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Abstract

Neural Networks have become very useful tools for input-output knowledge discov-

ery. However, some of the most powerful schemes require very complex machines,

and thus a large amount of calculation. This paper presents a general technique to

reduce the computational burden associated to the operational phase of most neural

networks that calculate their output as a weighted sum of terms, which comprises

a wide variety of schemes, such as Multi-Net or Radial Basis Function networks.

Basically, the idea consists on sequentially evaluating the sum terms, using a series

of thresholds which are associated to the confidence that a partial output will coin-

cide with the overall network classification criterion. Furthermore, we design some

procedures for conveniently sorting out the network units, so that the most impor-

tant ones are evaluated first. The possibilities of this strategy are illustrated with

some experiments on a benchmark of binary classification problems, using RealAd-

aboost and RBF networks, that show that important computational savings can be

achieved without significant degradation in terms of recognition accuracy.
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1 Introduction

Artificial Neural Networks (ANNs) are nowadays widely used in classification

and regression problems because of their extraordinary abilities for input-

output knowledge discovery [1,2]. During the training phase, ANNs automat-

ically adjust their parameters by means of a set of labeled patterns. Later, in

the operational phase, the network is used to predict the output corresponding

to new unseen patterns, or the class they belong to. Some of the most clas-

sical techniques, such as Multi-Layer Perceptrons (MLPs) and Radial Basis

Functions Networks (RBFNs) [1] are known to have universal approximation

capabilities.

The performance of traditional neural networks can be improved even further

by means of Multi-Net (M-N) systems [3] that combine the output of several

base learners. There are many approaches to construct ANN ensembles, adopt-

ing the name that was introduced by Hasen and Salomon [4]. Classifications

of these methods from different points of view can be found in [5]. Among

all these procedures, boosting schemes [6,7], and in particular Real Adaboost

(RA) [8], have demonstrated excellent performance.

Based on statistical learning theory [9], Support Vector Machines (SVMs) [10]

have recently gained popularity, achieving excellent results, mainly in binary

classification problems. Although the recognition capabilities of M-N systems

and SVMs is out of discussion, the computational complexity of the resulting

machines can be very high if the number of base learners or support vectors,
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respectively, is very large.

In this paper, we present a method for fast evaluation of neural networks that

can lead to a significant saving during the operational phase of ANNs. One of

the most important advantages of the method is that it can be used with any

kind of network that calculates its output as a linear weighted sum of terms,

what comprises a wide variety of neural systems.

The organization of the paper is as follows: next section is dedicated to the

introduction of the fast classification method, and to the discussion of sev-

eral implementation details. In Section 3 we include an extensive number of

experiments to illustrate the benefits and applicability of the strategy when

using both RA and RBFNs. Finally, we devote the last section of the paper

to conclude our work and enlighten some lines for further research.

2 Fast Evaluation of Neural Networks

In this paper we consider the binary classification problem in which we are

given a set of labeled data {xi, ti}N
i=1, with xi ∈ <d being the i-th input pattern

and ti ∈ {−1, 1} its associated target. We will only pay attention to neural

networks that predict the output using a weighted linear sum of M different

terms:

y(x) = sign
[

M∑

m=1

αmom(x) + b

]
, (1)

where αm are the weights assigned to the different network units, om(x), and

b is a bias term. Note that, to keep our formulation as general as possible, we

are not assuming any predetermined implementation for the network units. In

this way, om(x) could be the output of a kernel function [11], as well as the
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output of a base learner of a M-N system.

In this paper, we propose a very simple procedure to speed up the evaluation

of (1) and so the operational phase of the network, what can be specially

advantageous when the number of units that are combined is large. Concretely,

we propose to sequentially evaluate the different terms in (1), achieving the

following partial sums:

yk(x) =
k∑

m=1

αmom(x) + b. (2)

Hopefully, if the absolute value of yk(x) is high enough, the current sign of

yk(x) will coincide with y(x), making it possible to avoid the evaluation of the

restating M − k network units. To be more precise, if

yk(x) > η+
k or yk(x) < η−k ,

where {η+
k , η−k }M−1

k=1 are some thresholds to be fixed during the training of

the network, we will classify x according to the present sign of yk(x). In the

following, we will refer to this process as fast or partial classification, and to

yk(x) as a partial classifier. On the contrary, if

η−k < yk(x) < η+
k

we assume that the confidence about y(x) being equal to the sign of yk(x) is

insufficient, making it necessary to proceed with the evaluation of the (k +

1)-th unit. Since a fast classification with the k-th partial classifier makes

unnecessary to compute the outputs of units om(x),m = k + 1, . . . , M , this

procedure can lead to important computational savings during the operational

phase of the network.

