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Abstract— In this paper we present Gaussian processes for
Regression (GPR) as a novel detector for CDMA digital com-
munications. Particularly, we propose GPR for constructing
analytical nonlinear multiuser detectors in CDMA communi-
cation systems. GPR can easily compute the parameters that
describe its nonlinearities by maximum likelihood. Thereby, no
cross-validation is needed, as it is typically used in nonlinear
estimation procedures. The GPR solution is analytical, given
its parameters, and it does not need to solve an optimization
problem for building the nonlinear estimator. These properties
provide fast and accurate learning, two major issues in digital
communications. The GPR with a linear decision function can
be understood as a regularized MMSE detector, in which the
regularization parameter is optimally set. We also show the
GPR receiver to be a straightforward nonlinear extension of the
linear minimum mean square error (MMSE) criterion, widely
used in the design of these receivers. We argue the benefits of
this new approach in short codes CDMA systems where little
information on the users’ codes, users’ amplitudes or the channel
is available. The paper includes some experiments to show that
GPR outperforms linear (MMSE) and nonlinear (SVM) state-of-
the-art solutions.

I. INTRODUCTION

In direct-sequence code-division multiple-access (DS-
CDMA) systems [1], [2], [3] the different users transmit over
the same frequency band and during the same time slot using
different codes, known as spreading codes. Multiuser detectors
aim to recover the information of one or more users. There are
two main aspects a multi-user detection (MUD) receiver for
DS-CDMA must face: near-far [1] and multipath [4] problems.
The former is grounded in the nonorthogonality of the users’
codes and the high signal-power deviation from user to user.
The latter causes inter-symbolic interference (ISI). The optimal
solution to MUD in CDMA communication systems is known
to be nonlinear [5], [6]. This nonlinearity is stronger for
short spreading codes and less pronounced for longer codes.
Furthermore, the finite-response multipath-mitigation equal-
izer and the radiofrequency amplifier at the receiver enhance
the nonlinear nature of the optimal multi-user detector. The
complexity of the optimal nonlinear MUD receiver [5] grows
exponentially with the number of users (joint Viterbi decoding
[1]), which limits its practical applicability.
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Linear filter receivers, based on zero-forcing (decorrelator)
or minimum mean-squared error (MMSE) criteria [7], [8], [9],
[1], are widely used to avoid the computational complexity of
nonlinear solutions, although they are suboptimal and clearly
underperform in some fairly standard scenarios. Regularization
[10] has been extensively used to improve the detection
capabilities of linear MUD, when the empirical correlation
matrix is ill-conditioned because short sequences have been
transmitted. Blind algorithms [11], [12], [13] make use of
regularizations tools as ridge regression [14] and in [15] the
authors review parametric regularized MMSE detectors for
CDMA and propose several extensions. However, these papers
do not detail how the regularizer shape and its parameters
are selected and standard methods for setting them, as cross-
validation [16], typically need long training sequences. In [12]
the regularization is blindly estimated using a neural network,
although the channel is memoryless.

Nonlinear detectors enhance the linear detectors by approxi-
mating the optimal solution at a lower complexity cost. There
are two major approaches in machine learning that can be
followed to obtain nonlinear detectors. On the one hand, if
full information on the system is available, we may estimate
the symbols transmitted by each user and then cancel the
interference (IC) over the user of interest (UoI). These methods
usually exhibit near-optimum performance at the expense of
perfect information on the number of users, users’ signatures,
channel impulse response (CIR), . . . Furthermore, most of
them are based on equal transmitted power for each user, as
they assume perfect power control. The detection process in
the uplink in wireless cellular CDMA systems can be roughly
matched to this scenario and, in statistical inference, these
learning problems are commonly referred to as generative
modeling. Generative modeling concentrates on describing the
dependencies between all the different variables (sources of
information), so as to understand the correlations between
the variables, gain knowledge about causal interactions, and
answer any query using the constructed model. Graphical mod-
els [17] and density estimation [14] belong in this category.
And good examples of multiuser detectors using generative
modeling as IC can be found in [18]-[22].

