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On Noncoherent Multiple-Antenna Rayleigh
Block-Fading Channels at Finite Blocklength
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Abstract—This paper investigates the maximum coding rate
at which data can be transmitted over a noncoherent, multiple-
input, multiple-output (MIMO) Rayleigh block-fading channel
using an error-correcting code of a given blocklength with a
block-error probability not exceeding a given value. A high-
SNR normal approximation is derived that becomes accurate
as the signal-to-noise ratio (SNR) and the number of coherence
intervals over which we code tend to infinity. The obtained
normal approximation complements the nonasymptotic bounds
that have appeared in the literature, but whose evaluation
is computationally demanding. It further lays the theoretical
foundation for an analytical analysis of the fundamental tradeoff
between diversity, multiplexing, and channel-estimation cost at
finite blocklength and finite SNR.

Index Terms—Channel dispersion, finite blocklength, high
SNR, MIMO, normal approximation, Rayleigh fading, wireless
communications

I. INTRODUCTION

There exists an increasing interest in the transmission of
short packets in wireless communications [1]. For example, the
vast majority of wireless connections in the next generations of
cellular systems will most likely be originated by autonomous
machines and devices, which predominantly exchange short
packets. It is also expected that enhanced mobile-broadband
services will be complemented by new services that target sys-
tems requiring reliable real-time communication with stringent
requirements on latency and reliability. While capacity and
outage capacity provide accurate benchmarks for the through-
put achievable in wireless communication systems when the
package length is not restricted, for short-package wireless
communications, a more refined analysis of the maximum
coding rate as a function of the blocklength is needed. Such
an analysis is provided in this paper.

Let R*(n,€) denote the maximum coding rate at which
data can be transmitted using an error-correcting code of
blocklength n with a block-error probability no larger than
e. Hayashi [2] and Polyanskiy, Poor, and Verdd [3] showed
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that, for various channels with a positive capacity C, R*(n, €)
can be tightly approximated as

R*(n,€) —C\/ZQ%HO(IO?%") ()

where V is the so-called channel dispersion, Q~!(-) denotes
the inverse of the Q-function Q(z) = \/% [ et
and O(logn/n) comprises terms that decay no slower than
logn/n. The approximation that follows by ignoring the
O(logn/n) term is sometimes referred to as normal approx-
imation. The normal approximation has been established as a
benchmark for short error-correcting codes; see, e.g., [4], [5].
It further serves as a proxy for the maximum coding rate in
the analysis and optimization of communication systems that
exchange short packets and has appeared in numerous papers
on short-packet wireless communications; see, e.g., [6]-[15].
However, many of these works consider the normal approxi-
mation of the Gaussian channel, which may fail to capture the
effects of key parameters in wireless communication systems,
such as coherence time, diversity, or multiplexing gain.

To address this shortcoming, the work of Polyanskiy, Poor,
and Verdud has been generalized to several wireless communi-
cation channels [16]-[27]. In particular, the channel dispersion
of coherent fading channels, where the receiver has perfect
knowledge of the realizations of the fading coefficients, was
obtained by Polyanskiy and Verdd for the single-antenna case
[16], and by Collins and Polyanskiy for the multiple-input
single-output (MISO) [17] and the multiple-input multiple-
output (MIMO) case [18], [19]. The case where the number
of transmit and receive antennas grows with the blocklength
was considered in [20]. When both the transmitter and the
receiver have perfect knowledge of the realization of the fading
coefficients and the transmitter satisfies a long-term power
constraint, the channel dispersion of single-antenna quasi-
static fading channels was obtained by Yang et al. [21]. In
the noncoherent setting, the channel dispersion is only known
in the quasi-static case, where it is zero [22]. For general
noncoherent Rayleigh block-fading channels, nonasymptotic
bounds on the maximum coding rate were presented in [23],
[24]. Saddlepoint approximations that accurately approximate
these bounds in the single-antenna case with a reduced compu-
tational cost were given in [25], [26]. However, a closed-form
expression of the channel dispersion for general noncoherent
Rayleigh block-fading channels is still unknown. Obtaining
such an expression is difficult because the capacity-achieving
input distribution is unknown, so the standard approach of
obtaining expressions of the form (1), which consists of first
evaluating nonasymptotic upper and lower bounds on R*(n, €)
for the capacity-achieving input and output distributions and
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then analyzing these bounds in the limit as n — oo, cannot be
followed. Fortunately, the asymptotic behavior of the capacity
of such channels at high signal-to-noise ratio (SNR) is well
understood [28], [29]. This fact was exploited in [27] to derive
a high-SNR normal approximation of R*(n, €) for noncoherent
single-antenna Rayleigh block-fading channels.

In this paper, we generalize [27] to the MIMO case. In
particular, we present an expression of R*(n, €) similar to (1)
for noncoherent MIMO Rayleigh block-fading channels. By
deriving asymptotically-tight approximations of the capacity
and the channel dispersion at high SNR, we obtain a high-
SNR normal approximation of R*(n,¢), which complements
the existing nonasymptotic bounds.

The rest of the paper is organized as follows. Section II
introduces the system model. Section III presents and discusses
the main result of this paper: a high-SNR normal approxima-
tion for noncoherent MIMO block-fading channels. The proof
of the main result is given in Section IV. The paper concludes
with a summary and discussion of our results in Section V.
Some of the proofs are deferred to the appendices.

Notation

Upper-case letters such as X denote scalar random variables
and their realizations are written in lower case, e.g., x. We
use boldface upper-case letters to denote random matrices,
e.g., X, and upper-case letters of a special font for their
realizations, e.g., X. The distribution of a circularly-symmetric
complex Gaussian random variable with mean p and variance
o2 is denoted by CN (11, o). The gamma distribution of shape
parameter « and rate parameter \ is denoted by T'(«, \). We
use E[-] and Var(-) to denote expectation and variance, respec-
tively. The symbol «“L» indicates equivalence in distribution.

We write ()", (-)*, and (-)T to denote Hermitian transpose,
complex conjugation, and transpose, respectively, and tr(-) and
det(-) to denote the trace and the determinant, respectively.
The (a X a)-dimensional identity matrix is written as l,, and
diag{ds,...,d,} denotes an (a x a)-dimensional diagonal ma-
trix with entries dy, . . ., d,. The diagonal submatrix containing
the first ¢ columns and rows of a matrix X is denoted as
[X](1:4)2. For any matrix X, || X||r denotes the Frobenius norm.

Throughout the paper, log(-) denotes the natural logarithm
function, [a]t stands for max{a,0}, and 1{-} denotes the
indicator function. We shall further use the following gamma
and digamma functions:

[(x) = / t*te~'dt,  gamma function  (2a)

0
Dy (x) & 7= D2 T T (@ - k+ 1),
k=1

complex multivariate gamma function  (2b)
d

U(x) & I los I'(z), digamma function  (2c)
x
d

v (z) & £W(x), derivative of ¥(-).  (2d)

Last but not least, we denote by lim the limit superior and by
lim the limit inferior.

II. SYSTEM MODEL

We consider a Rayleigh block-fading channel with n;
transmit antennas, n, receive antennas, and coherence interval
T. For this channel, within the ¢-th coherence interval, the
channel input-output relation is given by

Y,=XH,+ W, 3)

where X, is the complex-valued, (7' x n;)-dimensional,
transmitted  matrix; Y, is the complex-valued,
(T x n,)-dimensional, received matrix; Hy is the (n; X n,.)-
dimensional fading matrix with independent and identically
distributed (i.i.d.) CN(0,1) entries; W, is the (T X n,)-
dimensional, additive noise matrix with i.i.d. CA(0, 1) entries.
We assume that Hy and W, are independent and take on
independent realizations over successive coherence intervals.
We further assume that the joint law of (Hy, W,) does not
depend on X,. We consider a noncoherent setting where
transmitter and receiver know the statistics of the fading
matrix Hy, but do not have knowledge of its realization.

We assume that n; < n, and T' > n; + n,.. The assumption
ns < n,. incurs no loss in capacity at high SNR. Indeed, Zheng
and Tse [28] showed that the capacity of the noncoherent
Rayleigh block-fading channel can be expressed as

Cp) = (1= 25) log p + 0,(1) @

where n, £ min{n;,n,, [7/2|} and O,(1) summarizes terms
that are bounded in the SNR p. This implies that, for a given
coherence time 7' and number of receive antennas n,., the
capacity pre-log is maximized by using n; = min{n,, [T/2|}
transmit antennas. Thus, using more than n, transmit antennas
does not increase the high-SNR capacity. The assumption
T > ny + n, is reasonable for slow-fading channels when
the number of antennas is moderate. Under this assumption, an
input distribution referred to as unitary space-time modulation
(USTM) achieves a lower bound on the capacity that is
asymptotically tight as the SNR tends to infinity [28], [29].
When T < n; + n,, USTM inputs are no longer optimal and
an input distribution called beta-variate space-time modulation
(BSTM) should be considered instead [29]. Analyzing the
maximum coding rate for this input distribution requires a
different analysis that is beyond the scope of this paper.

We shall restrict ourselves to codes of blocklength n = LT,
where L denotes the number of blocks of coherence interval
T a codeword spans. An (L, T, M, ¢, p) code consists of:

(1) An encoder f: {1,---, M} — (CT*")L that maps
a message ¢, which is uniformly distributed on
{1,---, M}, to a codeword X = [Xy,---,X]. The
codewords are assumed to satisfy the power constraint!

X2 <Tp, €=1,---,L, almost surely. (5)
'In the information theory literature, it is more common to impose a
power constraint per codeword X . Such a constraint would allow for a more
flexible power allocation across coherence intervals and may give rise to a
larger maximum coding rate. However, practical systems typically require a
per-coherence-interval constraint to avoid large peak-to-average-power ratios.
Furthermore, allocating equal power to each coherence interval is optimal
with respect to channel capacity, in which case the per-codeword power con-
straint specializes to the per-coherence-interval constraint. It therefore seems
plausible that both power constraints give rise to the same maximum coding
rate for L sufficiently large, where the channel-capacity term dominates.
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Since the variances of H, and W, are normalized, p can
be interpreted as the average SNR at the receiver.

(2) A decoder g: (CT*m¢)L — {1 ... M} satisfying the
maximum error probability constraint

L
= <
| ax Prg(Y") £ @@ =¢| < (6)
where YZ = [Y,---, Y] is the channel output induced
p

by the codeword X = f(¢), according to (3).
The maximum coding rate is defined as

log M

R*(L,T,e,p) = sup{ T :3(L, T, M, e, p) code} (7)

III. MAIN RESULTS

The main result of this paper is a high-SNR normal ap-
proximation of R*(L,T,e,p) presented in Section III-A. In
Section III-B, we discuss the accuracy of this approximation
by means of numerical results. In Section III-C, the normal
approximation is applied to study the optimal number of active
transmit antennas.

A. High-SNR Normal Approximation

Theorem 1: Assume that T" > n, + ng, n, > ng, and 0 <
€ < &. Then, at high SNR,

RY(L T e.p) = 1(T,p) - \/ VI 4 Ko To0) g

n, — i) (9)

i=0

53 B

T
In 8), K;(T, p) and Ky (T, p) are functions of 7" and p that
satisfy

- (10)

lim K¢(T,p) =0,

p—+00

¢e{l,V} (11)

and K, (L, T, p) is a function of L, T, and p that satisfies
log L
sup’KLLTp)|<AOg ,

pPZpo

L> Ly (12)
for some A, Lg, and py independent of L and p.
Proof: See Sec. IV. ]
The quantity I (T, p) is an asymptotically-tight lower bound
on the capacity C(p) of the noncoherent MIMO Rayleigh
block-fading channel [29]. Similarly, V(T) can be viewed
as a high-SNR approximation of the channel dispersion. By
ignoring the error terms K;(T', p), K (T, p), and K (L, T, p)
in (8), we obtain the high-SNR normal approximation

. - V(T
R*(L,T,e,p) = I(T,p) — #

Q '(e). (13)

Observe that I(T), p) and V(T') depend on n,. only via the
digamma function ¥(n, — 4) and its derivative ¥'(n, — i),
respectively. On the domain of positive integers, the digamma
function is monotonically increasing, and its derivative is
monotonically decreasing. As a consequence, the approxima-
tion (13) is monotonically increasing in n,. As we shall ob-
serve in Sections I1I-B and III-C, the dependence of (13) on n;
is more intricate. Intuitively, increasing the number of transmit
antennas achieves a higher multiplexing gain min{n;, n,. }, but
it also requires the estimation of more channel coefficients.

For comparison, at high SNR, the capacity C.(p) of the
coherent MIMO Rayleigh block-fading channel satisfies [30]

lim {C’c(p) — ny log Lk [log det(HgH',Z')]} =0. (14)
p—o0 n
Furthermore, the channel dispersion V.(p) converges to [19]

lim Ve(p)

p—00

= % + Var (log det(H,HY)). (15)
Applying [31, Lemma A.2] (see also Lemma 7 below), the sum
of the digamma functions ¥(n, — ¢) in (9) can be identified
as E[log det(H,H)], and the sum of the derivatives of these
functions in (10) can be identified as Var(log det(H/HY)).
The high-SNR capacity and dispersion of the noncoherent
block-fading channel can thus be written as

- T

n 1 Fnt (’fl )
+ (1 — Tt>E [logdet(HgH;')} +5 log T, (Tt) (16)
and
. n n ny
V(T) = ?t (1 - ;) <1 — T> Var (log det(H,H ))-
17

Observe that, up to SNR-independent terms, I (T, p) is given
by (1 —n/T) times the high-SNR approximation of C.(p).
Similarly, it can be shown that V(T) corresponds to the
high-SNR channel dispersion one obtains by transmitting in
each coherence block one pilot symbol per transmit antenna
to estimate the fading coefficient, and by then transmitting
T —n, symbols over a coherent fading channel. This suggests
the heuristic that one should transmit one pilot symbol per
transmit antenna and coherence block followed by coherent
transmission. However, this heuristic may be misleading, since
the SNR-independent terms of I(T,p) may be significant,
and since it is prima facie unclear whether one pilot symbol
per transmit antenna and coherence block suffices to obtain a
fading estimate of sufficient accuracy. For the single-antenna
case, an analysis of the maximum coding rate achievable with
pilot-assisted transmission can be found in [32].

Theorem 1 provides an asymptotic analysis of the max-
imum coding rate R*(L,T,¢,p) as L tends to infinity for
a fixed coherence interval 7. Indeed, the error terms in (8)
vanish as L — oo and p — oo, provided that T is held
fixed. This corresponds to the ergodic case where codewords
span independent coherence intervals. The complementary
case where T' — oo as L is held fixed was considered
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Fig. 1. R*(L,T,¢,p) as a function of T for a fixed n = T'L.

in [22]. Specifically, [22] considers a quasi-static multiple-
antenna fading channel and analyzes the convergence of the
maximum coding rate to the outage capacity in the limit as
T — oo. By replacing the fading matrix H in [22] by a
block-diagonal matrix, one obtains a channel model that is
equivalent to the block-fading channel (3). The corresponding
results in [22, Ths. 3 & 9] demonstrate that the e-dispersion
is zero, irrespective of whether channel-state information is
available at the transmitter or receiver. This implies that the
maximum coding rate converges quickly to the outage capacity
as T — oo. Consequently, in this regime, the outage capacity
is a good proxy for the maximum coding rate. In general, both
analyses (ergodic and quasi-static) characterize the maximum
coding rate in different regimes and complement each other.