In most classification tasks we find both difficult and easy patterns, i.e., pat-
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terns which are close to the border of classification and others which lie far

away from it. With the previous procedure we expect to classify the easiest

patterns in an early stage, while difficult patterns will still require the evalua-

tion of most of the network units. So, in the average, we expect to reduce the

number of units that need to be evaluated without affecting the performance

of the network.

Obviously, for the correct application of the method it is necessary to conve-

niently select the thresholds {η+
k , η−k }M−1

k=1 during the training phase. Further-

more, to get the maximum reduction in the average number of units evaluated

it is important to sort out the units in such a way that those with a higher

influence in the overall classification are evaluated first. Finally, bias b is ap-

propriate only when classifying according to (1), but we could perfectly find

better biases for the partial classifiers yk(x). The next three subsections ad-

dress each of these problems, and explain how they can be solved during the

training phase of the network with little extra computational effort.

2.1 Setting the Classification Thresholds

In first term, we propose to set up the positive and negative thresholds,

{η+
k }M−1

k=1 and {η−k }M−1
k=1 respectively, to guarantee that the original network

criterion is preserved and no additional errors are provoked by the fast clas-

sification method. It is useful to distinguish two different cases depending on

the range of om(x):

i) om(x) : <d → [−1, 1]: In this case the difference between the overall network
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and its k-th partial output is given by

∆yk(x) = yM(x)− yk(x) =
M∑

m=k+1

αmom(x) (3)

that can be bounded by

−
M∑

m=k+1

|αm| < ∆yk(x) <
M∑

m=k+1

|αm|

Thus, choosing

η+
k =

M∑

m=k+1

|αm|; η−k = −η+
k (4)

satisfies our requirement that the overall network classification is preserved.

ii) om(x) : <d → [0, 1]: Using similar arguments to those in the previous case

we get
M∑

m=k+1
αm<0

αm < ∆yk(x) <
M∑

m=k+1
αm>0

αm

so that we should set

η+
k = −

M∑

m=k+1
αm<0

αm; η−k = −
M∑

m=k+1
αm>0

αm (5)

to guarantee that the classification criterion is not affected.

Obviously, (4) and (5) are worst-case choices, consequently providing limited

computational savings. It is immediate to relax these selections by introducing

an additional parameter β ∈ [0, 1] that allows to redefine the thresholds as

η+
k
′
= βη+

k ; η−k
′
= βη−k

Parameter β is related to the confidence that a fast decision on x will respect

the criterion of the overall classifier. As we have explained, if β = 1 we are 100%

sure that no additional errors (or hits) are introduced by the fast classification

process. On the contrary, when β = 0 only the first unit is considered. Values
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of β between 0 and 1 correspond to situations where an intermediate degree

of certainty is required.

2.2 Sorting out the Network Units

As explained before, it is not only the selection of the thresholds, but also the

order of the network units which plays an essential role in the performance

of the fast classification method. As a general rule, to achieve a maximum

computational saving it is convenient to place the most relevant units in the

first positions.

By construction, certain networks directly give the units in decreasing order

of importance. This is true, for instance, for incremental schemes that grow

with the objective of refining the border of classification at each step, such as

RealAdaboost (RA) [8], the Cascade-Correlation (CC) algorithm [12], or the

Growing Support Vector Classifier of [13], where this fact was already used to

speed up the classification phase.

In general, however, it will become necessary to use some measure of relevance

to sort out the units that compose the network. Although it is possible to think

of many other alternatives, an easy way to measure the relevance of the units

would be to use their average activation in the training set that we define as

γm =
N∑

i=1

|αmom(xi)| (6)

In this way, the units would be sorted out according to decreasing γm.