On the other hand, we may have little knowledge of the
whole communication system. We may not know the number
of users, nor the other users’ signatures, nor the CIR; and
the users are received with different signal strength. In this
scenario, typically encountered in the downlink of wireless
cellular CDMA systems, the objective is to detect the incoming
symbols for the UoI. These estimates might not be reliable to
apply IC techniques or we might not have enough knowledge
to estimate and suppress the other users’ symbols. In statistical
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inference, we resort to discriminative modeling to provide the
most accurate answer for a given supervised learning problem.
Discriminative modeling focuses on solving a given task (e.g.,
regression, classification) without trying to model the underly-
ing probability density of the data [23]. By not fully modeling
the data density this approach is limited in its ability to provide
interpretations and answer arbitrary queries about the data.
However, the predictive performance of discriminative models
is superior to that of generative models. The applicability and
degree of success of either approach depends on the available
information at the receiver. In the discriminative group we
have tools such as Gaussian processes [24] and support vector
machines [25]. For DS-CDMA, successful approaches have
been proposed in the literature using nonlinear discriminative
modeling [26]-[30]. In [29] a multilayered perceptron (MLP)
was applied to enhance the performance of linear detectors.
However, training was time consuming and its convergence
rate was unpredictable. A MUD receiver was successfully de-
signed using a Gaussian radial basis function network (RBFN)
[26] that significantly improved training times compared to
[29]. Neither of them considered multipath wireless channels.
There have been several proposals to jointly address MUD and
channel equalization: RBFN and Volterra series [30], [27];
and, more recently, Support Vector Machines (SVMs) [28].
SVMs were developed from well-founded learning theory
results [23] and they present features such as: a convex
functional and universality [31], which makes them a desirable
tool for solving general nonlinear detection problems. All these
nonlinear methods solve an optimization functional to build a
nonlinear MUD receiver, in which either the architecture or
the parameters have to be prespecified. They cannot be learnt
for each MUD receiver individually, because standard cross-
validation techniques [32], typically used for this purpose, are
not feasible in digital communication systems, as described in
Section III.

Our proposal is motivated by the need of improving syn-
chronous DS-CDMA receivers for multipath channels when
the only available information is the spreading code of the
UoI and a short training sequence. We present a novel dis-
criminative model based on Gaussian processes for regression
(GPR) [33], [34], [24]. The GPR can be used to design linear
and nonlinear detectors and we examine both structures in this
paper. We have shown some preliminary results applying GPR
for MUD in DS-CDMA systems in [35], [36]. In this paper,
we provide a deeper understanding of GPR for CDMA and
consider its properties in detail. We extend our investigations
to include a GPR computational complexity analysis and its
relation to linear and nonlinear regularized MMSE. We also
face multipath channels.

The GPR solution for MUD receivers is advantageous in
several ways, when compared to other nonlinear machine
learning tools (e.g. MLPs, RBFNs and SVMs). First, the GPR
solution is analytical, given its parameters. There is no need
for solving a complex optimization problem at this stage.
Second, Given a training dataset, a likelihood function for
the GPR parameters can be stated and, hence, its parameters
can be optimally set (in maximum likelihood sense). MLPs,
RBFNs or SVMs need to specify beforehand its structure

or parameters, which can be suboptimal for each individual
instantiation of our problem. These characteristics translate
to shorter training sequences and improved convergence for
GPR-based CMDA receivers.

Linear GPR detectors can be presented as a regularized
linear MMSE and its regularization parameter can be learnt, as
well, by maximum likelihood. Consequently, we avoid setting
the regularization parameter by hand and rely on the training
sequence to optimally set it. The linear GPR detector outper-
forms linear MMSE receivers for short training sequences, as
shown in the experimental section, because its regularization
parameter is optimum for every training sequence. We also
address its computational complexity, to show it is identical
to that of the linear MMSE detector, and hence it can be used
in any low complexity decoder.

Finally, we can understand the nonlinear GPR as a linear
GPR in which the data has been previously nonlinearly trans-
formed to a high-dimensional space [24]. Thereby the non-
linear GPR is presented as a nonlinear regularized Bayesian
MMSE and its natural extension for building nonlinear re-
ceivers. The complexity of training a full GPR solution is
demanding and it can be a limiting factor for its use over fast-
fading channels. Nevertheless, recent advances in GPR training
can be applied for designing low complexity receivers.

The remainder of this paper is organized as follows. We
introduce DS-CDMA systems and the linear MMSE-MUD
receiver in Section II. We present the GPR analytical solution
in Section III and describe its likelihood function for the
parameters. In Section IV we focus on the design of a MUD
receiver for DS-CDMA using GPR and its interpretation as
a regularized nonlinear MMSE receiver. We report in Section
V the performance of GPR-MUD compared to state-of-the-art
linear and nonlinear receivers, using a DS-CDMA system in
different scenarios. We conclude with some final remarks and
proposed further work in Section VI.

II. SYSTEM MODEL AND MUD

A. The DS-CDMA system model

In this paper we focus on synchronous DS-CDMA [1],
[37], and we assume all users transmit at the same symbol-
rate using a BPSK modulation. Although, the obtained results
can be readily generalized to other scenarios, as asynchronous
DS-CDMA, different rates, or modulations. In the discrete
chip-rate-sampled baseband synchronous DS-CDMA model
proposed in [1], we transmit K symbols (one per user) every
Ts sec., bt = [bt(1), bt(2), ..., bt(K)]>. Each user’s symbol,
bt(j), is amplified by a different aj , i.e., in the downlink of a
mobile (cellular) communication system larger amplitudes are
assigned to users further away, causing the near-far problem to
users closest to the base station. Finally, each user is multiplied
by its spreading code sj , which is a sequence of N pseudo-
random binary values regarded as chips.
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The N -chip signal at the receiver end yields:

rt = H


SA 0 . . . 0

0 SA
. . .

...
...