B. Numerical Results

We next provide numerical examples that illustrate the ac-
curacy of the high-SNR normal approximation in Theorem 1.
In the following figures, we depict the high-SNR normal
approximation (8), the normal approximation of the coherent
MIMO Rayleigh block-fading channel obtained in [19], a
nonasymptotic (in p and L) lower bound on R*(L,T\¢,p)
that is based on the dependence testing (DT) bound [3, Th.
22], and a nonasymptotic upper bound that is based on the
meta converse (MC) bound [3, Th. 31], both specialized to

Coherent normal
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MC bound

bits/channel use
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DT bound

Normal approximation
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b)) T =24, =103, ny =2,n, =4, and p = 15 dB.

Fig. 2. R*(L,T,¢,p) as a function of n for a fixed T

the noncoherent MIMO Rayleigh block-fading channel in [24].
The nonasymptotic bounds are evaluated using the communi-
cation toolbox SPECTRE [33]. While these bounds are very
accurate, their computational complexity grows exponentially
in the blocklength and can be substantial. For the noncoher-
ent single-antenna block-fading channel, a discussion of the
computational complexity of these bounds and approximations
thereof can be found in [26, Sec. VIII-A]. In the figures, the
shaded area indicates the area where R*(L, T, ¢, p) lies.

In Figs. la and 1b, we show R*(L, T, ¢, p) as a function of
T for a fixed blocklength’> n = LT = 168 and SNR values
p =15 dB and p = 25 dB. Observe that the high-SNR normal
approximation (8) accurately describes the maximum coding
rate for p = 25 dB but is loose for p = 15 dB unless L is
large. Furthermore, the normal approximation of the coherent
setting is strictly larger than that of the noncoherent setting,
and it becomes more accurate as 7" increases, indicating that
the cost for estimating the channel decreases with 7T'.

In Figs. 2a and 2b, we show R*(L,T,e,p) as a function
of the blocklength n = LT for T' = 24 and p = 15 dB,
and for n, = n, = 2, and n; = 2,n, = 4, respectively.
For comparison, we further depict I(T,p) (9), which is an
asymptotically tight lower bound on capacity. Observe that the
normal approximation (8) becomes more accurate as L and n,
increase, and for n, = 4, it is very close to the nonasymptotic
bounds for the considered values of L. Moreover, the gap

2Thus, L is inversely proportional to 7.
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between the coherent and the noncoherent normal approxi-
mations appears to be independent of L. This agrees with the
intuition that the cost for estimating the channel is determined
by the coherence interval 7.

In Figs. 3a and 3b, we study R*(L,T,¢€,p) as a function
of e for T' = 24 and L = 7. Specifically, Fig. 3a plots
R*(L,T,¢,p) for n; = 2,n, = 2, and two different SNR
values 20 dB and 25 dB. Fig. 3b plots R*(L, T, ¢, p) for 25 dB
and three different numbers of antennas (n;,n,) = (1,1),
(1,2), and (2, 2). Observe that the accuracy of normal approx-
imation (8) increases as the SNR value and the number of an-
tennas become larger, and for p = 25 dB and (ns,n,.) = (2,2)
it is very close to the nonasymptotic bounds over the entire
range of error probabilities considered.

In Figs. 4a and 4b, we study R*(L, T\ ¢, p) as a function of
the SNR for ' =24, L =7, ¢ = 107°, and (n4,n,) = (1,2)
and (2,2), respectively. For comparison, we also show the
high-SNR approximation I (T, p) of channel capacity. First
observe that the DT lower bound on R*(L,T,e, p) (which is
based on USTM channel inputs) is close to the MC upper
bound (which is valid for any input distribution satisfying
the power constraint (5)). Thus, USTM channel inputs are
nearly capacity-achieving for all SNR values considered.
Further observe that the SNR range over which the normal
approximation (8) is accurate depends on the number of
antennas. Specifically, when n; = 1 and n,, = 2, the normal
approximation is accurate for SNR values above p = 12
dB, whereas when n; = 2 and n, = 2, it is accurate for
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Fig. 4. R*(L,T,¢,p) as a function of p.

SNR values above p = 23 dB. As expected, the normal
approximation of the coherent channel is strictly larger than
both the high-SNR normal approximation of the noncoherent
channel and the nonasymptotic bounds. However, its gap to
the nonasymptotic bounds diminishes as p becomes small.
Intuitively, this is because, as p decreases, knowledge of the
fading coefficients becomes less important.

In Fig. 5, we plot the error probability as a function of
the SNR for a fixed rate R = 4 and for T' = 24, L = 7,
and the numbers of antennas (n¢,n,) = (1,1), (1,2), (1,4),
and (2,4). As in the previous figures, the plotted DT bounds
are based on USTM channel inputs, whereas the plotted MC
bounds indicate the smallest probability of error that can be
achieved by channel inputs satisfying the power constraint (5).
Observe that the error-probability curves become steeper as
the number of transmit and receive antennas increases. This
is consistent with the diversity-multiplexing tradeoff (DMT)
proposed by Zheng and Tse [34]. Indeed, let the multiplexing
gain r and the diversity gain d be defined as

(L, T
r 2 lim M (18a)
p—+00 log p
1
42— lim 8¢ (18b)
p—oo log p

Intuitively, if a system has a diversity gain of d, then the
corresponding error probability decays as p~¢ with the SNR
p. A steeper error probability curve thus corresponds to a
higher diversity gain. For the noncoherent Rayleigh block-
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Fig. 5. The minimum error probability € as a function of the SNR for R = 4,
T=24,and L = 7.

fading channel, the DMT is given by the piecewise linear curve
joining the points [35]

(r= (1= %) ko d= Lin ~ k), — b))

for k¥ = 0,...,min(n¢,n,), where n, is as in (4). If the
multiplexing gain r (or, equivalently, k) is held fixed, then
(19) implies that the diversity gain grows with the number of
transmit and receive antennas. This is the setting considered
in Fig. 5, where we assume a fixed rate, and hence also a
fixed multiplexing gain. Our observation that the slope of
€ becomes steeper as the number of transmit and receive
antennas increases is thus supported theoretically by the DMT.
Further observe that the normal approximation (8) is accurate
when the number of transmit antennas is n; = 1, but it is
overly-pessimistic when n; = 2. In contrast, the coherent
normal approximation is overly-optimistic for all parameters
considered in this figure. Last but not least, observe that
the error probability decreases significantly as the number of
antennas increases. This demonstrates the benefit of multiple
antennas at the transmitter and receiver at short blocklengths.

Finally, we study the impact of antenna allocation on the
maximum coding rate and the error probability when the total
number of antennas is equal to 4. To this end, we plot in
Fig. 6a the maximum coding rate R*(L, T ¢, p) as a function
of T' for a fixed blocklength n = 168 for p = 25 dB,
error probability ¢ = 1072, and the numbers of antennas
(ng,ne) = (1,4), (2,2), and (4,1). Similarly, we plot in
Fig. 6b the minimum error probability € as a function of the
SNR for R = 4, T = 24, L = 7, and the same numbers of
antennas. For the cases (n¢,n,) = (1,4) and (ns, n,) = (2,2),
we plot the normal approximation (8), whereas for the case
(n¢g,n,-) = (4,1) we plot the DT and the MC bounds, as the
case n; > n, is not covered by Theorem 1. Observe that,
for a fixed error probability, the coding rate is maximized by
allocating the same number of antennas to the transmitter and
receiver. This corresponds to the case where the transmit and
receive antennas are used to maximize spatial multiplexing.
In contrast, for a fixed rate, the error probability is minimized
by maximizing the number of receive antennas. Intuitively, all
cases exhibit the same diversity order n;n.., but the smallest
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Fig. 6. Maximum coding rate and minimum error probability for (n¢, n,) =
(1,4), (2,2), and (4,1).

number of transmit antennas results in the smallest cost for
estimating the fading matrix H,. For example, estimating H,
by means of pilot symbols would require one pilot symbol per
coherence interval and transmit antenna.

It is well-known that normal approximations are accurate
for sufficiently large blocklengths and moderate error proba-
bilities; see also the discussion in [26, Sec. VIII-B]. The same
applies to the high-SNR normal approximation presented in
Theorem 1. Specifically, comparing the high-SNR normal ap-
proximation (8) against the nonasymptotic bounds, we observe
that, for T" = 24 and L > 7, the normal approximation deviates
from the true value of R*(L, T, ¢, p) by less than 5% for SNR
values p > 25 dB and error probabilities € > 1075, and for
SNR values p > 21 dB and error probabilities € > 1073,
irrespective of the number of transmit and receive antennas.

C. Optimal Number of Active Transmit Antennas

In [28], Zheng and Tse showed that, at high SNR, the
channel capacity of the noncoherent Rayleigh block-fading
channel behaves as

C(p) = ns (1 - %) logp+ O,(1)

where n, is as in 4). If T" > ny + n,- and n; < n,, then
n, = n,; and the pre-log factor n;(1 —n;/T') is monotonically

(20)
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Fig. 7. High-SNR normal approximation as a function of 7" for a fixed
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increasing in 7. In this case, it is optimal to use all available
transmit antennas. However, it is prima facie unclear whether
the same is true at finite blocklength. To gain some insights on
this question, we analyze the behavior of the high-SNR normal
approximation (8) as a function of the number of transmit
antennas n; for a given number of receive antennas n,.

In Figs. 7a and 7b, we plot the high-SNR normal approx-
imation as a function of T for a fixed blocklength n = LT,
a given number of receive antennas, and varying numbers
of transmit antennas. We consider the cases p = 25 dB,
e =1073, n = 168, and n,, = 6 (Fig. 7a), and p = 25 dB,
e = 1075, n = 512, and n, = 8 (Fig. 7b). Comparing the
high-SNR normal approximation against the nonasymptotic
bounds, it can be observed that, for the considered parameters,
the normal approximation deviates from the true value of
R*(L,T,¢,p) by less than 5.2%, hence it is a good proxy
for the maximum coding rate. We further indicate the values
of the coherence interval where two lines cross. Specifically,
we use the notation T, ,,, to indicate the crossing point of
the curves for n; = n; and n; = no. Observe that, in contrast
to the pre-log factor of the high-SNR asymptotic capacity, the
number of transmit antennas that maximizes the high-SNR
normal approximation is not necessarily equal to the maximum

value ny = n, and depends on the coherence interval 7'. For
example, when n = 168 and n,, = 6, the maximum number of
available transmit antennas should only be used when T" > 23;
cf. Fig. 7a. Similarly, when n = 512 and n, = 8, using
all available transmit antennas is suboptimal when T < 32;
cf. Fig. 7b. Finally, the optimal number of active transmit
antennas is not necessarily monotonically increasing in 7. As
can be observed from Fig. 7b, when n = 512 and n, = 8§,
using n; = 7 transmit antennas is optimal when 18 < T' < 32.

In summary, while the high-SNR asymptotic capacity sug-
gests that, at large blocklengths and high SNR, it is optimal to
use all available transmit antennas, in general the maximum
coding rate has a more intricate dependence on the number of
active transmit antennas. The high-SNR normal approximation
presented in Theorem 1 allows us to unveil this dependence
without having to resort to nonasymptotic bounds that need to
be evaluated numerically at a high computation cost.

IV. PROOF OF THEOREM 1

To prove Theorem 1, we derive in Section IV-A a lower
bound on R*(L,T,¢,p) and in Section IV-B an upper bound
on R*(L,T,¢,p). Since both bounds are equal to (8) up
to error terms that have the same behavior as K;(T,p),
Ky (T,p), and K1(L,T, p) (cf. (43) and (125)), we conclude
that R*(L, T, €, p) is given by (8).

A. Lower Bound on R*(L,T, ¢, p)

To derive a lower bound on R*(L, T, €, p), we evaluate the
DT lower bound [3, Th. 22] for an USTM input distribu-
tion. Such an input can be written as X* = /Tp/n;U~,
where UL = [Uy,...,Uy] is a sequence of i.i.d., isotrop-
ically distributed, random matrices satisfying U'Z'Ug = l,,
¢ =1,...,L. We define the information density between the
random vectors X~ and Y’ as

Syexe (YH[XE)
fye(YE)
where fyrxr denotes the conditional probability density
function (pdf) of the outputs Y of the channel (3) given the
inputs X%, and fyr is the output pdf induced by the input
distribution and the channel law. When the input distribution
is USTM, the channel outputs Y% are iid., (T x n,)-

dimensional random matrices whose joint pdf is given by

i(XE, YY) £ log 21

L
oY =TI A7), YE=[Yi,....Y] @2
=1

where fg(U) denotes the pdf of the outputs of the channel
(3) induced by USTM channel inputs. Since the channel is
blockwise memoryless, the information density can then be
expressed as

X5 YR =3 il (X Y0)
1

L
(23)
=

where the USTM information density iéU)(Xg; Y,) is defined

® Fyx (Y| Xe)

(24)
(Y0

i (X4 Y0) 2 log
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and fyx denotes the conditional pdf of the channel output
Y, given the corresponding channel input X,.

We next note that the cumulative distribution function
Pr [i(xX; YY) < a] for (23) and Y distributed according to
(22) does not depend on x”. This follows from the isotropy
of USTM inputs combined with the unitary invariance of the
output distribution [24, App. A]. Furthermore, USTM inputs
satisfy the power constraint (5) with probability one. Under
these assumptions, the DT bound can be expressed as follows:

Lemma 1 (Dependence-Testing Bound): Fix an arbitrary
distribution on X*. Assume that the cumulative distribution
function Pr [i(x*;YX) < a] does not depend on x* when
Y is distributed according to fy, and that X satisfies the
power constraint (5) with probability one. Then, there exists
a code of blocklength n = LT with M codewords whose
maximum error probability satisfies

e < Efexp{-] [i(XE,YE) —log(M — DT}

Proof: The lemma follows by optimizing the bound in

[3, Th. 23] for the case where Pr [i(x";Y*) < a] does not

depend on x*, as in the proof of [3, Th. 22]. [ |

Distinguishing between the cases where i(X%;Y%) >

log(M — 1) and i(XL;YL) < log(M — 1), the inequality
(25) in Lemma 1 can be written as

e < (M—1)E [e’i(xL?YL)]l (i(X%; Y5 > log(M — 1)}}
+Pr[{(X*; YF) < log(M —1)]. (26)

Consequently, if we can find an M such that the right-
hand side (RHS) of (26) is upper-bounded by e, then there
exists an (L,T, M, e, p) code with these parameters. By the
definition of the maximum coding rate (7), we then obtain that
R*(L T, e p) logIM

To find such an M we closely follow [3, Eqgs. (258)—(267)].
To this end, we will need the following auxiliary results. In the
following, we shall omit the subscript ¢ where it is immaterial.
We further define I(T,p) 2 E[iY)(X;Y)] and U(T,p) 2
Var (i(Y)(X;Y)). Recall that these quantmes as well as the

third moment E[|i(Y)(X;Y) — I(T, p)’ ], are computed for
USTM channel inputs.
Lemma 2: At high SNR, U(T, p) can be approximated as

U(T, p) = T*V(T) + Ku(T, p) 27)

where V(T is defined in (10) and K (T, p) is a function of
T and p that satisfies

(25)

lim Ky(T,p)=0. (28)
pP—r00
Proof: See Appendix 1. ]
Lemma 3: There exists a sufficiently large pg such that
sup U(T, p) < o© (29a)
pPZpo
sup EHz(U) X;Y) — I(T, ,0)’3] < 00. (29b)
p=po
Proof: See Appendix IL. ]

Lemma 2 implies that there exists a sufficiently large pg

such that )

U(T,p) = - V(T), p=po. (30)

Furthermore, by Lemma 3, there exist a sufficiently large pg
and an S(T') that is independent of p such that

E[[i(X;Y) ~ LT, )] <S(T).  p=po. (3D
Combining (30) and (31), it then follows that
(U) . o 3
6E[|i'(X;Y) — I(T, p)|'] - 6~§(T) 5 BT,
U(T, p)*/2 (227 (1))
2
(32)

for p > po. The first term on the RHS of (26) can be upper-
bounded using the following lemma.