The above measure of relevance has the advantage that it can be used with any

network that implements a function of the form (1). On the other hand, one
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could expect that a better performance could be obtained if designing ad hoc

criteria for each particular network. For instance, in the experiments section

we will apply our fast classification method to the RBFN implementation of

[14]. These networks are trained to minimize the cost function

C =
1

2

N∑

i=1

[ti − yM(xi)]
2 (7)

where yM(xi) is the output of the network before the sign activation, namely

yM(xi) =
M∑

m=1

αmom(xi) (8)

To estimate the influence of each unit om(x) in the overall quadratic error

incurred by the network, we will first derive (7) with respect to the outputs

of that unit for each training pattern, i.e.,

∇omC =




∂C

∂om(x1)

...

∂C

∂om(xN)




= −αm




t1 − yM(x1)

...

tN − yM(xN)




(9)

Note that this gradient can be considered as a measure of the efectiveness of

unit om(x) to decrease (7). Now, taking the square norm of ∇omC gives

‖∇omC‖2
2 = α2

m

N∑

i=1

[ti − yM(xi)]
2 (10)

Finally, considering that the sum in the above expression is the same for all

units, we can conclude that the influence of each unit om(x) in the cost function

is directly related to the square of its associated weight, αm, thus justifying

to sort out the units of the RBFN according to a decreasing value of |αm|.

For illustrating the benefits of using an appropriate order of the network units,

we have considered two examples in which the fast evaluation method was ap-
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Fig. 1. Classification Error and average percentage of units evaluated during the test

phase for a RBFN classifier using different strategies for sorting out the network

units. (a) Kwok dataset. (b) Contraceptive dataset.

plied to RBFNs trained on the kwok and the contraceptive datasets whose

main characteristics will be described in the next section. In Fig. 1 we have

represented the classification error and the average number of units that are

evaluated for different values of β when using different orders for the net-

work units. We can see that using an appropriate order is very important

if one wants to achieve significant computational savings without affecting

the recognition performance of the original classifier (which is obtained with

β = 1).

2.3 Using different biases for early classification

According to our fast classification strategy, when a pattern is classified using

only the k first units of the network, we take the sign of yk(x) as given by
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(2). However, it seems likely that the bias b calculated for the overall classifier

does not work optimally for all partial classifiers. Consequently, to get a better

performance we will use a different bias for each partial classifier, i.e., we

propose to classify pattern x according to the sign of

ỹk(x) =
k∑

m=1

αmom(x) + bk (11)

where the new biases {bk}M−1
k=1 are obtained to minimize the overall square error

incurred by each of the partial classifiers over the whole training dataset, i.e,

bk =
1

N

N∑

i=1

ti − yk(xi) (12)

Although there exist other possibilities to calculate the above biases (for in-

stance, we could minimize the number of errors), (12) is expected to work well

for most distributions of yk(xi).

To see why using different thresholds for the successive partial outputs is im-

portant, Fig. 2 depicts the classification error rate that is achieved by a RBFN

network trained on the contraceptive dataset, both when the original bias b is

kept unmodified, and when different biases bk are used for the partial classi-

fications. For this example, the units were sorted out according to decreasing

|αm|; however, similar curves are also obtained for other orders and problems.

It is important to remark that using different biases has no effect on the num-

ber of units evaluated for fixed β, but it can lead to significant improvements

in terms of classification error.

In Table 1 we summarize our method for fast evaluation of neural networks.
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Fig. 2. Advantages of using different biases for the partial networks. The classification

error is represented for a RBFN classifier trained on the contraceptive dataset, both

when using the original bias and modified biases for the intermediate outputs.

Although steps 3 to 5 require some additional computational effort during the

training phase, it can be seen that this overload is not very important given

the fact that the outputs of the units, om(xi), are already calculated during

the training phase.

3 Experiments

To illustrate the validity of the fast classification strategy, we have carried out

a number of experiments on a benchmark of seven binary classification tasks.

