channels with a
total order leading to their turning on sequentially as SNR in-
creases. The optimization of an upper bound to the detection
error probability instead of the true error probability eases
the process further without significant losses and provides
us with intuitive expressions for the power allocation pol-
icy. The current framework paves path to either introducing
non-equiprobable signaling or using ‘better’ lattices like the
8-dimensional Gosset lattice, a large number of which are
expressible as a union of integer lattice translates.
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