Lemma 4 (Polyanskiy-Poor-Verdi’10): Let Zi,...,7p
be independent random variables, o2 = ZZLZI Var(Z;), and

T =37, E[|Zc — E[Z]]*]. Then, for any A,
L
exp{ ZZ@}]I {ZZ@ > A}
log2 12T
< il Rl
_2(m+ = ) exp{—A}.  (33)
Proof: See [3, Lemma 47]. |

Applying Lemma 4 to the first term on the RHS of (26),
we obtain that

(M — 1)E {e*“XL%YL)]l {i(XE;YE) > log(M — 1)}]

log 2 1
<2 +2B(T) | —.
(\/27T ( )) VL
We next use (32) together with the Berry-Esseen theorem to
upper-bound the second term on the RHS of (26):

(34)

Lemma 5 (Berry-Esseen Theorem): Let Zy,...,7Zp
be independent random variables with p, = E[Z/],
0% =Y, Var(Z), and T = Y5, E [|Z¢ — E[Z(]]?]. Then,
for any A € R,

L
6T
P> (Z ) > )\a] Q)| < = (35)
= g
Proof: See [36, Ch. XVL5]. [ |
Let

2log 2 1
-1
T = €— +5B(T) | —= 36a
o (e (55 +omm) 77) oo
log(M — 1) = LI(T, p) — 7/LU(T, p). (36b)
Then, by setting in (35) Z, = iV)(X;Y,), A & 71,
T 2 LE[[iV(X;Y) - I(T,p)|’], and o0 2 \/LU(T, p).}
the Berry-Esseen theorem yields that
Pr[{(X"; Y") <log(M — 1)
6E[|iV)(X;Y) — I(T, p)|’]
VLU, p)*”?

log 2 ) 1
<e—2 +2B(T) )| —=
(\/2 B(T) VL
where the second step follows from (32) and the definition of
7. It can be checked that the sum of the RHSs of (37) and

]

<Q(m)+

(37

3Note that T and o defined in (35) are different from the definitions in
this paper.
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(34) is equal to e. Consequently, there exists an (L, T, M, €, p)
code with M given in (36b) and we have

. log(M — 1)
> = 0 7
R*(L,Te,p) 2 — 7
_ (T, p) U(T, p)
=—7 T2 T. (38)

A Taylor-series expansion of 7 around ¢ yields that

A
-1 <
I)N< o

for some constants A and Lg that are independent of L and
p. Furthermore, Lemma 2 shows that U(T), p) is uniformly
bounded in p > pg. Thus, combining (38) and (39), we obtain

|T—Q LZLO

(39)

R*(L,T,¢,p)
I(T, U
= (Tp) - éTz )Q Ye) + Kpr(L, T, p) (40)

where Kpr(L, T, p) is a function of L, T, and p that satisfies

A
sup |KDT(L7T7P)’ < Za

PZpo

L>1L 41)
for some constants (A, Lo, pg) that are independent of (L, p).

The expressions I(T, p)/T and U(T, p)/T? can be approx-
imated at high SNR as follows:

T2 i)+ Ba(.p) (420
Uu(T, ~ ~
G2 v(r) 4 Ry, p) @2b)

where I(T, p) and V(T') are given in (9) and (10), and where
K¢(T, p), € € {I,U} are functions of T and p that both satisfy
im0 K ¢(T, p) = 0. Here, (42a) follows from [29, Eq. (49)]
and (42b) follows from Lemma 2. Combining (42a) and (42b)
with (40), we obtain that

> (T p) - \/ PO+ RuTP) g1 o

+ K((T, p) + Kpr(L, T, p). (43)

Note that K¢ (T, p), £ € {I,U} satisfy (11) and Kpr(L, T, p)
satisfies (12).

R*(L,T,e, p)

B. Upper Bound on R*(L,T\,¢,p)

Our upper bound on R*(L,T,e€,p) is based on the MC
bound:

Lemma 6 (Meta-Converse Bound): The cardinality of a
codebook C with codewords (Xi,...,Xr) belonging to a set
JF and maximum error probability not exceeding e satisfies

1

Bl—e(XL

log|C| < sup log
>QYL)

XLeF

(44)

where 31_(XF, gyr) denotes the minimum probability of
error of a binary hypothesis test under hypothesis ¢y if the
probability of error under hypothesis fyr xr does not exceed
€ [3, Eq. (100)], and gy is an auxiliary pdf of Y.

Proof: See [3, Th. 31]. ]

Characterizing 31 (X%, ¢yr) asymptotically as L — oo
and p — oo is intractable. To sidestep this problem, we use
[3, Eqg. (106)] to lower-bound

51—€(X
I Yixt
§ pr[ Dt R < e(xh) | XE = XF] — e

- §(XF)

for an arbitrary £(X%) > 0 which may depend on X, Together
with (44), this gives rise to the weakened MC bound

LaQYL)

(45)

M < sup {logﬁ(XL)

XLeF
—log (Pr[j(X";Y") <logé(XF) | XF = X'] - e)} (46)
where .
Jyix (Ye|Xy)
JXE Y)Y 2N Nog T 47
Z v (Y0 47)

is the so-called mismatched information density.*

In (44), we choose the auxiliary pdf ¢y that was chosen in
[29, Sec. IV-A] to derive an upper bound on the channel ca-
pacity of noncoherent MIMO Rayleigh block-fading channels.
That is, ¢yvr = qy X ... X gy is a product distribution with

1 Tam T
qY(Y) = Iuntnrﬂ.nTTl“ (n ) ne 2 T—2n,+n; x
ne Al (Hi:1‘7i)
S S "
X
[L T2, 1 (0F — 0)?
where 01 > ... > 0, are the ordered nonzero singular values

of Y and pu = Tp/ny.
We next note that, for every 7" x T unitary matrix A and
every X and Y, [24, Egs. (54) & (55)]
Fix (Ye|A"X) = fyx (AY(|X;)
qy (AY) = gy (Y).
It then follows from [37, Prop. 19] that 5;_.(X”, gyr) does

not change if we multiply the channel input X, by a unitary
matrix A,. We further note that

—tr(Y (o +XeX) 71Yy)

(492)
(49b)

(&
7T det (I + X XH)7r

Tyix(YelXe) = (50)
and, hence, also 3;_(XY, gyr) depends on X, only via the
product X,X!!. By expressing X, in terms of its singular value
decomposition (SVD)

X¢ = U, Vy (51)

(where Uy and V, are unitary matrices of dimensions 7'x7" and
ng X ny, respectively, and ¥, is a T' x n,; rectangular diagonal
matrix), and by setting A, = U,, we thus obtain that we can
restrict ourselves without loss of optimality to channel inputs
Xe that are given by a T X n; rectangular diagonal matrix
with diagonal entries dj ¢4, ..., dy, ¢. Intuitively, die denotes
the power at transmit antenna ¢ = 1,...,n; and coherence

4We use the word “mismatched” to indicate that the output distribution
qv is not the one induced by the input distribution and the channel.
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interval ¢ = 1,...,L. Let D, £ diag{dy,...,dn, ¢} and
oy = tr(D?)/T. Thus, Dy is the diagonal square matrix that
is composed of the first n; columns and rows of Xy, i.e.,
D¢ = [X¢](1:n,)2 (recall that [X¢](1.,,)> denotes the diagonal
submatrix that is composed of the first n; columns and rows of
Xp; see also the notation subsection at the end of Section I). By
the power constraint (5), we have for every ¢ that 0 < «ay < p.

Since directly maximizing the weakened MC bound over
XL is challenging, we wish to first derive an asymptotic
expansion of the conditional cumulative distribution function
of j(X%;YL) by resorting to the Berry-Esseen theorem
(Lemma 5). Maximizing the resulting expansion over X* is
then feasible. However, this requires the absolute third central
moment of j(X%;Y¥) divided by its variance to the power
of 3/2 to be bounded in XX € F. Unfortunately, this is
not the case if the norm of XZ is small, since the variance
of j(XF;Y%) vanishes as X© tends to zero. To avoid this
issue, we follow the idea in [19] and separate the codebook C
into two sub-codebooks C; and Cs, where C; contains all the
codewords for which d2 > 5p, 1=1,---,ng (with § defined
in (54)) in at least half of the coherence intervals, and where
Cy contains the remaining codewords. Clearly, if the maximum
error probabilities of C; and Cs are ¢, then the maximum error
probability of C cannot be smaller than e. For codewords in
Cy, the variance of j(X*;Y’) is bounded away from zero,
so we can apply the Berry-Esseen theorem. For codewords in
Cs, we apply Chebyshev’s inequality, which is less precise but
applies to all values of X*. We then show that, as L — oo and
p — 00, the cardinality of the entire codebook C is dominated
by the cardinality of Cy, so R*(L,T,e,p) is asymptotically
upper-bounded by the upper bound on the maximum coding
rate of C; and a less precise analysis for codewords in Cy is
unproblematic.

In the following, we provide a detailed proof of the upper
bound. We begin by dividing the codebook C into the sub-
codebooks C; and Cs and upper-bound the cardinalities of both
codebooks using the weakened MC bound (46)

log |C;| < sup {logE(DL)
XLeg;

—log(Pr[j(X";Y") <logé(D¥) | X* = X*] —e)} (52)

for ¢ = 1,2, where (with a slight abuse of notation) we
replaced £(X%) in (46) by &(D¥). Thus, (D) > 0 is an
arbitrary threshold which may depend on D’ and which we
shall define later.

To define C; and Co mathematically, we first introduce the
sets

Dy 2{DED,, :d; >dp, i=1,...,
Dy £ D, \ D1,

nef,  (53)
(53b)

where D,,, denotes the set of (n; x n;)-dimensional diagonal
matrices D with non-negative, real-valued entries that satisfy
tr(D?) < Tp; and d; denotes the i-th diagonal element of D.
Further let
5ol T
o on,./ny \/E[log det(HzH?)ﬂ +1

(54)

This choice of ¢ satisfies the power constraint n;6p < Tp
and ensures that the Berry-Esseen ratio B(DL, T, p) (see (70)
below) is bounded. We further argue that § > 0 by evaluating
E[(log det(H,HY))?] using the following lemma.

Lemma 7 (Wishart matrices): Let W be a Wishart matrix
with distribution W(m, n), m < n. Then

1

<

n

Eflogdet W] = )~ #(n — i) (55a)
i=0
m—1
Var (logdet W) = '(n —1). (55b)
i=0
Proof: See [31, Lemma A.2]. |
Lemma 7 yields that
E[(log det(H,HY'))?]
nyg—1 nyg—1
:(ZLD(nt—z> +ZWnt—z (56)
i=0

Since n; < n, (by assumption) and ¥'(1) = 72/6 [38, Th.
2.11], it follows that & > 0.
For a sequence of matrices D* =

(Dy,...,Dy), let

Lp, (DF) & Z]I{Dg €Dy} (57)

Then, we define the two sub-codebooks C; and Coy as
C1 ) {XL eC: LDl(DL) 2 L/Q, Dz = [Xd(l:m)2} (58&)
2 {X¥ eC: Lp,(D") < L/2,D¢ = [X¢J(1:my)2 }- (58b)

In words, the sub-codebook C; contains all codewords XZ for
which the diagonal entries satisfy d?yz > dp for all i and at
least half of the time instants £. We next derive upper bounds
on the cardinalities of C; and Cs.

1) Upper bound on log|C1]: An upper bound on log |C|
follows from the weakened MC bound (52). To obtain a
tractable expression, we further upper-bound (52) by lower-
bounding the conditional probability. Indeed, as argued above,
we can assume without loss of optimality that X, is given
by a T x n; rectangular diagonal matrix with diagonal
entries dy ¢, ...,d,, ¢. By substituting ¢y (Y) in (48) and
Jyx(Ye|Xg) in (50) into (47), we then obtain that

JXE Y = Zn X4 Yy) (59)

where

Je(Xe;Yy)

Tp Fﬂt (nt) U
= ntnrlogn—t + log T (7) + — ) Z M—’_Z ;10

— (Y (Ip + X,X5) 7 YY) — ny log det(l, + X X)

+ (T —2n, +ny) log (ﬁ 0'1-2!)
i=1
+ 2log <1_1 H

-0 4)> : (60)
i=1 j=n;+1
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In (60), ¢ = (01,0, - -
of Y@.

We show in Appendix III that j,(X,;Y,) can be upper-
bounded by a term that, conditioned on X, = Xy, has the
same distribution as

., 0, ¢) are the ordered singular values

j(Dlv Z27 Zga Hfa Qe)

A Tp Ty, (”t) NEs ntdzz,f /
_ntnrlognft—klog Fnt(T) +Z T -1 i0

=1

nt
N2y + (T — ny — n,) log det(1,,, + D3)
i=1

+ (T = ) log det (HH + 21 (QY'Q0) (In, + D) ™)
(61)

where Z; = {Z},,...,Z,, ,} and Z} = {ZY,,.... 2] ,}
are both sequencés of ii.d. random variablesy, the former
distributed according to the gamma distribution I'(n,., 1) and
satisfying > ) Z/ , = tr(H'Hy), and the latter distributed
according to the gamma distribution T'(T — n¢,1); Qg is
an (T — ny) x m, random matrices with iid. CN(0,1)
entries that are independent of Hy; and A1 (QYQy) denotes
the largest eigenvalue of Q}'Q,. Furthermore, the sequences
{Zy,....Z,},{ZY,...,Z7]},and {Q,...,Qr} are all i.i.d.,
and {ZY,...,Z"} and {H% Z,...,Z"} are independent of
each other. Since j,(Dy, Z}, Z!/,H,, Q) depends on X% only
through D’ it then follows that

Tp—ny
Tp

L
Pr lee(Xz;Yz) < log&(D)
(=1

XE = xLl

L
> Pr lZ](va Z%a Zga Hfa Qe) < IOgS(DL)] . (62)
=1

For future reference, the value of

j(De, 2}, Z)) , ], Q) is given by

expected

J(De, T, p)

T T, Mg+ ngd?
= nn, logn—f + log T ’((T;)) + Z(tTpt[ — 1>nr
e i=1

Tp—ny
- T
+ (T — ny)E[log det (H/H + M (Q'Qe) (I, + D7) ™")]

(63)

ne(T —ny) + (T — ng — n,) logdet(l,,, + D7)

since Z;, and Z;, are gamma distributed with means
E[Z; | = n, and E[ZZ”A T — ny, respectively.