A summary of the main characteristics of each problem, including the number

of training and test patterns in each class and the dimension of the input

space, is given in Table 2. Kwok is a synthetic problem that was introduced

in [15]; the rest are datasets of real data taken from the Machine Learning

Repository of the University of California Irvine [16]. When no predefined

train/test partition was provided, we used a 10 fold cross-validation strategy

employing 60% data for the training stage and the remaining 40% data for
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1.- Inputs: {xi, ti}N
i=1, β

2.- Train network → αm, b, om(·)

3.- Sort out the units in order of decreasing relevance

4.- Calculate thresholds according to (4) or (5) → {η+′
k , η−

′
k }M−1

k=1

5.- Calculate biases according to (12) → {bk}M−1
k=1

6.- Operational phase:

y0(x) = b

Loop k = 1 : M − 1

Calculate ok(x)

yk(x) = yk−1(x) + αkok(x)

If (yk(x) > η+′
k or yk(x) < η−

′
k )

ỹk(x) = yk − b + bk

Classify x → y(x) = sign [ỹk(x)]

Go to 6 and proceed with next pattern

End

End

yM(x) = yM−1(x) + oM(x)

Classify x → y(x) = sign [yM(x)]

Go to 6 and proceed with next pattern
Table 1
Summary of the method for Fast Evaluation of neural networks.

testing the classifiers performance. In the next two subsections we present

results when using RealAdaboost ensembles of MLP classifiers, and for RBF

networks. In both cases, all results were averaged over 50 independent designs

(5 experiments for each fold when using 10 fold cross-validation).
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# train # test dim

kwok 300/200 6120/4080 2

tictactoe 199/376 133/250 9

contraceptive 506/377 338/252 9

image 821/1027 169/293 18

spam 1088/1673 725/1115 57

phoneme 952/2291 634/1527 5

waveform 2694/1306 659/341 21
Table 2
Benchmark dataset description.

3.1 Fast Classification with RealAdaboost schemes

RealAdaboost (RA) [8] is a boosting algorithm that works by sequentially

adding learners to an ensemble, progressively paying attention to the hardest

to classify patterns. For this set of experiments we have used MLP networks

with one single hidden layer as the elements of RA, using the basic backprop-

agation algorithm for their training. The number of learners that build up the

ensemble (T ) is selected by stopping its growing when the mean value of the

output weights becomes lower than 0.01. The results that we show correspond

to the number of MLP hidden neurons (NH) that achieves the best ensemble

performance.

It is easy to identify the RA classification function with Eq. (1) by simply

setting M = T , and letting om(x) and αm be the outputs of each base learner

and its associated weight. As explained in the beginning of Subsection 2.2,

for RA it is not necessary to modify the order of the units. Furthermore,

when building the RA ensemble all partial classifiers are optimized under the
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constraint that no bias is added at the output. Consequently, in this case we

will simply set bk = b = 0.

In Fig. 3 we have depicted the influence of β on the test classification error

(CE) and on the average number of learners evaluated (Tav) for all the prob-

lems in our benchmark. To make more clear the computational saving, Tav is

represented in the figure as a percentage of the total number of learners in

each network. As expected, β imposes a compromise between these two quan-

tities, but there exists a wide range for which no performance degradation is

observed and significant complexity reductions can be achieved.

Results for the complete benchmark are reported in Table 3. The original

CE of RA is given under the ‘β = 1’ column. We can see that, even for this

very conservative case, important reductions in the computational load can be

achieved. It is important to remark that this gain is obtained at a negligible

cost during the training phase. Finally, computational savings of about 90%

are not rare for lower values of β, keeping in all cases a very similar CE to

that of the overall RA scheme.