. . . . . . 0
0 . . . 0 SA

·


bt
bt−1

...
bt−M+1

+nt

= P · vt + nt, (1)

where S is an N × K matrix whose columns contains the
spreading codes, A is a K × K diagonal matrix containing
the user’s amplitudes and nt is an NM -dimensional column-
vector with additive white Gaussian noise (AWGN) of variance
σ2
nI.
We have pre-multiplied the received chips by H to incor-

porate the effect of a multipath channel in the CDMA system,
[28]. Throughout the paper, we consider a time-invariant
channel with inter-symbolic interference (ISI) characterized
by its discrete channel impulsive response h(z) of length (or
order) Mc in chip periods. The length of the channel response
times the chip period is the maximum delay considered in our
multipath model. The matrix P in (1) summarizes the effect of
the channel, the spreading codes and the different amplitudes
for each user, and vt = [b>t ,b

>
t−1 . . .b

>
t−M+1]

> is a KMs-
dimensional vector including the transmitted bits.

B. Multi-User Detection

At the receiver, we learn the system model to estimate the
transmitted symbols. Usually, a training sequence is trans-
mitted to solve this task. In wireless communications short
training sequences are mandatory [38] to increase the number
of information bits. The objective for the DS-CDMA MUD
receiver is to recover the transmitted bit for a particular user,
the UoI. We can use the received vector in (1) or the projection
of this vector onto the spreading codes, if available. Linear
MUDs are useful when the ISI is negligible and the codes
are quasi-orthogonal. When the multipath effect and the near-
far problem are strong, the optimal detector becomes highly
nonlinear. The nonlinearity of the detector is significantly
more disruptive for short spreading codes. In these scenarios
nonlinear detectors are useful. Nonlinear MUD for DS-CDMA
estimate the symbol of the UoI as b̂∗(j) = f(r∗). If we knew
all the 2KMs possible received noise free states, we could
derive a MUD by studying a Bayes-optimal classifier [28].
This optimal one-shot detector is given by:

b̂∗(j) = sign

2KMs∑
i=1

b̃(i)(j)√
2πσn

exp

(
−
∥∥r−Pv(i)

∥∥2

2σ2
n

) ,

(2)
where b̃(i)(j) is the class label {±1} for the ith noise free state
Pv(i). This structure resembles that of the Gaussian RBFN
used in [26], and it suggests gaussian kernels in SVM, as
described in [28]. But its complexity is exponential in the
number of users and the length of the channel response.

III. GAUSSIAN PROCESSES FOR REGRESSION

A. The GPR solution

Gaussian Processes for regression (GPRs) [33], [34], [24]
is a Bayesian technique for nonlinear regression estimation,
which can be extended for classification problems [39], [40].
It assumes a zero-mean GP prior over the space of possible
functions and a Gaussian likelihood model. The posterior can
be analytically computed, it is a Gaussian density function,
and the predictions given by the model are also Gaussians.

Given a labelled training data set (D = {xi, yi}Li=1, where
the input xi ∈ RD and the output yi ∈ R) and a new
input location x∗, we aim to predict the probability distribu-
tion for its output y∗, i.e., p(y∗|x∗,D). In GPs we assume
a generalized linear regressor model for y with Gaussian
noise: p(y|x,w) = N (y; w>φ(x), σ2

ν), where φ(·) defines a
nonlinear transformation of the input space, and a zero-mean
Gaussian prior over w, p(w) = N (w; 0, σ2

wI). The predicted
output, p(y∗|x∗,D) = N (y∗;µy∗ , σy∗), yields

µy∗ = φ>(x∗)µw = k>C−1y (3)

σ2
y∗ = k(x∗,x∗) + k>C−1k (4)

where µw is the MAP estimate of w, being

(C)ij = k(xi,xj) + σ2
νδij (5)

the covariance matrix of the Gaussian process and k =
[k(x∗,x1), . . . , k(x∗,xn)]>. The function k(·, ·) is known as
the kernel function of the nonlinear transformation φ(·), as it
represents the inner product in the transformed feature space:

k(xi,xj) = σ2
wφ>(xi)φ(xj). (6)

The covariance matrix is also referred to as the kernel matrix.
We use both terms as synonyms in the paper, as they are
typically used in the machine learning literature [31], [41],
[24]. The nontrivial steps needed to obtain (3) and (4) are
detailed in [34]. It is important to point out that the term C−1y
in (3) is computed only once using the set of training samples
and then used to estimate the output for any test input sample.