Combining (62) with (52), we can upper-bound the cardi-
nality of the sub-codebook C; as

log|Cy| < sup
XLec,

— log (Pr

{logﬁ(DL)

L
Zj(Dév Z%a ZZ? va Qi) < 1Og£(DL)] - 6) }

(=1
(64)

for every ¢ : Dﬁt — (0, 00). We next perform an asymptotic
analysis of (64) based on the Berry-Esseen theorem. To this
end, we need the following auxiliary lemmas:

Lemma 8: Let

U(D7Ta P) é Var(j<Da Z27 Z,Héa Qf)) (653.)
S(DaTa p) = EH.;(Da Z%v ZZ7H57Q€) - j(D7T7 p)lg] (65b)

for D € D,,. Then, we have for every T' > n, + n; and any
positive pg

sup sup U(D,T,p) < oo (66a)
p>po DED,,,
sup sup S(D,T,p) < oo. (66b)
p2po DED,,
Proof: See Appendix IV. [ |
Lemma 9: For every D € D1, we have
U(D,T,p) > (T —n¢)ns + Kg(D, T, p) (67)

where K (D, T, p) is a function of D, T, and p that satisfies

lim sup |Ky(D,T,p)| =0.
pP—0 DD,
Proof: See Appendix V. - [ ]
Lemma 8 implies that there exists an S(7") that only depends
on T' and satisfies

S(D,T,p) <S(T), D€ Dy, p> po. (68)

Furthermore, for p > pg and sufficiently large py, we have
|Kg(D, T, p)| < (T —ni)n/2, D € Dy, by the definition of
K7(D, T, p). It follows from Lemma 9 that, for p > po and
XL S Cl,

(69)

since all codewords in C; satisfy Lp, (D¥) > L/2. Combining
these two results, we can upper-bound the ratio

62;:1 g(D€7T7 p)

B(D*,T,p) £ - 572 (70)
(2521 U<D€aT7 p)) /
for XX € €1 and Dy = [X¢](1:n,)2 as
_ 6LS(T) . B(T)
B(D, T, p) < = - (D
o L(T—n:)ne \3/2
(M)t VI

With this, we are ready to apply the Berry-Esseen theorem
(Lemma 5) to the upper bound (64). Let

L
> U(D,T,p) (722)
(=1

_ 2B(T)
A=Q e+ ) 0<e<1/2. (72b
o e+ 21 f2. (720)
It then follows from the Berry-Esseen theorem that
3 3(T)
Pr j(Dy, 7,7 Hy, <log&(DH)| > e+ —=2L.
;J( ¢, 2y, 27 , Hy, Q) <log{(D¥)| > i

(73)

Authorized licensed use limited to: UNIVERSIDAD CARLOS IlIl MADRID. Downloaded on December 09,2025 at 13:13:48 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Information Theory. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TIT.2025.3641371

Substituting (72) and (73) into the upper bound (64), we obtain
for L > Lo and a sufficiently large L, that

1Og|Cl| < j(vaT7p) A - F7
S S - = U D55T7p)
I Dl e AP
_1ogB(T) log L
L 2L
L —
1 U(Dy, T
< sup Z{J(De,T,P)—)\ ( 7 ”’)}
XLeCy =1
log B(T log L
— I + oL (74)

where the second inequality follows because, by the assump-
tion 0 < e < 1/2, A is positive for sufficiently large L
so, applying Jensen’s inequality, the square-root of the sum
ZeL U(Dy, T, p) can be lower-bounded by the sum of square-
roots ZeL VU(Dy, T, p) divided by /L.
Performing a Taylor-series expansion of A\ around e, we
obtain
A -Q7N ()] <

L> Lo (75)

A
VL’
for some constants A, Lg, and pg that_are independent of L and
p. Further using that, by Lemma 8, U(Dy, T, p) is bounded in
D¢ € Dy, and p > py, and collecting terms of order log L/ L,
we can then rewrite the upper bound (74) as

log |C 1 Lo
081G L oy ST Raa(De LT, p) + K1 (L. T p) (76)
L L xiee, &=
where
— - U(D,T, _
RNA(DaLvTa p) £ J(D7T7 p) - %Q 1(6) (77)

and where K;(L,T,p) is a function of L, T, and p that

satisfies

log L
7

sup |K1(L,T,p)| <A
PZpPo

L> 1Ly (78)
for some constants (A, Lo, pg) that are independent of (L, p).

Since X, satisfies the power constraint [|[X.[|> < Tp for
every {, and since Rna(Dy, L, T, p) depends on £ only via Xy,
the supremum on the RHS of (76) can be written as

sup {Lpl(DL) sup Rxa(D, L, T, p)
DLEDE, : Lp, (DE)>L/2 DeD;

+ (L - Lp, (D)) sup Raa(D, L, T, ,0)}. (79)

We next upper-bound (79) using the following lemmas:
Lemma 10: For every D € D, satisfying tr(D?) > Tp(1 —
§) for some 0 < § < 1, we have

(j(DaTa ,0) > U (\/gDaTa ,0> - T(T)(Sv P > Po (80)

where Y(T) is a positive constant that only depends on T and
po 1s an arbitrary positive constant.
Proof: See Appendix VI. ]

Lemma 11: Assume that T > n; + n,. For p > py and
L > Ly and sufficiently large py and Ly,

sup RNA(Dv LvTv p)

DeD;,
_ U(D,T,p)
S sup {J (D7Tap) - %Q 1(6)}
DeD,, :
tri 2
(}DP)ZI*K(P
+ KDl(Tv p) (81)

for some constant K (7") > 0 that only depends on T'. Here,
J*(D, T, p)

Tp Lo (ne) | (Ta—Tp
£ nyn, log —= +1 t .
ngNy log Tlt + log T, (T) + Tp Ny
—ny(T —ny) + (T — ny — ny) logdet(l,,, + D?)

+ (T — ny)E [log det (HEHKH)}

(82)

and Kp, (T, p) is a nonnegative function of 7" and p that
satisfies lim,_,oc Kp, (T, p) = 0.
Proof: See Appendix VIIL [ ]
Lemma 12: Maximized over D € Dy, the term J*(D, T, p)
is given by

sup J*(D,T,p) = Jp,(T,p), p>0 (83)
DeD,
where
- T T, (n
To, (T, ) 2 nun log 22+ log an@f)) — (T = )
T n
+ (T —nt —n,) log(l + p)
Uz
+ (T — n¢)E[log det (H,HY)] (84)
Proof: See Appendix VIIIL. [ ]

Lemma 13: For every D € D, we have

where V (T') was defined in (10) and K (D, T, p) is a function
of D, T, and p which satisfies

lim sup |Kg(D,T,p)| =0. (86)
P30 DeD;y
Proof: See Appendix IX. [ |

Lemma 14: Maximized over D € D,, the term .J(D, T, p)
can be bounded as

jDz (T, p) < Dsug j(D7Ta P) < jD2 (T7 p>+KD2 (Ta P) (87)
€D>2

for p > po and a sufficiently large py > 0, where
jDz (Ta P )

Ty, (nt)
Ly, (T)

_ nt)

—S ng—1
t—1p> )

+ (T —ny—n,) log<(1 +dp) (1 + Z
(88)

T
£ nn, log Py log —ny(T
Uz

t

+ (T — ny)E[log det (HEH?)]
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and Kp,(T,p) is a nonnegative correction term that only
depends on 7" and p and satisfies

lim Kop,(T,p) =0. (89)
pP—r00
Proof: See Appendix X. ]

We are now ready to upper-bound (79). Indeed, the first
supremum on the RHS of (79) can be upper-bounded as

sup RNA(D’ L7Ta p)

DeD;
- UD,T,p) ._
S sup J (DaTa p) - %Q 1(6)}
DeD,, :
ri 2
g“Dp)Zl_K(LT)
+ KDl (T, p)

< max{ sup J(D, T, p),
DeDy
{fmwm— Umf”bl@}}

(90)

sup
DeD; :

wr(D?) K(T)

o 21==—

+ KDl (T> p)

where the first inequality follows from Lemma 11; the second
inequality follows by writing the supremum over D,,, as the
maximum of the supremum over D; and the supremum over
Dy (because D,,, = D; U Dy and D; N Dy = @), and by
upper-bounding the latter supremum by removing the trace
constraint and by lower-bounding U (D, T, p) > 0.

The supremum over D; in (90) can be upper-bounded as

— U(D,T, _

sup J (DaTa P) - %Q 1(6)}
2D€D1:

lr(qlﬂ)p)z]-iKéT)

< sup J*(D, T, p)
DeD; :

r(D?) K(T)
Tp 21— L

7 (. /E _ K(T)
_\/U(ﬁD,T,p) T(1) KL Q_l(e)}

L

< sup J*(D, T, p)
DeD,
_¢WWH—KM§m—ﬂﬂﬂ@Q%@
< Rp,(L,T,p)+ Kp, (L, T) (C2))
where
Rp, (L, T, p)
Akﬁﬂm¢pmﬂzfﬂﬂ”Q%awm
and
Kg(T,p) ésggllKU(D,T»p)l (93a)
Kp (L, T) = WQ—%). (93b)

In (91), the first inequality follows from Lemma 10; the
second inequality follows from Lemma 13 and by optimiz-
ing J*(D, T, p) and the constant K;(D,T,p) in (85) over
D € Dy; the third inequality follows from Lemma 12 and the
inequality \/z —y > /z — \/y, © > y.

We next use Lemma 14 to upper-bound the supremum over
D5 in (90) as

sup J(D,T,p) < Jp, (T, p) + Kp, (T, p)
DeD,

(94)

for p > po and a sufficiently large po > 0. Comparing
Jp, (T, p) with Jp, (T, p), we obtain that

J_Dl (T7 ;0) - ng (Ta p)
(1+22)"

(1+8p) (1+ Ze=te)™

= (T —ny —n,)log —

£ O(T, p)- ©3)
In the limit as p tends to infinity, O(T, p) tends to
: (5)
o(T) = (T —ny — n,)log (96)

which is strictly positive since, by the geometric-arithmetic
mean inequality,

s(T=o\" Tt _ (o iEr e\
’I’Lt—]. Tt

_(T\™
=)
By the definitions of Rp, (L, T, p) and (T, p), we have that
sSup j(D7 T7 P) - R'Dl (L7 T7 P) - KDl (T7 p)
DeD2

< KD2 (Tv P) - ®(T7 P)
+¢Wﬂﬂ—Kdﬂm

7)

s Q™ '(e) — Kp, (T, p). (98)
Since the first, second, and last terms on the RHS of (98)
only depend on p, and the second-to-last term vanishes as
L — oo uniformly in p, we conclude that the double limit of
the RHS of (98) as p — oo and L — oo exists and is equal
to —O(T) < 0. It follows that there exist pg and Lg such that

sup J(D,T,p) < Rp,(L, T, p) + Kp, (T, p) 99)

DEeD,
for p > po and L > Ly. Combining (99) and (91) with (90),
we obtain that
Dsug Rna(D, L, T, p) < Rp, (L, T, p) + Kp, (L, T, p) (100)
€Dy

for p > po and L > L and sufficiently large (po, Lo), where

KD1(LaT7p) éKDl(Tap)+KD1(L7T)' (101)

We next show that the second supremum on the RHS of
(79) does not exceed the RHS of (100). It follows then that
our upper bound on (79) is maximized for Lp, (D¥) = L. To
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prove this claim, we use again Lemma 14 together with the
nonnegativity of U(D, T, p) to upper-bound

DSU:E RNA<D7LaTa p) < j'Dz (Ta p) + KDz (T7 p)
€D

It then follows from (102) and (95) that

(102)

RDl (L7T, p) + KD1 (L7T7 P) - Dsup RNA(Dv L7T7 p)
€Do

zmﬂm—¢W””;&ﬂ”bl@

+ Kp, (L, T,p) — Kp,(T, p).

(103)

Using similar arguments as the ones leading to (99), we can
show that the double limit of the RHS of (103) as p — o
and L — oo exists and is equal to ©(T"). Consequently, there
exist (po, Lo) such that, for p > pg and L > Ly, the RHS of
(103) is strictly positive. Thus, for p > pg and L > Ly,

DsuI];)) Raa(D, L, T, p) < Rp, (L, T, p) + Kp, (L, T, p). (104)
€Dz

Combining (100)-(104) with (74) and (79), we obtain that

log|C1] _ = log B(T) logL
< —_
I _RDl(L7Tap)+KD1(L7T7p> L 2L,
_ T2V(T) — Kg(T, p) ,_
=kunm—¢ (1)~ Ko(T.0) g
+ KD] (T7 p) + KCl (L7 T)
2 Re, (L, T, p) (105)

where K¢, (L,T) £ Kp, (L, T)— % + 1°2gLL is a function

of L and T that satisfies

log L
L b

for some constants A and L that are independent of L and

p- Recall that lim_, Kp, (T, p) = lim,_,oc K(T,p) = 0.
2) Upper bound on log|Cs|: An upper bound on log|Cs|

follows from the weakened MC bound (52) and (62):

_Q}

(107)

| Ke, (L,T)] < A L> L (106)

log|Ca| < sup

XLeCy
— log (Pr

L
> i(De, Z, 27, Hy, Qp) < log (D)

We next note that, by Lemma 8, there exists an U(T) that

only depends on 7' and satisfies

{logﬁ(DL)

=1

U(D,T,p) <U(T), D€ Dy, p>po. (108)
If we choose
L —
- 2LU (T
=1 €

then Chebyshev’s inequality yields that

L

- 1—

Py Zj(De,ZZZZ,Hz,Qe)>10g5(DL)1 < —— (110)
=1

14
and we can upper-bound (107) as
L —
- 2LU(T
log|Co] < sup S J(De, T, p) + | 22T
XL eC, — 1—c¢€
+log2 — log(1 — ¢). (111)

It remains to upper-bound the supremum on the RHS of
(111). Similar to (79), using that J,(D, T, p) depends on ¢
only via Dy, we obtain that

L
sup j(DZa Ta p)
= sup {LDI(DL) sup Jo(Dy, T, p)
DLEDE, : Lp, (DL)<L/2 DeED;

+(L—LDAD%)sm)JADbTM»}
DeDy

< sup {Lp,(D") (Jo, (T, p) + Kp, (T, p))

 DL: Lp, (DL)<L/2
+ (L - LDI (DL)) (jD2 (T’ p) + KD2 (T, ;0))}

- L
< L (Jp,(T,p) + Kp, (T, p) + K, (T, p)) = 5 O(T' p)
(112)

where Kp, (T, p) and Kp,(T,p) are functions of T and p
that vanish as p — oo. Here, the first inequality follows from
(269) in the proof of Lemma 11 and from Lemmas 12 and 14;
the second inequality follows from the definition of ©(T, p)
in (95) and because 0 < Lp, (D¥) < L/2.

Substituting (112) into (111), we obtain the desired upper
bound

WIC] < Jy (1.0) - LO(T. ) + K, (T.0)
+ Kp, (T, p) + Ke, (L, T)
= Re,(L,T, p) (113)
where
Ke,(L,T) & LQ([{(_Ti)—ilog(I;({) (114)
is a function of L and T that satisfies
[Keo(L,T) < 7o L= Lo (115)

for some constants A and L that are independent of (L, p).

3) Upper bound on the cardinality of C: As shown in the
previous subsections, the cardinalities of C; and Cy can be
upper-bounded by Re, (L, T, p) and Re,(L,T,p) (cf. (105)
and (113)). Therefore, the cardinality of C, i.e., |[C| = M, can
be upper-bounded as

log M < log (eLRcl (LTp) 4 oLRe, (L,T,p))
= LRc,(L,T,p)

+log(1+ eH(Res (BT O=Re (LTO)) - (116)

By the asymptotic behaviors of ©(T,p), K(T,p), and
Kp,(T,p) (ctf. (96), (86), and (89)), we have that (T, p) >
O(T)/2, T>V(T) ~ Ky (T, p) < 2T°V/(T), and Kp, (T, p) <
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O(T)/8 for p > po and a sufficiently large pg. Thus, for
P 2 pPos

RCQ (L7Ta P) - RC1 (La T7 p)

= —%G(Tv p) + \/TQV(T) —Ko(T0) o1

L
+ KDz (T7 p) + KCQ (L7 T) - KCl (Lv T)
o(T) 22V (T) .,
< —
<-2 B
+KC2(L7T) _KC1(L7T)' (117)
Similarly, by the asymptotic behaviors of K¢, (L,T) and
Ke, (L, T) (cf. (106) and (115)), we have that
272V (T (T
V) g4 4 Koy (1.T) ~ K, (1.1) < 2D
(118)

for L > Lo and a sufficiently large L. Consequently,
— . o(T
RCQ(LaTap) *RC1(L7Tap) S 7% (119)

for p > po and L > L. Together with (116), this allows us
to upper-bound the cardinality of C as

log M
L

_ 1 -
< Re,(LT.p) + 7 1og(1 n e*L%) (120)

for p > po and L > Ly. The second term on the RHS of (120)
decays super-exponentially in L. We thus conclude from (105)
and (120) that

log M
(L, T =
R( 9 767p) LT
Jp,(T,p)  |V(T)=Kgz(T,p) 4
< _
<P UG
+ Kp, (T, p) + Knc(L, T) (121)
where

Kuc(L,T) 2 Ke,(L,T) + %10g<1 + e*L%) (122)
is a function of L and T that satisfies
log L

L )
for some constants A and L that are independent of (L, p).
Comparing (84) with (9), we note that

Jp, (Tv p)
T
where K ;(T,p) is a function of T and p that vanishes as
p — 0o. We can thus write (121) as

R*(L,T,¢,p) < I(T, p) + Knc(T, p)

V(T) = Kg(T,p) 4
—\/ LU Q7 (e) + Kne(L,T)

where Kyc(T,p) = Kp,(T,p) + K;(T,p). Note that
Ke(T,p), £ € {MC, U} satisfy (11), and Kyc(L,T) satisfies
(12).

| Kmc(L,T)| < A

L> Lo (123)

=I(T,p) + K5(T, p) (124)

(125)

V. CONCLUSION

We presented a high-SNR normal approximation for the
maximum coding rate R*(L, T, ¢, p) achievable over nonco-
herent MIMO Rayleigh block-fading channels using an error-
correcting code that spans L coherence intervals of length 7',
satisfies a per-block power constraint p, and achieves a proba-
bility of error not larger than e. While the approximation was
derived under the assumption that the number of coherence
intervals L and the SNR p tend to infinity, numerical analyses
suggest that it becomes accurate already for moderate SNR
values and coherence intervals.