3.2 Fast Classification with RBF Networks

RBFNs are well-known classifiers that obtain their output as a weighted linear

combination of radial basis functions. We will only consider here the case of

Gaussian kernels:

om(x) = exp

(
−‖x− cm‖2

2σ2
m

)

We used 2%, 5%, and 10% of the training data as the number of kernels in

the RBFN, keeping the setting which offered a best result on a validation
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NH T
CE (%)

β = 1

Tav

β = 1

CE (%)

β = .5

Tav

β = .5

CE (%)

β = .3

Tav

β = .3

kwok 9 10 11.63
3.56

(−64.4%)
11.63

2.05

(−79.5%)
11.63

1.55

(−84.5%)

tictactoe 8 100 2.51
71.1

(−28.9%)
2.53

55.3

(−44.7%)
2.58

42.27

(−57.7%)

contraceptive 4 10 28.75
5.95

(−40.5%)
28.75

4.3

(−57%)
28.77

3.26

(−67.4%)

image 9 40 2.24
4.88

(−87.8%)
2.26

2.93

(−92.7%)
2.37

2.18

(−94.6%)

spam 5 50 5.68
9.48

(−81%)
5.69

5.13

(−89.7%)
5.73

3.09

(−93.8%)

phoneme 28 10 13.72
3.68

(−63.2%)
13.72

2.22

(−77.8%)
13.74

1.67

(−83.3%)

waveform 2 20 7.89
6.73

(−66.3%)
7.9

3.69

(−81.6%)
7.89

2.23

(−88.8%)

Table 3
RealAdaboost test classification error (CE) and average number of learners evalu-
ation (Tav) for the seven problems in the benchmark and three values of β. Com-
putational savings with respect to the complete evaluation of the RA machine are
given inside parentheses.

set consisting of 20 % of the training data. We have used the excellent im-

plementation of RBFNs by G. Rätsch (see, for instance, [14]), which has the

advantage of automatically adjusting the position and width of the kernels by

means of a gradient descent scheme.

Results are reported in Table 4 in terms of test CE and average number of

Kernel Evaluations per Pattern (KEPP) during the test phase [13]. Again, the

CE is kept under control even for β = 0.3, but now the computational saving

is not as impressive as in the RA case.
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KEPP
CE (%)

β = 1

KEPP

β = 1

CE (%)

β = .5

KEPP

β = .5

CE (%)

β = .3

KEPP

β = .3

kwok 10 11.68
7.45

(−25.5%)
11.75

6.26

(−37.4%)
12.85

4.7

(−53%)

tictactoe 29 0.39
24.45

(−15.7%)
0.39

22.55

(−22.2%)
0.39

20.57

(−29.1%)

contraceptive 18 29.9
14.96

(−16.9%)
30.21

13.94

(−22.5%)
32.11

12.24

(−32%)

image 185 3.16
151.7

(−18%)
3.16

139.98

(−24.3%)
3.16

129.83

(−29.8%)

spam 277 6.05
246.67

(−10.9%)
6.05

235.24

(−15.1%)
6.05

224.17

(−19.1%)

phoneme 325 12.06
284.92

(−12.3%)
12.06

268.67

(−17.3%)
12.06

253.17

(−22.1%)

waveform 80 8.75
61.76

(−22.8%)
8.75

56.96

(−28.8%)
8.87

52.06

(−34.9%)

Table 4
Test CE and Kernel Evaluations per Pattern (KEPP) when using RBFNs. The
relative reduction on the KEPP with respect to the number of units in the network
(second column) is also shown inside parentheses.

3.3 On the selection of parameter β

In the two previous subsections we showed that the fast evaluation method

offers a straightforward way to achieve computational savings during the op-

eration of neural networks. However, as it can be easily seen from Fig. 3,

selection of parameter β imposes a tradeoff between the computational sav-

ing and the final CE rate of the classifier. So, to improve the applicability of

the fast classification strategy it is important to provide some method for the

automatic selection of β.

An obvious solution to the problem of β selection is using cross-validation,

but this would require using a smaller data set for training the network. Al-

ternatively, we propose a very simple procedure consisting on applying the fast
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classification strategy to the training set, calculating the training classification

error and average number of unit evaluations for different values of β. Then,

we select the smallest β that satisfies some constrain, either on the maximum

allowable performance degradation, or on the maximum computational load

that can be accepted.

As an example, we applied this strategy to the RBF networks of Section 3.2.