B. Covariance Matrix

If either φ(·) or k(·, ·) are known, we can analytically
predict the output of any incoming sample. But for most
regression problems the best nonlinear transformation (or its
kernel) is unknown. We need to describe a parametric kernel
that can be adjusted for each regression problem. Kernel
design is one of the most challenging open problems in
machine learning [24], as we need to incorporate our prior
knowledge into the kernel and, at the same time, we want the
kernel to be flexible to explain previously unknown trends in
the data. The use of a parametric kernel function leads us to the
problem of finding the optimal setting of its hyperparameters1.
For example, if we know the optimal solution to be linear, we
could use the linear kernel: k(xi,xj) = σ2

wx>i xj , in which
φ(x) = x. In this case, the only unknown hyperparameters
would be σ2

ν and σ2
w in (5)-(6), as we do not need to know

1We refer to the kernel parameters as hyperparameters to distinguish them
from the parameters of the regression model (the ws).
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these variances a priori. In general, kernel functions are more
complex than the linear one and they incorporate several
hyperparameters. To set the hyperparameters of the covariance
function for each specific problem, we can proceed as we
do for the parameters w. We first define a prior over these
hyperparameters, then compute its posterior using Bayes rule,
and finally integrate them out to obtain predictions. However in
this case, the posterior is non-analytical. Hence the integration
has to be done either by sampling or approximation. Although
this approach is well principled [34], it is computational
intensive and it is not feasible for communications systems.
Alternatively, we can use the likelihood function of the hyper-
parameters and compute its maximum to obtain its optimal
setting, which is used to describe the kernel for the test
samples [34]. We use this second approach, because it is
less computational demanding [24]. Moreover, as the number
of training samples increases the posterior distribution peaks
around its maximum likelihood estimate and the solutions of
both approaches should not differ significantly.

C. Discussion

Gaussian Processes for regression is a general nonlinear
regression tool that, given the covariance function, provides
an analytical solution to any regression estimation problem.
Moreover, it does not only give point estimates, but it also
assigns confidence intervals for them. We perform the op-
timization step to set the hyperparameters of the covari-
ance function by maximum likelihood, unlike SVM or other
nonlinear machine learning tools, in which the optimization
is used to set the optimal parameters. In SVM and other
tools the hyperparameters have to be either prespecified or
estimated by cross-validation [32]. Cross-validation optimizes
several functionals, typically less than 10, for each possible
setting of the hyperparameters [14]. The number of hyper-
parameters that can be tuned is quite limited (at most 2
or 3), as the computational complexity of cross-validation
increases exponentially with the number of hyperparameters.
These remarkable drawbacks limit the application of these
nonlinear tools in digital communications receivers, since we
face complex nonlinear problems with reduced computational
resources and short training sequences. By exploiting the GPs
framework, as stated in this paper, we can avoid them to build
precise nonlinear receivers for DS-CDMA applications.

As mentioned earlier, the Gaussian processes framework can
be extended for solving classification tasks. Gaussian process
for classification (GPC) solution is non-analytical and we need
to approximate its posterior distribution to make posterior
probability predictions for the new samples and to train its
hyperparameters. These approximations are computationally
intensive and make GPC harder to train than GPR. Moreover,
as detailed in [24] (Chapter 6), in many cases GPR performs
equally well to GPC, if we are only interested in minimizing
the misclassification rate. Therefore, although GPC seems
the natural tool for solving this task, we decided to use
GPR because it is less computationally demanding and its
misclassification rate is similar to that of GPC.

IV. THE GPR-MUD DETECTOR

A. The GPR-MUD

The GPR mean prediction in (3) can be directly used as a
nonlinear multi-user detector,

b̂∗(j) = sign(φ>(x∗)µwj
) = sign(k>C−1y). (7)

This GPR estimate resembles that of a linear detector. It has a
weight vector, either µw or C−1y, multiplied by a nonlinear
transformation, either φ(x∗) or k, of the input to be predicted.
The output of the GPR detector is the prediction of the bit
transmitted by the UoI (yi = bi(j)). The input to the GPR are
Q consecutives samples from the channel:

xi = [r>i , r
>
i−1, . . . , r

>
i−Q+1]

>, (8)

where ri are the N chips received at time step i in (1). If the
codes of the other users are available, we could first project
the received chips onto them as follows,

xi = [r>i S, r>i−1S, . . . , r
>
i−Q+1S]>. (9)

Next, we need to design the most suitable kernel function
for our GPR-MUD receiver, which should be able to capture
our prior knowledge and allow extracting unknown interac-
tions. We propose, for the GPR-MUD, the following versatile
covariance function