The obtained normal approximation complements the
nonasymptotic bounds presented in [23], [24], whose eval-
uation is computationally demanding. Furthermore, it lays a
theoretical foundation for analytical analyses that study the be-
havior of the maximum coding rate as a function of system pa-
rameters such as SNR, number of coherence intervals, number
of antennas, or blocklength. Inter alia, it enables an analysis of
the fundamental tradeoff between diversity, multiplexing, and
channel-estimation cost at finite blocklength. In Section III-C,
we applied the normal approximation to determine how many
of the n, available transmit antennas should be employed in
order to optimize the maximal coding rate at finite blocklength.
Indeed, there is a tradeoff between multiplexing gain and cost
of estimating the fading coefficients, which both grow with
the number of active transmit antennas. While this tradeoff is
trivial with respect to channel capacity, the maximum coding
rate has a more intricate dependence on the number of active
transmit antennas at finite blocklength. Last but not least, our
normal approximation may serve as a proxy for the maximum
coding rate in the analysis of communication protocols for
short-packet wireless communication systems, similarly to the
normal approximations used in [6]-[15].

APPENDIX I
PROOF OF LEMMA 2

To prove Lemma 2, we analyze in Appendix I-A the USTM
information density i(Y)(X;Y) and express it in terms of
the singular values of Y. The asymptotic behavior of these
singular values as p — oo is studied in Appendix I-B. The con-
vergence of the channel dispersion is proved in Appendix I-C.
Some auxiliary derivations are deferred to Appendix I-D.

A. The USTM Information Density iV)(X;Y)

As argued in [24, App. A], the conditional distribution of
the USTM information density i(V)(X;Y) given X = \/ijf u
does not depend on U. Without loss of generality, we can thus
set in the following X = \/zif U with

I
U= e .
{O(T—m)xm}

Consider the SVD H = UgSu VY, where Uy and Vi are
unitary matrices of dimensions n; X n; and n, X n,., respec-
tively, and Sy is an (n; Xn,.)-dimensional rectangular diagonal

(126)

SThroughout this appendix, the subscript £ is immaterial and therefore
omitted.
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matrix containing the n; singular values om 1,...,0H,,, Of
H. Then, XH can be expressed as XH = aUUHSHVI'J_'I,
where a £ /Tp/n;. Using the unitary invariant property [39,
Ch. 5.2] and the circular symmetry of the complex Gaussian
matrix W [40, App. A], [28, Lemma 16], conditioned on X,
the random matrix Y = XH 4+ W has the same conditional
distribution as Y = aUUxXy + W, where Ty is an
(n: X ny)-dimensional diagonal matrix containing the singular
values 0g,1,...,0H,n, [28, Lemma 16]. Hence,
?:[GEH 0:|+|:W11 W12:|

0 0 Wy Wy (127

where g £ UgXu, and where W11, Wis, Wop, and Wy
are submatrices of dimensions 1y X ng, ny X (n. —ny), (T —
ng) X ng, and (T — ng) X (n,. — ny), respectively, with i.i.d.
CN(0,1) entries that are independent of H.

We next use that, for X = aU,

tr(YH(Ip + XX") 1Y)

2
=15 tr(HYH) + tr(WH, W) 4+ tr(WH, W)
2a -
+ 1+ a2 Re (tr(EEIWH)> + 72t1'(W1H1W11)
1 H
+ mtr(W12W12) (128)

where Re(-) denotes the part. Consequently, the conditional
pdf of Y given X = aU satisfies

fY|X(Y\aU)
e—tr{Y" (Ir+a®UU™) "1 v}
~ e det(lz +a?UU)
o it 2tr(HHH)— 20 Re(r(Z4y W1 ))

= 7.(-an(l + a2)ntnr x

w(WH W) +ewhil, wis)

1+a? . (129)

Xe—tr(ng\’Vgl)—lr(Wnggg)—

We next consider the output pdf fé(U) induced by USTM
channel inputs and the channel (3). To this end, we denote
the singular values of Y arranged in decreasing order by
o1,...,0n,. Then, by expressing Y in terms of its SVD
Y = Uyzyvg, where Uy and Vv are (truncated) unitary
matrices and ¥y is a diagonal matrix containing the singular

values o1, ...,0y,, the pdf fx((U) can be written as [29]
(U) vy — fuy (Uv) fey (o1, ... 0n,) fvy (Vy) 130
Ht) T 5y) (10

for Y = UyZyV\'}', where Yy is a diagonal matrix containing
the singular values of Y. In (130), J(T,Xy) is the Jacobian
of the SVD, i.e.,

NG | G

J(T,5y) = (131)
1<i<j<n, i=1
and the pdfs of Uy and Vy are given by fu,(Uy) =
2 and fuy (Vy) = 225 We next define
N Tpo-“ i=1,...,nt
gi = (132)
g, i:nt+1,...,nr.

16
It follows that
Tp ng/2
fou (@11 s00,) = (n) Jo(@1,0 e ,00,)  (133)
t
and
B B ng ne(T+n,.—ns—1/2)
T Yy)=J(T,X — 134
J( ) Y) J( ’ Y) (Tp> ( )
where fs denotes the joint pdf of &1,...,6,, and

)2 (H AT =nr) > ( II @ - af.)Q) X
=1 1<i<j<ng
N Ny n 2
_ _ _ t_
X ( (62 — 032)2> <H H (cri2 — Tpcr?) >
ne+1<i<j<n, i=1j=n:+1

(135)

Finally, we denote by o;, ¢« = 1,...,n, the random
variables that are obtained by replacing in (132) the singular
values o; by the singular values of Y. Since Y has the
same distribution as Y, it follows that (&1,...,6,, ) have
the same joint distribution as (&1, ..., &5,,.), and the joint pdf
of (61,...,64,), denoted by fs, is equal to f5.

Combining (129)—(135), we obtain that the USTM informa-
tion density (V) (X;Y) satisfies

Y |aU
i) (X;Y) 4 log %
v (Y)
T J(T, 25
= ny(T — ny) log =2 + log M
" 5(3y)
—E(H, W) — Az(p,H, W) (136)
where
E(H, W) £ tr(H"H) + (W5, W21) + tr(WH,Wo,)
Ly, (T)Ln, (0
+Tn, logm + log Qm;n)(——lng)z (137a)
As(p, H, W) 2 r(WH W) + r(WHWo,) — ae(HYH)
A 1+ a?
2a ~ 1
+ T 2Re (tr(zl'flwu)) + nyn, log (1 + a2> (137b)

and where, with a slight abuse of notation, we denote by
3¢ both the random variables (61, . . ., 7, ) and the diagonal
matrix that contains these random variables.

In order to characterize the convergence of the channel
dispersion, we next analyze the asymptotic behavior of the
RHS of (136). This, in turn, requires an asymptotic analysis of
fl? and of fs, which we shall carry out in the next subsection.

B. Asymptotics of 2? and fs

Letgy,..., sy, be the ordered nonzero singular values of H,
and let G,,41,...,S,, be the ordered nonzero singular values
of Wys. The following lemmas concern the convergence of
(61,...,00,.) t0 (S1,...,6,,.) and of fs to fc (where f¢
denotes the joint pdf of (s1,...,6,,.)).

Lemma 15 (Yang-Durisi-Riegler’13): The singular values
(61,...,64,.) and (s1,...,y,, ) and their corresponding pdfs
satisfy the following:
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1) S0 E[67] < Ky, where K; is a finite constant inde-

pendent of p.

2) For any subset > C {01, ..., O, }, the pdf of 3 satisfies
f5(X) < Ky for every ¥ and p > po, where Ky and pg

are finite constants independent of p.

3) f& converges pointwise to f¢ as p — oo.

Proof: The boundedness of >-"", E [6:2] and f5 (Parts 1)
and 2)) was shown in [29, App. B]. The boundedness of
fs, follows by marginalizing the pdf f5, characterized in
[29, App. Al, over {&1,...,6,.}\ X and by bounding the
corresponding integrals. Part 3) is [29, Lemma 12]. [ |

Lemma 16 (Zheng-Tse’02): As p — oo, the singular values
(61,...,04,,) converge almost surely to (¢1,...,Spn, ).

Proof: The proof of Lemma 16 follows the steps outlined
in [28, App. F]. Indeed, the convergence of (&1,...,6,,.) to
(S1,--,6n,) is determined by the asymptotic behav10r of the
eigenvalues (Ay,...,A,, ) of YNY.

We shall first consider the eigenvalues that are bounded in p.
So let X be an eigenvalue of YHY that satisfies hmpHOO A<
oo. It follows that the characteristic polynomial

F(A) £ det(Al,,, — YY) (138)
is zero. Using (127), f(A) can be written as
F(A) = det ([ ]?H g D (139)
where
A2 A, — (@S +Wip)" (aZu + W)
— WH Wy, (140a)
B2 —(aS{EWi, + WH Wy, + WHW,,)  (140b)
D2 X,y —p, — (WhHWio + WH,W,,). (140c)

Next note that, since X is bounded, a—12A converges almost
surely to —}JH 3y as p (and hence also a) tends to infinity.
Since det(¥y) > 0, it follows that lim, , . [det(A)| > 0.
We can therefore use the Schur complement to express the
characteristic polynomial as

f(A) = det(A) det(D — B"A™B). (141)

Furthermore, f(A) = 0 implies that det(D — BFA~1B) = 0.
It can be shown that, as p — oo,

B"A'B - —W1H2W12, almost surely. (142)

It thus follows from the continuity of the determinant that
det(D—B"A~'B) converges almost surely to det(Al,,, _,, —
WH,Wy,). We conclude that YHY has n, — n; bounded
eigenvalues X that converge almost surely to the eigenvalues
of W|2—|2W22 as p — oo. Clearly, these are the n, — n
smallest eigenvalues and correspond to the singular values
(Gn,415---,0n,), since the remaining eigenvalues are un-
bounded. It follows that (&y,41,...,0,,) converge almost
surely to the n, — n; nonzero singular values of Ws.

We next consider the unbounded eigenvalues of YHY. Let
X = a262 for some & > 0. Since A is unbounded, it follows
that lim |det(D)| > 0. We can therefore use again the

——=p—00
Schur complement to express the characteristic polynomial as

f(A) = det(D) det(A — BD"'B"). (143)

Furthermore, f(A) = 0 implies that det(A — BA~'BH) =0
It can be shown that, as p — oo,

1 ~ -
—2A —oly, — ZEIEH, almost surely (144a)
a
1 .
-B— fE?IWm, almost surely (144b)
a
D! =0, almost surely.  (144c)

It thus follows that det(-; A— 5 BA~'B") converges almost
surely to det(& 2|m — EH H 3g). Consequently, as p — oo, the
scaled eigenvalue 62 converges almost surely to an eigenvalue
of M3y, It follows that (&4,...,6,,) converge almost
surely to the n; nonzero singular values of H. [ ]

C. The Convergence of the Channel Dispersion
In Appendix I-D, we shall show that
lim Var(iV)(X;Y))? = Var(i*(p, s, H, W))*  (145)
p—r00
where
- A Tp —
¢ (,O,C, HaW) = nt(T - nt) IOg ’I’Lf - logfg(zg)
t

+log J(T, %) — Z(H, W)

CiQ(T_nTH_l)

x( [ - )(Hc?“‘"””). (147)
nt+1<i<j<n, =1

For future reference, I* (T, p) 2 E[i*(p, s, H, W)] is given by

(146)

J(T, %) & (H

i=1

I =<7 x

1<i<j<ng

T
I*(T, p) = ne(T — n¢) log n— + ne(T — ny) log;
t

nyg—1

+(T—ni) Y (n,

=0

F"Lt (nt)
L, (T)

+log — i) (148)

Similar to (136), we denote by flg both the random variables
(S1,-..,%n,) and a diagonal matrix containing these random
variables. To compute the expected value in (148), we use
Lemma 16 together with a change of variable to express
the pdfs of (¢1,...,%n,) and (Su,41,-..,6n,) in terms of
the pdfs of H and W5, respectively. After some algebraic
manipulations, we obtain

~ ~ - - I, (n
log J(T, ) = 1o £,(5¢) ~ S(H,W) = log 71
+ (T — ny) log det(H'H) — tr(WH Wo1)  (149)
whose expected value can be evaluated using that
S Ellog(s?)] = S o'w(n, — i) (Lemma 7) and

E[tr(WH, W1)] = n¢(T — ny). We next note that
Var(i* (p,s, H,W))

nt—l
T—-n,) E d'/ —1)

which is equal to (10). In (150), we used that H and W are
independent, and that Var (log det(H"H)) = Z:’;gl ' (ny—
1) (Lemma 7). Lemma 2 follows therefore directly from (145).
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D. Proof of (145)
By (136), we have that

We next note that
. 2
lim E [(Ag(p,H,W)) } -0 (152)

from which we obtain that, for every 0 < € < 1, there exists
a sufficiently large pg such that

E [(Ag(p,H,W))Q] <e p>po.

Indeed, the absolute value of A=(p, H, W) converges almost
surely to zero as p — oo and is bounded by

’tl‘ WHWH | + ’tl‘ W S Wis) | + ’tl‘ HH )|

(153)

+2 ‘Re (tr(EHWn))‘ + ngn,. log (1 + Tp) (154)
0

for p > pp, which has a finite second moment. The claim
(152) thus follows from the dominated convergence theorem.
We next note that, by (42a), there exists a sufficiently large
po > 0 such that

Defining
. Tp J(T,25)
U(T,p) £ E (nt(T —mne)log —= -+ log —
fe(2¢)
2
—Z(H,W) — I*(T, p)) ] (156)
we can then approximate U (T, p) by U(T, p) as
VU(T, p) — 26 < JU(T, p) < \JU(T,p) +2e. (157

Consequently, the limit of U (T, p) as p — oo follows from
the limit of U(T', p) upon letting ¢ tend to zero from above.
To analyze U(T), p), we next define the set

1
Bgé{ZeD:{T:eSEnSE,izl,-n,nr; fa(X) > ¢

and J(T,%) > s} (158)
where D;} denotes the set of (1, x n,)-dimensional diagonal
matrices with non-negative, real-valued entries and X;; denotes
the ¢-th diagonal element of . We shall study the asymptotic
behavior of U(T, p) as p — oo by dividing the expected value
into two parts, depending on whether 2\? lies in B., and by
letting then ¢ tend to zero from above. To this end, we define

J(T,2¢)
f5(2¢)
—E(H, W) — I*(T, p)) 1{Z; € 3}] (159)

U(T,p,S) & EKnt(T

T
—ny)log n—p + log
t

and

J = —ng) lo T— o) 7J(TE )
U(T,p,S)—EK t(T' = n¢)log —= + log (5e)
E(H,W)I*(T,p)) {3y es}] (160)

for S C D; . Consequently, U(T, p) can be written as
U(T. p) = U(T. p. B:) + U(T, p. BY).