We explored different values for β in the range [0,1], with a step of 0.01,

choosing the smallest value (β0) that guaranteed that the error in the training

dataset did not increase more than 1%. The results in Table 5 show that this

very simple procedure offers a reasonably good performance. We can see that,

in all problems but kwok, the CE increment is kept well under 1%. Regarding

the number of kernel evaluations per pattern, we can see that savings around

30% are not rare. Furthermore, in two of the problems which require larger

networks, image and phoneme, the average computational load is reduced to

around half of the original.

4 Conclusions

In this paper we have presented a simple procedure to alleviate the compu-

tational burden required by powerful neural network classifiers. The scheme

works by sequentially comparing the partial outputs of the net to a positive

and a negative thresholds, taking decisions as soon as a desired degree of

certainty is reached.

Procedures to set up thresholds during the training of the network have also

been presented, as well as some methods to appropriately order the network
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KEPP CE (%) β0

CE (%)

β0

KEPP

β0

kwok 10 11.68 0.38
11.97

(+2.5%)

5.65

(−43.5%)

tictactoe 29 0.39 0.36
0.39

(=)

21.36

(−26.34%)

contraceptive 18 29.9 0.52
30.11

(+0.7%)

12.96

(−28%)

image 185 3.16 0.06
3.16

(=)

88.91

(−51.9%)

spam 277 6.05 0.11
6.03

(−0.3%)

192

(−30.7%)

phoneme 325 12.06 0.05
12.11

(+0.4%)

179.9

(−44.7%)

waveform 80 8.75 0.37
8.77

(+0.2%)

54.2

(−32.2%)

Table 5
Test CE and Kernel Evaluations per Pattern (KEPP) for RBF networks with the fast
classification strategy. Original CE and KEPP are displayed in the two first columns,
while the two last columns stand for the CE and KEPP (and relative variations)
when using β0 for setting the thresholds. Parameters β0 have been automatically
selected as described in the text.

units in decreasing order of relevance, so that a maximum computational sav-

ing can be achieved. These procedures need to be carried out just once after

the training phase, and they require little extra computational effort.

The proposed scheme has shown to be specially well suited for Adaboost type

classifiers, in which the constituent units are by construction given in order of

relevance. Other ANN schemes can also obtain significant reductions in com-

putational load, as we have shown with our experiments with Radial Basis

Function networks. Logical lines for future research consist on the applica-

tion of the fast evaluation method to other kinds of classifiers, as well as the

extension of these ideas to speed up the training phase of neural networks.
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Fig. 3. Fast Classification with RealAdaboost ensembles for different values of the

confidence rate parameter β. Each figure shows the evolution with β of the classi-

fication error (CE), as well as that of the average number of learners that need to

be evaluated, Tav, expressed as a percentage of the total number of learners in the

network (T ).

21



List of Figures

1 Classification Error and average percentage of units evaluated

during the test phase for a RBFN classifier using different

strategies for sorting out the network units. (a) Kwok dataset.

(b) Contraceptive dataset. 9

2 Advantages of using different biases for the partial networks.

The classification error is represented for a RBFN classifier

trained on the contraceptive dataset, both when using the

original bias and modified biases for the intermediate outputs. 11

3 Fast Classification with RealAdaboost ensembles for different

values of the confidence rate parameter β. Each figure shows

the evolution with β of the classification error (CE), as well

as that of the average number of learners that need to be

evaluated, Tav, expressed as a percentage of the total number

of learners in the network (T ). 21

22



List of Tables

1 Summary of the method for Fast Evaluation of neural

networks. 12

2 Benchmark dataset description. 13

3 RealAdaboost test classification error (CE) and average

number of learners evaluation (Tav) for the seven problems in

the benchmark and three values of β. Computational savings

with respect to the complete evaluation of the RA machine are

given inside parentheses. 15

4 Test CE and Kernel Evaluations per Pattern (KEPP) when

using RBFNs. The relative reduction on the KEPP with

respect to the number of units in the network (second column)

is also shown inside parentheses. 16

5 Test CE and Kernel Evaluations per Pattern (KEPP) for RBF

networks with the fast classification strategy. Original CE and

KEPP are displayed in the two first columns, while the two last

columns stand for the CE and KEPP (and relative variations)

when using β0 for setting the thresholds. Parameters β0 have

been automatically selected as described in the text. 18

23