(Cθ)ij = k(ri, rj) = α1 exp

(
−α3

d∑
`=1

(ri(`)− rj(`))2
)

+ α2r>i rj + α0δij , (10)

where the αi weights need to be nonnegative for Cθ to
be positive-definite and, to deal with an unconstrained opti-
mization problem, we define a vector of hyperparameters as
θ = [logα1, logα2, logα3, logα0]. This covariance function
contains three terms. The second term is the linear covariance
function. Therefore, the GPR model contains as a particular
case the linear regressor (α1 = 0). The third term corresponds
to σ2

νδij in the definition of C in (5), which is considered as
an extra hyperparameter of the covariance function. The first
term is a radial basis kernel with the same length-scale for
each input dimension, since in DS-CDMA all chips affect the
solution in the same manner.

The covariance function in (10) is a good kernel for solving
the GP-MUD, because it contains a linear and a nonlinear
part. The optimal decision surface for MUD is nonlinear.
However, in many cases, a linear detector is close to optimal
as spreading codes are almost orthogonal to each other and to
their delayed replicas. Typically, a minor nonlinear correction
allows for optimal decisions. In this sense the proposed GPR
covariance function is ideal for this problem. The linear part
can mimic the best linear decision boundary and the nonlinear
part modifies it, where the linear explanation is not optimal.
Using a radial basis kernel for the nonlinear part is a good
choice to achieve optimal nonlinear decisions. Because, the
received chips form a constellation of 2KMs clouds with
Gaussian spread around their centers. But we do not need to
have exponentially many of them, as the linear terms explains
away most of the received symbols.
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B. The GP solution: a nonlinear MMSE

The MMSE criterion minimizes:

fmmse(·) = argmin
f(·)

E
[
(b− f(r))2

]
(11)

in which b and r are, respectively, the transmitted and received
symbols and f(·) is the function that estimates b from r. It
is widely known [42] that the minimum of (11) for AWGN
channels is given by the conditional mean of b given r:

b̂∗ = fmmse(r∗) = E [b∗|r∗] , (12)

which is a nonlinear function of the inputs, unless the inputs
are Gaussian distributed.

In DS-CDMA, linear MMSE estimators are typically used,
due to their simplicity and nearly optimal results in many
standard scenarios. The linear, f(r) = r>w, MMSE detector
can be expressed as a Wiener filter [1]:

wmmse = argmin
w

E
[(
b− r>w

)2]
= (Rrr)

−1Rrb, (13)

where Rrr and Rrb are, respectively, the autocorrelation of
the inputs and the cross-correlation between the inputs and
outputs.

Under mild conditions, the MMSE linear detector can be
built from the spreading codes of every user and the channel’s
impulsive response:

wmmse = (PP> + σ2
nI)−1pj , (14)

where pj denotes the jth column of P. If the other users’
spreading codes or the channel state information are unknown,
we need to replace Rrr and Rrb by their sampled versions:

wsmmse = (R ·R>/L)−1R · b/L, (15)

where the columns of R are the received chips at every symbol
in the training set. We denote this solution as sampled MMSE
(SMMSE).

The GPR-MUD estimates the output for a new incoming
sample using (7), which can be simplified if we use a linear
kernel (φ(r) = r) to:

wgpr = µw = σ2
wR

(
σ2
wR>R + σ2

νI
)−1

b. (16)

After some algebraic transformations we can express the
linear GPR solution, up to a scaling constant, as

wgpr =
(

RR> +
σ2
ν

σ2
w

I
)−1

Rb. (17)

Since RR> and Rb are, respectively, the empirical estimates
of the correlations matrices Rrr and Rrb, this expression is
equal to (15) except for the term σ2

ν/σ
2
wI. This term endows

the SMMSE solution in (15) with ridge regularization [14].
Ridge regression is a quite standard tool to avoid overfitting
and improve the performance of the SMMSE detector. The
regularization term must fade away as the number of training
samples increases [10], thereby achieving the optimal solution
for infinite samples. For short training sequences, the estimated
correlation matrices represent poorly Rrr and Rrb and the
regularization term should be kept high to avoid overfitting. A

good example of a regularized solution is the CMOE detector
in [11],

wcmoe = (RR>/L+ αI)−1R · b/L, (18)

where α is set using an ad-hoc procedure. Others examples of
more involved methods for regularization can be found in [22],
[15]. A common drawback of these approaches is that they do
not clearly indicate how the regularization parameter is set and
how it affects the solution. GPR provides a simple method,
based on maximum likelihood, to compute the regularization.
GPR trains its regularization parameter as to automatically
choosing the best linear detector between the matched filter
(σ2
ν/σ

2
w →∞) and the SMMSE (σ2

ν/σ
2
w = 0), improving the

performance of the MUD-SMMSE.
The nonlinear GPR-MUD inherits this property from the

linear case, as the nonlinear GPR can be understood as a linear
solution in a transformed space. Therefore, if the proposed
kernel is flexible to approximate any desired function, the
GPR predictions are optimal in the MMSE sense. The kernel
we proposed in Section IV-A is universal and it is able to
approximate (12) and produce optimal decisions.