In the following subsections, we analyze the terms on the RHS
of (161) separately.

1) Limit of U(T,p,B.): By Lemma 15, fs converges
pointwise to fc. It then follows from Egoroff’s theorem [41,
Th. 2.5.5] that, for every € > 0, there exists a set 4. of
probability less than ¢ such that fs converges uniformly to
fo on B. 2 B.\ A..° Thus, there exists a sufficiently large
po > 0 such that

‘f&(2)7f6(2)|<627 EGBEHDZPO

in which case [log f5(X) — log fo(X)| < 1=
exists a sufficiently large pg > 0 such that

(161)

(162)

Slmllarly, there

| J(T,%) — J(T,2)| <% TeB.,p=>po (163)
and, hence, | log jA(T7 ¥) —log J(T,%)| < 1=
We next write U(T, p, B;) as
U(T, p,B-) = U(T, p, B.) + U(T, p, B.NA). (164
Using (162)—(163), we can then approximate U (T, p, Bg) as
U(T,p,B:) - 12—55 <\ U(T,p, B.)

(165)

so the limit of U(T, p, B.) as p — oo follows from the limit
of U(T, p, B.) upon letting ¢ tend to zero from above.

We next apply the dominated convergence theorem to
evaluate the limit of U(T,p,B.) as p — oo. Indeed, after
algebraic manipulations similar to the ones that lead to (149),
it can be shown that

(T, S
nt(T—nt)log@Ho M—E(HNV)—I*(T,p)
f<( v)
= (T —n, Zloga —I—ZO' — tr(H"H)
ng—1
— (T —ny) Z @(n, —1i) (166)
=0
which on the set
351{E€D+' <Xy gé 1n} (167)

SWithout loss of generality, we can assume that A, decreases monotoni-
cally to a set of probability zero, i.e., Ac; D Ac, for €1 > e2. Indeed, if f5
converges uniformly to f¢ on Be \Ag1 and B: \ A.,, then it also converges
uniformly on B, \.,452 where .A52 = A, N Ae,. The set .A52 satisfies
Aey 2 A62 and has probability less than €2 (because A52 C A.,), hence
the claim follows.
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is bounded by a random variable of finite second moment.
Furthermore, by Lemma 16, the RHS of (166) converges
almost surely to

[N ng—1
(T —ny) Zloggf — (T —ny) Z U(n, —1)
i=1 i=0

— tr(WH, Wo1) + ny (T — ny) (168)

as p — oo, which is equal to i*(p, ¢, H, W) — I*(T, p) since
Yot logs? = log det(H"H). Further using that, by (162)-
(163),

B.o CB.CB., (169)

where
B., % {E €D \Ac:e<%; <1/ei=1,...,n;
fo(D) > e—e2 and J(I,S) > ¢ — 52} (170)
it follows from the dominated convergence theorem that
E [ (p, 5, HLW) = I(T, p))* 1{Z € B}
< lim U(T, p, B;)
<E [(i*(p,g,H,W) —I"(T,p))° 1{Z, € Ba,l}] . (171)
Noting that both 5’5,1 and Bg,g increase monotonically to

DTJ{T as € | 0, we then obtain from (165) and the monotone
convergence theorem that

lim lim Q(T, p.B.) = Var(i*(p,c,H7W)).

el0 p—oo

172)

We conclude the analysis of U(T', p, B.) by showing that
lim lim U(T, p, B- N A.) = 0. (173)

el0 p—o0

Indeed, by Part 2) of Lemma 15 and the definitions of B. and

J(T,X), we have that
- 1
|log f&(X)| + [log J(T',%)| < log s YeB. (174

for some x that only depends on 7', n,, and n;. Using that
(a +b)? < 2a? + 2b%, we then obtain that
T J(T, 25
[nt(T—nt) log—p + logg
i fe(2¢)

T 2
<2 (E(H, W) + I*(T, p) — ne(T — ny) log n”)

t

2
— Z(H,W) - I(T, p):|

+ 2% log?(e) (175)
We can thus upper-bound U (T, p, B. N A.) as
U(T,p,B-NA.)

< 21 1log? () Pr [2{, €B.N AE} +2F KE(H,W)

To\? e
—|—I*(T’p)—nt(T—nt)lognp) ]I{ZYEBEQAE}]
¢

Ny

< 2\/5 KE(H,W) + I%(T, p) — na(T — ny) log Tpﬂg

+ 2k%log?(e)e (176)

where we used the Cauchy-Schwarz inequality and that
Pr[¥¢ € B.NAJ] < Pr[¥y € A.J] < e The term
EMH, W)+ I*(T, p) —n(T —ns) log(Tp/n:) is independent
of p and has a finite fourth moment. Consequently, the RHS
of (176) tends to zero as ¢ | 0, from which (173) follows. To

conclude, (164), (172), and (173) demonstrate that

leliglplggog(T, p,B:) = Var(z (p,c,H,W)). 77
2) Limit of U(T, p, BS): We shall show that
lim lim U(T, p,8%) = 0. (178)

el0 p—o0

To this end, we use that (a + b+ ¢)? < 9@2 + 9b% + 9¢2 for
any real numbers (a, b, ¢) to upper-bound U (T, p, BS) as

U(T, p, BS)
< 9E[<E(H,W) +I°(T, p)

—n¢(T —ny)log 713)2]1{2? € Bg}}
+ 9 (1og f(£4))*1{Sy € B}

+9E[(log J(T, £¢))"1{Sg € B} (179)

We next analyze each term on the RHS of (179) separately:
1) Using the Cauchy-Schwarz inequality, the first term on the

RHS of (179) can be upper-bounded by the square-root of

Tt

81E KE(H W) + I*(T, p) — ny(T — ny) log Tp>4] x

x Pr[Sy € Bl (180)

The expected value in (180) is independent of p and finite.
Furthermore, by (169), we have B¢ C B¢, and B. is
independent of p and increases monotonically to Di. as
e | 0. It thus follows from the continuity of measures that
Sup 5. Pr[X¢ € B¢ — 0 as ¢ | 0. Consequently, the first
term on the RHS of (179) vanishes as p — oo and then ¢ | 0.
2) The second expected value on the RHS of (179) can be
divided into the two terms

E| (log £o(85))"1{ Sy € B}
= E[(log f&(i]&v)f]l{ily € BN AHEHA,T}}
+E[(log f5(5¢)) 1{ Sy € BN ATy, ]

where

(181)

A 2{S €D} : |S]r <7} (182)

for some r that we let tend to infinity at the end of the proof.
By Part 2) of Lemma 15, f; < K,. Consequently,
fslog? f5 is bounded by max{4/e?, Ko log?(Ks)} and

E| (108 f5(£4)) 1 {Sy € BN Ay}
_ / 5(2) log? f5(T)dS
BeNA|z,r

< max{4/e?, Kz log”(Ko)}A (BENAjzyr)  (183)
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where A(-) denotes the Lebesgue measure. By (169), we have
BeNAysy,» € BEyNAjsy,» which, for a fixed r, is bounded,
independent of p, and decreases to the empty set as € | 0. It
follows from the continuity of measures that the first expected
value on the RHS of (181) vanishes as p — oo and then € | 0.

As for the second term on the RHS of (181), we further
divide the set B N Afjy;, . into BN Afs, N Ay, and BZN
AHEHJ‘ N .Af&, where

2{ZeD fo(®) Sl asd)
When r > ¢2/("++1)  we have that
log”(||Z
fs(iwlog2fs(2)zs(nm+1>2‘f§fﬂllf° (185)
for ¥ € Ajg, . N Ay, . Consequently,
5 2 5 c c
E[(k’g f6(2g)) 1{Zy € BEn Afisr N Ay, }}
log?(||%
Cmsrp [ s
Isile>r 1 EllE
577 log?(r)
< (np+1)2 4 (186)
L) r
where we bounded the integral by performing a change of
variable from X to ||3||r. Moreover, when r > Kl/("TH)
log” f&(%) < (nr +1)*1og*(|[Slr) (187)

for ¥ € Ajg, N Af, . Since z — log?(x) is a concave

function for x > e, it thus follows from Jensen’s inequality
1/(nr+1)

that, for r > max{K2 e},

, 1 1 Yllg)dX
(ny + /| ) log?(|1=Ilr)

< (np + 1)*Pr[|2¢llr > r] log” E[|Z¢ Ik | IS¢ ]lF > 7]
\/KT> (188)
PT[HEYHF > ’I"]

where the last step follows by upper-bounding the condi-
tional expectation by E[[|Z¢ ]/ Pr[|Z¢|lr > 7], and by
then applying Part 1) of Lemma 15. Applying Chebyshev’s
inequality together with Part 1) of Lemma 15, and noting that
the function z ~— log?(z/a) is monotonically increasing for
x > ae?, this can be further upper-bounded by

E [(1og f&(i

K
<<nr+1ﬁr§kg2(

< (ny 4 1P| E e > ] 1og?

9) 1{Sg € BN iy, 0145, ]

r2 )
(189)
VKi
for > max{KL ™" ¢ \/Kie2}. With (186) and (189),
we can upper-bound the second expected value on the RHS
of (181) as

E {(1og f&(f]?)

o[ 57F log?(r) Ky 2( r? )
< (nq+1) (F("Qr) —t log K (190)

2 5 c c
) IH{Ey € BN A||z\|,r}}
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which is independent of p and ¢, and vanishes as r — oco. We
thus obtain from (181), (183), and (190) that the second term
on the RHS of (179) vanishes as we let first p — oo, then
€} 0, and then r — co.

3) We upper-bound the third term on the RHS of (179) using

the definition of J(T,Sy) in (135) and that
la1+...+au” <cup(lar)’+.. +laul”), p,veN (191)

for some positive constant c, ,, that only depends on p and v.
It follows that

(log J(T, £¢))°

< G (2T —n,) +1)° Y log?(54)

=1
cig Y el - )
1<i<i<ng
tlo Y 1867 -3?)
nt<i<j<nt
+4CH,VZ Z log? (0' —t&f). (192)
=1 j=n+1 p

To show that the RHS of (179) vanishes as we first let p — oo
and then ¢ | 0, it thus suffices to show that

lim lim E[log o) ]l{E € BC}] =0 (193a)

el0 p—o0

lim lim E[log (62 —0' ]l{E € BC}] =0 (193b)

el0 p—o0

S ] —
lelfglplggoE{log (0' Tp )1{2 eB }} =0 (193¢)

for the combinations of indices (¢, j) indicated in (192).
To prove (193a), we bound the expected value as

E[logQ(&i)]l{ﬁy IS Bg}]
< E{logz(&i)]l{i? € Bg}]l{é <0o; < (ISH
+ E[log*(63)1{6; < 6}]

+E [logQ(&i)]l {0' > ;H

for some 6 > 0 that we shall let tend to zero from above at
the end of the proof. The first term on the RHS of (194) can
be upper-bounded as

E{logQ(&i)l{i? € 35}1{5 Sois ;H

< log?(9) Pr [2? € Bg} .

(194)

(195)

As noted before, sup,, Pr[X¢ € B — 0 as £ | 0 by the
continuity of measures. Consequently, the first term on the
RHS of (194) vanishes as we first let p — oo, then ¢ | 0, and
then ¢ | 0.

For § < 1, the second term on the RHS of (194) can be
bounded as

E [log®(67)1 {67 < 6}]

< / o<, fs,(0)log?(0)do

fa,(@)<o™/?
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+ ves,  [a.(0)log?(0)do
fo- (O')><771/2
=/ log\f( do +4/ fz.(0)log” (f5,(c))do (196)

where in the last step we bounded the first integral by upper-
bounding fs, by o~1/2, and we bounded the second integral
by noting that, for ¢ < § < 1, log®(c) = log®(1/c) and by
upper-bounding 1/c by fZ . The first integral on the RHS of
(196) can be evaluated directly. For the second integral, we
use that, by Part 2) of Lemma 15, f5 log? f5 is bounded by
max{4/e?, Ky log?(Ky)}. It follows that

E [log®(67)1 {&; < 6}]

< 4010g*(8)V3 + d max{4/e?, Ky log®(Ky)}  (197)

which implies that the second term on the RHS of (194)
vanishes as we first let p — oo, then € | 0, and then ¢ | O.
As for the third term on the RHS of (194), we recall that
x — log?(z) is a concave function for > e. Consequently,
by following the same steps as in (188)—(189), we obtain that,

for § < (max{e, vVKie?})~!
E[logQ(&i)ll{&i > ;H < K162 log? (\/Rl(sz). (198)

Thus, the third term on the RHS of (194) also vanishes as we
first let p — oo, then € | 0, and then ¢ | 0.
Combining (194), (195), (197), and (198), we obtain (193a).
We next prove (193b). To this end, we use that 7 — o-2 =
(65— 6;)(di+ ;) and the inequality (a + b)? < 242 + 12
to upper-bounded the expected value in (193b) as

E[log (67 —0' ]I{E EBC}}
< 2E [log?(3: — 6;)1{Sy € B}
+2E [log%(3: + 6,)1{ Sy € B}|. (199)

We continue similarly to the proof of (193a). Indeed, we can
bound the expected values on the RHS of (199) as

E[log*(6
< E[logQ(&i —-6,)1{Zg € Bg}n{(s <6;—6;< ;H
+E [log*(67 — 6;)1{6; — 6; < 0}]

+E {logQ(&i - &j)n{&i -G, > ;H

i —6)1{Zy € B:}]

(200)

and
E[log®(6; + 6;)1{Zg € B<}]
< E{logz(&i +6,)1{Zy € Bg}ﬂ{é <ai+0a;< ;H
+ E[log?(6; + 6;)1{6; + &; < }]
+E [mg?(&i + &j)n{&i +6;> ;H :
The first terms on the RHSs of (200) and (201) are upper-
bounded by log?(é) Pr[ﬁ)y € B¢], which tends to zero as € | 0

(201)

21

by the continuity of measures. Hence, these terms vanish as
we first let p — oo, then ¢ | 0, and then § | 0.

As for the remaining terms, we next note that the random
variables a;; £ 5, —0o; and 3;; £ 5, + o ; have the joint pdf

1 a+p -«

foss (009) = g fm, (52257
for « > 0 and 8 > a. By marginalizing over « or (3, and
by bounding the corresponding integral, it can be shown that
both fq,, and fg,, are bounded. Furthermore, by Part 1) of
Lemma 15, the second moments of c;; and 3;; are bounded,
too. We can thus follow the steps (196)—(198) to show that
the second and third terms on the RHSs of (200) and (201)
also vanish as we first let p — oo, then € | 0, and then § | 0.
Thus, (193b) follows.

Finally, to prove (193c), we can follow along the lines of
the proof of (193b). Indeed, we have that

E[log2 (02 _ ;;”2)]1{2 e BC}}
< 2E[1og2 (&1 - &j>]1{2? € BE}}

+ 2E[1og2 (&i - ;f&j)]l{i? € Bg}]. (203)
P

(202)

We can then bound the expected values depending on whether
o, £ 6 — 26 and B, = 6; + 7£6; lie in one of
the intervals [d,1/6], (0,6), or (1/4,00). In the first case, the
expected values are bounded by log(8) Pr[E¢ € B, which
vanishes as we first let p — oo, then € | 0, and then § | 0. For
the latter two cases, we note that the marginal pdfs f,, ,, and
/8,.:; as well as the second moments of «, ;; and 3, ;; are
bounded. We can thus follow the steps (196)—(198) to show
that these expected values vanish as we first let p — oo, then
€10, and then ¢ | 0. Thus, (193c) follows.

3) Summary: By (161), we can express U(T,p) as
U(T, p,B.) + U(T, p, BE). As shown in Appendix I-D1, the
first term converges to Var(i*(p,s, H, W)) as we first let
p — oo and then € | 0; cf. (177). As shown in Appendix I-D2,
the second term converges to zero as we first let p — co and
then £ | 0; cf. (178). Since, by (157), Q(T, p) converges to
U(T, p) as we let ¢ tend to zero from above, we conclude that

lim U(T, p) = lim Jim Q(T, p)
pP—r00

= Var( (p,s, H,W)) (204)

which is (145).

APPENDIX II
PROOF OF LEMMA 3

The result that U (T, p) is uniformly bounded in p > py for a
sufficiently large po (that only depends on T") follows directly
from Lemma 2. Indeed, according to this lemma, U (T, p) can
be approximated as

U(T,p) =T*V(T) + Ky(T, p) (205)

where Ky (T, p) is a function of 7" and p that satisfies
lim,_, Ky (T, p) = 0. Since V(T') is independent of p and
finite, the claim thus follows.
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We next show that E[|i(Y)(X;Y) — I(T, p)|?] is uniformly
bounded in p > po for sufficiently large po. Indeed, by
following similar steps as in the proof of Lemma 2, it can
be shown that

lim, EUZ’(U)(X;Y) —I(T, p)ﬂ

= E[[i*(p. s W) = (T, p)| ]

Furthermore, by the definitions of i*(p, ¢, H, W) and I*(T, p)
in (146) and (148), we have that

E[ i*(p,s, H,W) — I*(T7P)‘3}

=E

(206)

(T = nen — (W War) + (T — 1) log (ﬂ cf)
=1

)]

< C2’3E[‘tr W21W21)| } + Co, 3(T nt)?’ 3

(19
=1

— (T —n)E

3
+ 203 |T — > E [ ] (207)

where we use (191) in the last step.

Note that each term on the RHS of (207) is independent
of p and bounded. Indeed, the first term on the RHS of (207)
is the third absolute moment of a gamma-distributed random
variable with parameters (T' — ny, 1). As for the second term
on the RHS of (207), by the definition of ¢y, ..., s,,, we have

(9
=1

Since log det(HYHy) is independent of p and its third absolute
moment is finite, it follows that the second term on the RHS of
(207) is bounded, too. We conclude that E[|i*(p, s, H, W) —
I*(T, p)|?] is bounded, which together with (206) yields that

I(T,p)|"] < o0

= |log det(H{'H,)|. (208)

sup E[| (U)X Y) - (209)

PZpPo

for sufficiently large po > 0. This proves Lemma 3.

APPENDIX III
MISMATCHED INFORMATION DENSITY UPPER BOUND

We show that, conditioned on X, = X,, the mismatched
information density j,(Xy;Y,) can be upper-bounded by a
term that has the same distribution as j(Dg, Z}, Z//, Hg, Qg)
defined in (61). To this end, we first use that ZZ 1 ‘71 ;=
tr (Y?Yz) S 1 a'Z ¢ to write the third, fourth, and fifth
terms on the RHS of (60) as

N

T /164—20'

i=ny+1

tI‘(Y;| <|T + XZXIZ) ! Yg)

=tr (Y'Y Y,) + (1 — ) Z o} (210)
i=n¢+1
where ny L
Y2 Ll — (I + X, XN 211
4 Tp T ( T+ Xe 4) ( )

22

We next use that we can assume without loss of optimality that
X¢ is a T'xny rectangular diagonal matrix with diagonal entries

di,e,...,dn, ¢, so the channel output Y, can be expressed as
[ DH,+Wy,
Y, = < Wa (212)

where D, £ diag{du, . ,dn“g}, and W, ; and W, denote
the first n; rows and the last (T'—n;) rows of W, respectively.
It can then be shown that

o (YHY,Y,) = tr((DgHg + Wy )Ty, (D, + WM))
n
+ (Ttp - 1>tr (WH, Wa,)

where the matrix T , contains the first n; rows and columns
of Ty, ie.,

213)

A Nt —1

Tie= Tplnt — (In, + D%)

(214)

We continue by upper-bounding >~ | &7, following the
steps in [28, p. 377]. Specifically, we use that D,H,; + W 4
has rank n;, so we can find a semi-unitary (n, — n;) x n,
matrix Qg (possibly depending on H, and W ) such that
Qo(D/H; + W1 )" = 0. Together with (212), this implies
that tr (QOY?YKQE) = tr(QOWE,ZWMQH). Furthermore,
it follows from [39, Cor. 4.3.39] that

> ol=  omin u(QY)Y.QY)
i=ng+1 7 Qec(rr—ne)xnr,
' QQ=l,., .,
< uw(QY}'Y.Q") (215)
for any (n, —n;) x n, matrix Q satisfying QQ" = I, _n,.
By applying (215) with Q = Qq, we thus obtain that
Ny
Z UZZ St (QOWS,EWZ,ZQS') . (216)

i=n¢+1

We next consider a unitary n, X n, matrix Q that contains
Qo as a submatrix. Let Q; denote the submatrix composed of
the remaining rows of Q so that

_( Qo
Q‘(Ql'
It then follows that
tr (W, W)
= tr(QoW4 ,W2,Qp) + tr(Qi W5 , W, ,QY).
Combining (213), (216), and (218), we obtain

r (YHT,Y +<1—"t> S g2
r( YRy e) Tp Z oy

i=ns+1
< tr((DeHz + WLK)H Ty, (DH, + Wl,é))

217)

(218)

n
-+Q;—QH@MW$WﬂQW. (219)
Using that the matrices Hy, Wy, and Wy, have i.i.d.
CN(0,1) entries, both traces on the RHS of (219) have
gamma distributions. Specifically, we have that, conditioned
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on Xy = Dy, DJH; + W, has the same distribution as
(I, + D)'/2H, [28, p. 377]. Furthermore, Q; depends on
Qo (which in turn may depend on H; and W, ), but it is
independent of Wy 4. It can then be shown that

tr((DeHz + Wl,e)H Y10 (DH, + Wu))

d T H _ H

4 Tptr(H (I, + Dg)H) tr (HI"'H)

4 o (g +md?,

= _— 1 220
2_;( T (220a)

n
(T; - l)tr (Q1W§,ew2,lef)
d nt Tp "
L Z z!, (220b)

where Z! y and Z!' "o were deﬁned after (61). In fact, it follows
from (2203) that Z ! ¢ is given by the squared Euclidean norm
of the ¢-th row of Hg Thus, (210) can be upper-bounded by
a term that, given X, = Xy, has the same distribution as

"t ne + ’I’Ltdzﬁ Tp — Ny o
— w1 — z"
It remains to upper-bound the last two terms on the RHS of

(60). To this end, we follow along the lines of [29, Sec. IV-A].
Indeed, we begin by upper-bounding

10g<H 1—1 (0'1'2,2—0]2',4)>

i=1j=n4+1

< (ny —ny)log (H 0'2»2’[>

using that a' 020, 7=n+1,. . To bound the RHS
of (222) and the second-to-last term on the RHS of (60), we
next use that, conditioned on X, = Dy, Yz Y, has the same
distribution as H';(Im + D%)Hz + QZHQZ [28, p. 377], where
Q) was defined after (61). It then follows from Weyl’s theorem
[39, Th. 4.3.1] that (cf. [29, Sec. IV-A])

log (ﬁ O'Z@>
i=1

< logdet ((In, + D7) H,H + A1 (Q)'Qo)l,,)
= logdet(l,, + D)
+logdet (HHY + A\ (Q'Qe) (I, + DF) ™) (223)
where we used that H}!(1,,, + D?)H, and (1, + D} )H/H]
have the same n; nonzero eigenvalues [39, Th. 1.3.20].
Combining (221)—(223) with (61), we conclude that, con-
ditioned on X, = Xy, j¢(Xy¢;Ye) can be upper-bounded by a
term that has the same distribution as

(221)

(222)

Tp Ty, (ny) L (nt-i-’ntd%e ) ,
nen, log — + log ————= + ——1)Z
t gnt ant(T) ; Tp N

Tp—ny o=
-~ i E Z!'y + (T — ny — ny) log det (1, + D7)
i=1

+ (T —ny)log det(HgHL;H + /M(Q?QZ)('M + Dtg)_l
which is j(Dy¢, Z), Z], He, Q).

) (224)
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APPENDIX IV
PROOF OF LEMMA 8

A. Proof of (66a)

By the definitions of j(Dy, Z), Z,H, Q) and J(Dy, T, p)
in (61) and (63), we have that

U(D,T,p)
nt ne ntdzze /
=E —* L1 )(Z, —n,
<;<Tp+ Tp >< he =)
Tp—nt C- 7
- L (Fe— (=)
+ (T — ny) log det (H,HY + 2\ (QF'Qe) (I, +D?) 1)

— (T —ny)x

2
x E[log det (HZHZ' + )\1(Q?Qe)(|nt+D2)l)}> ]
2
<C32Z( T nud M ) Var(Z] )
2 nyg
+C3,2< > ZVar

+ C372(T — ’I’Lt)QX
x E [log” det (HHY + A1 (Q'Qe) (1, + D?)7)]
2 2
Uz Tt
< —+ . 14+ =) (T —
< C32 (Tpo +nt> NyNe + C3.2 ( + Tp0> g ( nt)
+c32(T — nt)zx
x E [log? det (H/HY + A1 (QF' Q) (1, +D?)™1)] (225)

where the second step follows from (191) and because E[(X —
E[X])?] < E[X?] for every random variable X; the third step
follows by bounding d? , < Tp, p > po, and [Tp—ns|/(Tp) <
1+n/(T'po), and by computing the variances of Z; , and Z,.

It remains to upper-bound the third term on the RHS of
(225). To this end, we first note that

log det (H/H}")
< log det (HZH? +2(Q7'Q0) (I, + D*)~")
< logdet (HH} + A1 (Q)'Qo)ln,)

< n¢log (14 A(He, Q) (220)

where
A(H,, Qo) £ tr (HHY) + 2\(QF'Qo).

In (226), the first two inequalities follow because det(A+B) >
det(A) for every pair of positive definite matrices A and B
[39, Th. 7.8.21] and because (l,, + D?)~% =< 1,,; the last
inequality follows from Hadamard’s inequality [39, Th. 7.8.1]
and because every diagonal element of H,H}' is upper-
bounded by tr (H,H}'). Therefore,

E [log” det (H/HY + A1 (Q}'Qy)(In, +D?)7")]
< o 0E [1og2 det (H,HY)]
+ coonfE [log (1+AH,Qu)] -

(227)

(228)
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By Lemma 7, the first expected value on the RHS of (228) is
E [log® det (H,HY)]
ne—1

ne—1
:<ZWnT.—i>+ZQ/’ — 1)
i=0

To bound the second expected value, we use that the function
x — log?(1 + ) is concave for z > e — 1. Consequently,

E[log” (1 + A(H,, Qr))]
= E[log? (1 + A(H,, Qo)) L{A(H,, Q) < 2}]
+ E[log” (1 + A(Hy, Q) L{A(H,, Q) > 2}]

< Pr[A(Hy, Qo) > 2] log” (1 = I[EA[(AP(I?%S@ 2])
+1og”(3)

< sup {510g2<1+ ntnr+(T_nr)nr>}
0<6<1 1)

+ log2(3)

(229)

(230)

where the second step follows by applying Jensen’s inequality
to the second expected valued and by noting that

E[A(H,, Q)]
= Pr[A(H;, Qo) > 2]

the last step follows because E[tr(HgHIZ| )] = myn, and
EM(QNQe)] < E[r(QY'Qr)] = (T — ny)n,, and by opti-
mizing over ¢ = PriA(H,, Q) > 2].

Since 0 — 6 log®(1+ (nyn, + (T —n,)n,)/d) is continuous
on 0 < § <1 and vanishes as § | 0, (225)-(230) yield that

231)

E[A(H,, Qo) | A(H, Q) > 2] <

sup sup U(D,T,p) < oo.
p>po DED,,,

This is (66a).

B. Proof of (66b)

By the definitions of j(Dy, Z/, Z/, H,, Q) and J(D¢, T, p)
in (61) and (63), we have that

S(D,T,p)
nt ng ntdfz ,
izl <Tp + Tp > ( 7,0 [ Z,Z])
Tp—mny
i S (2, - ElzL)
i1
+(T — ny) log det (HHY + M (QYQe)(In, +D*)7Y)

—(T — nt)x

E[log det (H/H}' + M (QF'Qe)(ln, +D*)71)]

|

- Tt ”td?e ° /13
< 2¢244n,.,3 Z Tp Tp — 1 E[1Z],/"]
‘TP ¢ ZE[Z// } T—nt)3><

E | [log det (FLHY + A1 (QF'Q0) (I, +D?) ™) !‘1)

24

N

e *T(n, +3)
T'po

L(n,)
ST(T —ny +3)
D(T —n; +3)

< 2C244n,,3N¢ +

Ny
Tpo
+2¢o14n, 3(T — 1) x

 E Ulog det (H,HY + A1(QY'Q0) (I, + D)) ﬂ (232)

+2¢o44n, 30¢ |1 +

where the second step follows from (191) and because
|[E[X]|? < E[|X|?] for every random variable X; the third
step follows because by bounding d2 < Tp, p > py, and
|Tp—ne|/(Tp) <1+ n,/(Tpo), and by evaluating the third

moment of the gamma-distributed random variable Z,.
It remains to upper-bound the third term on the RHS of

(232). By (226) and (191), we have that
3
|log det (H H' + X1 (Q;'Qe)(1n, +D*)7)|
< cQ73|1og det (HZH',Z') |‘3

+ co3ni log® (1 + A(Hy, Qo). (233)

The expected value of |log det(H,H')|? is finite. Moreover,
the function = — log®(1 4 z) is concave for = > ¢ — 1. By
following similar steps as in (230), it can thus be shown that

E[10g3(1 +A(H,, Qz))} < log®(8)
{5log3 (1 4 et (§ - ”7‘)”7”) } (234)

Since 0 — & log®(1 + (nyn, + (T — n,)n,)/d) is continuous
on 0 < 9§ <1 and vanishes as § | 0, (232)-(234) yield that

(235)

+ sup
0<6<1

sup sup S(D,T,p) < oo.
p=>po DED,,

This is (66b).

APPENDIX V
PROOF OF LEMMA 9

Recall that (cf. (61) and (63))
U(D,T,p)
N n;
E ot
(Z_; (T P "
Tp — Ny - "

+ (T — ny) log det (HH} + A1 (Q)'Qe) (I, + D?)7Y)
— (T — nt)x

ntd
Tp

L) ()

— (T =)

2
x E[log det (HH} + A\ (Q}' Qo) (In, + D2)1)]> ] .
(236)

To prove Lemma 9, we first show that
U(D,T,p)=U*(D,T,p)+ Kz(D,T,p) (237)
where K7(D, T, p) is a function of D, T, and p that satisfies

lim sup |Kg(D,T,p)| =0;
P30 DeD,

(238)
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U*(D,T, p) £ Var(j*(D, Zj, Z},H,)); and
(D Zsz )
Tp T, (ny) & (md?é )
= mn, lo + log = + = -1z
' 5 T & Ly, (T) ; Tp ‘

Z Z//

—n¢ — n,) logdet (1, + D?)