C. Computational load

GPR uses the ‘kernel trick’ [31], [41], [24] to achieve
nonlinear solutions without explicitly describing its nonlinear
transformation to the feature space, which can be infinite
dimensional. The computational complexity of GPRs is limited
by the inversion of the covariance matrix, which is O(L3).
This inversion is needed in every step of any gradient-based
optimization method to estimate the hyperparameters [24] in
the training stage. Then, the result of the training stage is
used to estimate the output for any new received data at a
computational cost given just by the computation of k in (3).

For large training sequences this computational complexity
can be prohibitively large and we need to approximate the
GPR solution to deal with thousands of samples, as we show
in short. In the linear GPR solutions, if the input dimension
is lower than the number of training samples (L > D), the
computational complexity reduces toO(D3) as we derive next,
which makes the complexity for this algorithm independent
of the number of training examples and similar to that of the
linear SMMSE-MUD.

1) The general case: There are several proposals in the
literature to reduce the complexity of the GPR training and
prediction stages [43]-[47]. A detailed review of all these
methods can be found in [48]. The main motif of these
approaches is representing the covariance matrix of the GP
with a reduced set of J samples (or pseudo-samples) much
smaller than L, with the same accuracy as the whole training
dataset.

The algorithms in [43]-[47] propose different ways of
selecting the J samples in the reduced set. Some of them train
the locations of the pseudo-samples. This allows obtaining a
further reduced set at a larger computational complexity during
training. Other approaches use heuristics to select the pseudo-
samples from the training set. Also, the pseudo-samples can
be choosen incrementally until a desired accuracy is achieved.
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2) Linear GPR: If we are interested only in linear detectors,
the complexity of each iteration of the optimization procedure
can be significantly reduced from O(L3) to O(min{L,D})
without loss of accuracy. We propose to run a very simple
algorithm for computing the linear GPR-MUD. For a linear
kernel the covariance function becomes:

Cθ = eθ1X>X + eθ2I = eθ1
(
X>X + eθ2−θ1I

)
, (19)

where the columns of X are the sample inputs in (8) and θ1, θ2
are the to be estimated hyperparameters. We can write X>X
in terms of its eigenvalues:

X>X = UΛU>, (20)

where U is an orthonormal matrix, containing the eigenvectors
of X>X, and Λ is a diagonal matrix with its eigenvalues. This
representation is useful to compute the inverse of Cθ as

C−1
θ = e−θ1U

(
Λ + eθ2−θ1I

)−1
U>. (21)

This eigenvalue-eigenvector representation simplifies the
gradient with respect to θi, as follows:

∂l(θ)
∂θ1

=
1
2

D∑
i=1

λi
λi + eθ2−θ1

+
1
2

D∑
i=1

λiz
2
i e
−θ1

(λi + eθ2−θ1) 2
(22)

∂l(θ)
∂θ2

=
1
2

D∑
i=1

eθ2−θ1

λi + eθ2−θ1
+

1
2

D∑
i=1

eθ2−2θ1zi2
(λi + eθ2−θ1) 2

, (23)

where z = U>y. At most, the number of nonzero eigenvalues
is min(L,D). We have used D in the previous equations as
in most cases L > D.

The complexity of the linear SMMSE-MUD is O(D3) as
it needs to invert a D×D matrix. The complexity of training
the GPR is linear in D, once we have computed its eigenvalue
decomposition which is O(D3). Each optimization step of
the GPR is insignificant with respect to the matrix inversion.
Therefore, the complexity of the GPR detector with a linear
kernel is of the same order of magnitude as that of the
SMMSE-MUD.

V. EXPERIMENTAL RESULTS

A. Regularization

We first propose the same scenario as in [15] with K = 10
active users and Gold spreading sequences of length N = 31.
The amplitudes of the interferer were equal to that of the user
of interest. We include the average for 300 simulated chip-
spaced channels of length Mc = 15 with equally distributed
zero-mean random Gaussian for the channel paths. We used
Q = 2 in (8).

We compare the BER of the SMMSE detector in (15) to
the GPR with linear kernel (α1 = 0 in (10)), the SVM with
linear kernel and soft margin 0.5, the CMOE in (18) and the
tappered regularized method (CMT) in [15]. The regularization
parameters for the CMOE and the CMT where set as described
in [49], where the covariance matrix was estimated with L =
372 samples. The training sequences were generated randomly
for every channel. The BER was estimated with test inputs
different from the training sequences. We report the BER as
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Fig. 1
BER ALONG THE SNR IN A CDMA SCENARIO WITH K = 10 USERS AND

GOLD SEQUENCES WITH N = 31 FOR LINEAR SVM (∗), CMT (O),
CMOE (�), SMMSE (◦), AND LINEAR GPR (�) MUD FOR L = 64

TRAINING SAMPLES.
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Fig. 2
BER ALONG THE NUMBER OF TRAINING DATA IN A CDMA SCENARIO

WITH K = 10 USERS AND GOLD SEQUENCES WITH N = 31 FOR LINEAR

SVM (∗), CMT (O), CMOE (�), SMMSE (◦), AND LINEAR GPR (�)
MUD FOR A SNR=15DB.

a function of the SNR for L = 64 samples in Fig. 1 and the
BER as a function of the training samples for an SNR of 15dB
in Fig. 2.

The linear GPR-MUD receiver clearly outperforms the other
detectors for short training sequences for the SNR range of
interest, see Fig. 1. The SVM is the second best procedure,
although its performance is significantly poorer than that of the
GPR detector. The CMOE and CMT use a fixed regularization
procedure that precludes them to perform well for all training
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sequences and SNRs, which is a severe limitation as these
detectors must perform well in many different scenarios. The
SMMSE convergence is significantly slower than that of the
GPR and, for short training sequences, its BER is orders of
magnitude above the GPR-MUD detector.

In Fig. 2, we compare the performance of the different
methods as the number of training samples increases. As
we expected, once the number of training samples is long
enough, the SMMSE and GPR detectors tend to coincide. But
for shorter training sequences the GPR-MUD receiver learns
much faster than the SMMSE one. This is a very important
feature, as the longer the training sequence needs to be the
fewer information bits we can transmit in each burst of data.
The linear SVM solution follows the GPR although there is a
constant gap between its solution and the GPR; this is due
to the fixed soft margin parameter used for all lengths of
the training sequence. The CMOE and CMT present poor
performances, even for L = 372. This experiment illustrates
one of the major advantages of GPR detectors for CDMA
communications: they can tune their hyperparameters to find
the best regularized linear solution. Its capability of resorting
to nonlinear solutions is its other main advantage, as illustrated
next.

We now consider a detector in a simple situation for K = 2
users transmitting with the same power. The spreading factor
is N = 4 and the spreading codes are [+1 + 1 − 1 − 1] and
[+1 − 1 − 1 + 1]. The UoI corresponds to the second code,
i.e. j = 2, and the channel impulse response is given by

c(z) = 0.3 + 0.7z−1 + 0.3z−2. (24)

The inputs were as in (9) with Q = 1. Both the SVM and the
GPR use a Gaussian kernel (α2 = 0 in (10)). Following [28]
for the SVM, the width of the kernel is set to the noise standard
deviation and the soft margin to 0.6. In Fig. 3 we depict the
decision boundaries for a signal to noise ratio (SNR) of 9 dB.
We include the optimal one-shot detector in (2) (dash-dotted),
the SVM-MUD (dotted) and the GPR-MUD (solid). The bit
error rate (BER) achieved by the SVM-MUD and the GPR-
MUD are similar, although the boundaries are quite different.
We observe that the SVM-MUD is unable to generalize
properly. The SVM boundary is sinuous, causing more than
two decision regions, and in an eventual decrease in SNR,
it would present a poor BER performance. In comparison,
GPR-MUD would degrade its performance gracefully, due to
its regularized solution.

B. A flexible solution

In the previous experiments the kernels were either lineal
or nonlinear. Since in digital communications the transmitter,
radio channel and receivers are typically close to linear sys-
tems, we propose the kernel in (10) to estimate the incoming
bits. The linear part of this covariance matrix allows a fast
learning of the system response and the nonlinear part adapts
the linear solution to accommodate the nonlinearities. Using
the same kernel in other machine learning tools, such as SVM,
is cumbersome, as we have a large number of hyperparameters
to learn by means of cross-validation.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−1.5
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−0.5
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0.5

1

1.5

 x
t
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 x
t
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Fig. 3
DECISION BOUNDARY IN A CDMA SCENARIO WITH 2 USERS, 160

TRAINING SAMPLES AND A SNR OF 9 DB FOR SVM (DOTTED), GP
(SOLID) AND THE OPTIMUM ONE-SHOT (DASH-DOTTED) CENTRALIZED

MUD.

We repeat Example 2 in [28], where the spreading factor
is N = 8 and we have K = 3 users with equal power. We
report the BER for Users 2 and 3. The spreading codes are,
respectively, [+1 +1 +1 +1 −1 −1 −1 −1], [+1 −1 +1 −1
−1 + 1 − 1 + 1] and [+1 − 1 − 1 + 1 −1 + 1 + 1 − 1]
and the channel response is given by:

c(z) = 0.4 + 0.9z−1 + 0.4z−2. (25)

For comparison purposes, we include the BER for the
SVM-MUD in [28] and SMMSE-MUD. Unlike [28], were
the authors use the chips projected onto the users spreading
codes, we use the chips as inputs (8) with Q = 1. We
also include the BER for the ideal case, memoryless channel
without interfering users (dashed). The covariance matrix of
the GPR-MUD is given by (10). The SVM-MUD is trained
using a Gaussian kernel with its width equal to 3 times the
noise standard deviation and the soft margin parameter 2 set
to 0.6.

In Fig. 4 we report the BER along the SNR. We depict
the averaged results for 1000 independent experiments with
105 test samples and the same 32 training samples in each
run with different noise. For such short training sequence, the
SVM cannot learn a good classifier and it is outperformed by
the GPR-MUD and the linear SMMSE-MUD. The GPR, as
the SVM, does not have enough training examples to build
a nonlinear classifier. However, the GPR is able to “see” that
the training sequence is too short to train a nonlinear classifier
and it resorts to the linear SMMSE solution.

2In [28] the authors do not report the width used in the experiments, but
they say it is related to the noise standard deviation. We found that 3 times
the standard deviation of the noise for the kernel width provided good results
for the SVM-MUD.
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Fig. 4
BER FOR USER 2 IN EXPERIMENT 2: A CDMA SCENARIO WITH K = 3

USERS, N = 8 AND 32 TRAINING SAMPLES. SMMSE (◦), SVM (∗) AND

GPR (�) MUD.

In Fig. 5, we plot the BER for User 3 averaged over 1000
experiments with 105 test samples and 100 random training
examples. The optimal decision boundary is nonlinear. This
scenario is illustrative of the nice properties of the GPR
detector compared to the SVM-MUD receiver. For low SNR
both the GPR and SVM-MUD obtain a nonlinear detector
that outperforms the linear SMMSE. For high SNR and short
training sequence, the nonlinear algorithms are unable to
improve the linear solution. The GPR-MUD mimics the linear
SMMSE and the SVM solution degrades, unable to improve
the linear SMMSE detector.

Since for real scenarios the number of training samples is
limited, the GPR provides optimal results either by obtain-
ing the best nonlinear detector or by mimicking the linear
SMMSE-MUD, if there is not enough information available.

VI. CONCLUSIONS AND FURTHER WORK

In this paper we have introduced Gaussian Processes for
Regression (GPR) as a nonlinear detector for DS-CDMA
digital communications systems. The GPR is a discriminative
learning tool and it does not assume anything about the CDMA
communication system. It does not need to know how many
users are active and what spreading codes they are using. It
does not need to know the channel model or its length. It
only relies on a training sequence for the UoI to detect the
incoming chips and it can train linear and nonlinear models
depending on which suits the application best. This makes it
a very desirable tool for designing CDMA MUD receivers.

GPR solution is analytical and its hyperparameters can
be learnt by maximum likelihood. This is a considerable
improvement compared to other nonlinear tools as neural
networks or SVMs, which need to prespecify its structure or
hyperparameters because the optimization step is taken to find
the optimal parameters. This extra flexibility allows GPR to
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Fig. 5
BER FOR USER 3 IN EXPERIMENT 2: A CDMA SCENARIO WITH K = 3

USERS, N = 8 AND 100 TRAINING SAMPLES. SMMSE (◦), SVM (∗) AND

GPR (�) MUD.

outperform these nonlinear classifiers for MUD in CDMA.
They provide better solutions at shorter training sequences.

We have shown that the GPR solution can be understood
as a nonlinear MMSE. The linear part of the GPR-MUD
performs as the linear MMSE for large training sequences.
For short training sequences, the GPR-MUD outperforms the
linear MMSE-MUD, because it trains its regularization hy-
perparameter to accommodate the received training sequence.
The GPR-MUD receiver with linear kernel is able to optimally
set the regularization parameter, instead of relying on fixed or
ad-hoc procedures for selecting it.

The linear GPR-MUD, as presented in this paper, can be
implemented directly for fast-fading multi-path channels and
its computational complexity is similar to that of the SMMSE.
For the nonlinear GPR, we have used the full covariance
matrix and its optimization can be computationally costly in
some scenarios. There are several proposals that address this
computational complexity issue [43]-[47], which can be used
to implement the proposed GPR-MUD with low computational
complexity with nonlinear kernels.
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