+ ( — n) log det (H,HY') . (239)
We prove (237) by bounding (U(D, T, p) — U*(D, T, p))?
follows. For ease of exposition, let
A(Dv Zl[v ZZ7 HZv Q@)
£J(D,Z, 27, H,, Q) = J(D, T, p)  (2400)
A*(D, Zy, Z}’,Hg)
£ 5%(D,Z),Z},Hy) — J*(D, T, p). (240b)
It follows that
— Tk 2
(U(D,T,p) - U*(D,T, p))
— (E[(A(D.Z;, 2 H,, Q) - A*(D, 7}, Z{ , H)) x
2
% (A(D.Z;. Z{, Hy, Qi) + A"(D, ), Z{ Hy))) )
2

<E[(A(D, 2,2/, H,,Q)) - A"(D, 2,2 He)) E

x ¢2,2(U(D,T,p) + U*(D,T, p)) (241)

where the second step follows from the Cauchy-Schwarz in-
equality and from (191). By Lemma 8, U(D, T, p) is bounded
in p and D. Similarly, it follows from (191) that

U*(D,T,p)
> + 32 Var <Z {f4>
i1

<o (niTo — Tp)?
+c32(T — n¢)*Var [log det (HZH?))

e Va r(ZZ

i=1

(niTa = Tp)?
=C32—— 5 Ny + C3ang(T —ny
Ty (=
nyg—1
+eaa(T—mne)® > (n, — i) (242)
i=0

where we used that the variances of Zj, Z;,, and
log det (H,HY) are ny, (T — ny), and "0 &/ (n, — i),
respectively. Consequently, U* (D, T, p) is bounded in (p, D).

We thus obtain (237) by showing that the first expected
value on the RHS of (241) vanishes as p — oo uniformly in
D € D,. To this end, we first note that

A(D7Z25 /€/7H€7QZ)_A*(D7Z27 /Z/aHZ)
n - ! Uz S "
Ty DAy =)+ 7 3 (2~ (T =)
det (H,HY + X\ (QY l,, +D?)~!
+(T*Tlt)10g ( ¢ty 1(Q2Qﬁ)( ¢ ) )
det (H,HY)

_(T_nt)x

det (H,HY + A A l,,, +D?)~1
g L U QR 0]

det (H,H}')

25

Using that E[(X —E[X])?] < E[X?], we can thus upper-bound
the first expected value on the RHS of (241) as

E[(A(D, ), 2{, He, Qu) — A"(D. 2, 2}, Hy)’|

2 2
< c32 ((;;) ngn, + (;;) ne(T — ng) + (T — ng)*x

« E |:log2 <det (HHY + 2 (QF'Qo) (I, +D?)71) )] |
det (H,HY)
(244)

Since det(A + B) > det(A) for every pair of positive definite
matrices A and B [39, Th. 7.8.21], the fraction inside the log-
arithm function is greater than or equal to one. Consequently,
an upper bound on this fraction yields an upper bound on the
squared logarithm. Using that d? > &p, i = 1,...,ny, for
D € Dy, we obtain (I,,, + DQ)_1 < (14 6p)~ty,,, so for
D € D,, we can further upper-bound (244) as

E[(A(D, 7., 7! H,, Q) — A*(D, z@zg’,m)ﬂ

2 2
S C3’2 ((;ﬁ;) NNy + (;ﬁ;) ’I’Lt(T — nt) + (T — nt)2><

e B+ QIR 50 )
. det (H/H}') '
(245)

The RHS of (245) is independent of D and vanishes by the
dominated convergence theorem. Indeed, we have

1Int)

(246)

lim 10g2 det (I‘I@HE| + A1 (Q?Qz)(l + 5p)_
p—>00
= log® det (H,HY)

by the continuity of the logarithm function and the determi-
nant. Furthermore, by (191),
g2 (4t (HA + X (QFQ0)(1+5p) " 1n,)
& det (HL,HY)
< C2.2 10g2 det (H(le)
+ coplog” det (HHY + A (Q)'Qo)ln,) (247
because the numerator on the LHS of (247) is monotonically
decreasing in p. The expected value of the RHS of (245)

is finite (cf. (228)—(230)), hence the dominated convergence
theorem applies and

det(H,H' + ) H 146p)7 U,
i g (L QR0+ b))
p—00 det (H,H})
= 0. (248)
From (241)—(248), we obtain that
lim sup (U(D,T,p) — U*(D,T,p))* =0 (249)

p—00 DDy

which is (237).
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We next lower-bound U*(D, T, p) for D € D;. Indeed,

0*(D.T. )
Mt ntdgg ) , Nt "

— L)z, —n) — " (T —
(Z( 1) e ) = Yo )

+ (T — ny) log det (H,HY)

— (T — ny)E[log det(HgH'tZ')]) ]
e "t npd?
= Var (Z Zz//€> +E (Z (T;Z - 1)( 1y

i=1 )
+ (T —ny) <log det(H,H}') — E[log det(HzH?)D) 1

_ nr)

nyg 2
2E (Z( éfe— (T—nt))> ]

=1
= (T — ne)ny (250)
where the second step follows because {Z{;,...,Z] .}

and {H", Z{ ...

follows because {Z7;, ...,

with variance (7' — n;).
Combining (250) with (237), we obtain that

,Z) )} are independent, and the last step
T
Z) p} are ii.d. random variables

UD,T,p) > (T —ne)ne + Kg(D, T, p) (251)

which proves Lemma 9.

APPENDIX VI
PROOF OF LEMMA 10

Recall that U(D, T, p) = E [A%(D, Z}, Z/, Hy, Q) ], where
A(D,Z},Z},H;, Q) was defined in (240a). Further let

A,($7 Da ZZv ngHéa QZ) £ A(\/EDv ZZ» ZZvaa QZ)
*A(D,Z%, Z,Hg,Q[) (252&)

A+(.I‘, D7Z27 Zé/ava Qé) é A(\/EDa ZZ? Z)H€7 Qf)
+A(Da ZIZ7ZZ7H€7QK> (252b)

for > 0. Using that
AQ <\( gDv ZZ; ZZy HZv Qf) — A2(D7 ZZ; Z,/Z/v Hb Q[)

=A_ <27 Da sz ngHE» QZ) A+ (Zv Da ZZv Z,HEa QZ)
(253)

it follows from the Cauchy-Schwarz inequality that

U <\/§D7T‘7 p> - U(DaTa p)
< \/E [Aa (”, D,z;,zg,Her)] x
0]

x \/E {Ai <Z D, Z,,Z/ H,, Qgﬂ (254)

26
We next note that

sup sup E {Aﬁ_ (p’ D,Z;,,Z;, Hy, Qe)]
p=po DEDy, «

<2sup sup U (WD,T,p)

p>po DED,, @
+2sup sup U (D,T,p)
p=po DEDy,
<40 (T) (255)

for some constant U(7T') that only depends on 7' and any
po > 0. Here, the first inequality follows from (252b),
the inequality (a1 + a2)? < 2a? + 243, and because
U(D,T,p) = E[A%*(D,Z),Z], Hy,Qy)]; the second inequal-
ity follows from Lemma 8. We further have that

E |:A3- (Za D7 Zléa ZZ? Hf7 QZ):|

_ - P ntd?,f /
=E <;<a - 1)Tp( il —ny)
det(HzH?“nt + gDQ) + Al(Q?QgNM)
+ (T’ = n¢)log det (HHY (1., + D2) + A (QYQo)l,.,)
— (T — ’n,t)X
) E{lo det (HHH(1,, + £D?) + M(Q?QZ)IW)} ’
® "det (FLHY (1, +D2) + A (QFQ)1,) '

(256)

Consequently, using the inequalities E[(X — E[X])?] < E[X?]
and (a1 + az)? < 2a? + 2a3, we obtain

E |:Ai <Z7 D, Zl[? ZZv HZv Ql):|

2 ¢ 2 2
p ntdi Y ,
<9 £ Loz, —
+2(T — ny)? x

< E |:10g2 (det(HeH?Unt + £D%) + M (Q)'Qo)ln,) )}
det (FL,H (1., + D2) + A1 (QFQ)l,,,)

2
< 2(/) — 1) nin, + 2(T —ng)*x
a

o E|:10 Q(det(HeH'Z(lm + §D2) + )\1(Q|2Qg)|nt)>:|
&\ det (AT (1, +D2) + A1 (QV Q)1 )
p

<20 (£ 1) (nne + (7 =)

(257)

where the second step follows by bounding d7, < T)p and
because 7y ,...,Z], , are iid. with variance n,; and the
third step follows by upper-bounding the second term as shown
below (see (259)-(263)).

Combining (254)—(257), and using that, by the lemma’s
assumptions, we have Taw > Tp(1 —§) and 0 < § < 1/2,
so (p/a — 1) < 6%2/(1 — 6)> < 462, we obtain that
U (/ED,T,p) —U(D, T, p) is upper-bounded by

U(\/ED,T, p) —U(D,T,p) < 6Y(T) (258)
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where Y(T) £ 4n;\/2U (T)(nyn, + (T — n4)2?).
It remains to prove the last step in (257). To this end, we
first note that, since £ > 1,

det (HZHZH(lnf + §D2) + Al(Q?Qf)Int) >1
det (FH,H (I, +D?) + M (Q{' Qo)) —
An upper bound on the expected value in the second-to-last

line in (257) thus follows by upper-bounding the logarithm
inside the expected value. We have

E[lo (det(Hng (In, + £D%) + A (Q}! Qi)lm))]
® \det (L HI (., + D?) + M (QFQ)1,.,)

%)

Ay = (I, + DY) + M (Q)Qe)(HHY) (261)

This follows by writing £D? = D2+ (£ — 1) D? and by mul-
tiplying the matrices 1n51de the determinants in the numerator
and denominator by A, ' (H,H)~17

Using that logdet(A) < tr(A — I,,) for every n; X n;
positive-definite matrix A, (260) can be upper-bounded as

E [log2 det(lnt LA (Z _ 1) Szﬂ
: E[(tr<Az1<zl>D2>> |
(&) |

(259)

—E [mg? det(lnt +A? ( - (260)
«

where

IN
N
3

>

=~
S

+

W)

S

S—
>

B
/N
o /~
SRS

I

—
~——
W)

S
—
N———

N

n? (262)

where A (A) denotes the k-th largest eigenvalue of the matrix
A. Here, the second step is by von Neumann'’s trace inequality
[39, Th. 8.7.6]; the third step follows because, by Weyl’s
theorem [39, Th. 4.3.1],
1 1

< )
Ak (Ag) Ak (ln, +D?)
Combining (260) and (262) yields (257) and concludes the
proof of Lemma 10.

(A1) = (263)

APPENDIX VII
PROOF OF LEMMA 11

We begin by noting that, for every D € D,,,,

j(D,T,,O) = J_*(D,T,p) +KD1(D’T’ p) (264)

7The matrix HgH'lZ' has a complex Wishart distribution so, for n, > ng,
it is invertible with probability one [42, Th. 3.1.4].

27
where J*(D, T, p) is defined in (82) and
Kpl(D T) o (ntnr + nt(T nt)) + (T — ’I'Lt)X
det (H,HY + X H l,,, +D?)~1
s E[tog St AL+ M@ Q) + D7) )
det(HgHZ)

Since det(A + B) > det(A) for every pair of positive definite

matrices A and B [39, Th. 7.8.21], we have Kp,(D,T) > 0.

Furthermore, for D € Dy, we have d? > 6p, i = 1,...,n4.

This implies that (I,,, +D?) " < (1+6p)'l,,. Consequently,
Kp, (D, T)

n
< Ti (ngng 4+ ne(T —ny)) + (T — ng) x

H H S -1
< E {log det (H/H} + (;\;t(gﬁ%%l +dp) Int)]
2 Kp (T,p), DeD,. (266)
We further have that
‘log det (HZH? + 0 (QYQ) (1 + Sp)_llm) ‘
< |log det (H,HY)]|
+log (1 + det (HHY + A1 (Q)'Qo)ln,)) (267

whose expected value is finite (cf. (226)—(230)).2 By the

continuity of the logarithm function and the determinant, and

by the dominated convergence theorem, we thus have that
lim sup E[log det (HgH@ +1(Q7Q) (1 + gp)_llnt)]

pP—r00 DeD;,

= E [log det (H,H}')] . (268)
Combining (268) with (266) yields then that
J(D,T,p) < J*(D,T,p) + Kp,(T, p) (269)

for a nonnegative constant Kp, (T, p) that only depends on

T and p and that satisfies lim, ,. Kp,(T,p) = 0. Since
Kp, (T, p) does not depend on D € Dy, this gives
- U(D,T, _
sup {J(DvTa p) - %Q 1(6)}
DeD,
- UD,T
< sup {J*(DaTv p) - (7”0)62_1(6)}
DeD, L
+ Kp, (T, p). (270)

We next show that, for p > pg, L > L and sufficiently
large pp and Ly, the supremum over D € D; can be replaced
by a supremum over all matrices D € D,,, that satisfy tr(D?) >
Tp(1 — K(T)/L). To this end, we show first that, for p > p(*)
and a sufficiently large p(!), we can assume without loss of

optimality that
KO T 1)
tr(D?) > Tp(l - (,p)>
VL

for a constant KM (T, p(1)) that depends on 7" and p(*). We
then gradually improve this bound on the trace until we obtain
the desired result.

271)

8Equations (229)—(230) demonstrate that the expected values of the
squared logarithms are finite. This implies that the expected values of the
absolute values of the logarithms are finite, too, since by Jensen’s inequality
E[|X]|] < +/E[X?] for any random variable X.
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A. Lower Bound on tr(D?): First Round

Recall that « = tr(D?)/T’, and define D £ D/ /a. Clearly,
tr(D?) = T and, for D € Dy, ndp/T < o < p. We then
compare

_ _ U(y/pD, T

J*(\/pD, T, p) — WT”’J)Q*%) 272)
with

J*(v/aD, T, p) — @Q—l(e). (273)

Intuitively, every « for which (272) is larger than (273) is
suboptimal and can be discarded without loss of optimality,
since multiplying the matrix D by \/p/a would increase the
difference (273).

To formalize this argument, we define the function

70,7, p) | LT

U(y/aD, T, p)
L

fr.p(@,D) £ Q' (e)

— J*(VaD,T, p) + Q' (e)

and analyze for which values of n;6p/T < a < p it is
nonnegative. Indeed, Lemma 8 implies that there exists an
U(T) that depends on T" and an arbitrary pp > 0 such that

0<U(D,T,p) <U(T), (275)

(274)

D € Dy,, p > po.

Consequently, when T = n; + n,, the function fr, ,(-) can be
lower-bounded as

frpola, D)

Tp To
NNt

/ 010,10 JDTp

Tp—Ta |U _
= prntnt TQ 1(6) (276)
which is positive if
VI 077
a<p AL —
VL

It follows that we can assume without loss of optimality that
(D) > Tp (1 — KO(T, po)/\/Z), where
Q™' (o)

TNy

KM(T, po) = /U(T) (278)

Similarly, when T' > n; + n,, the function fr, ,(-) can be
lower-bounded as

frpla, D)
Tp Ta det(l,, + pD?)
p—ra _ log —o\ine T P2 )
nny + (T — ng —n,) log det(l,, +aD2
D T, p)

[U fDTp

28
det(l,, + pD? Ur) .
> (T —ng —n,)log d(jt((ln,: n ZDQ)) - (L )Q l(e)
f(Ll)p(oz D). (279)

Using that D is a diagonal matrix, the first derivative of f @)
with respect to o can be computed as
nt dQ

9 _
(1) T -n) Y
dalry(® D) =—(T=n—n) 1+ ad?

(280)

where d; denotes the i-th diagonal element of D. Furthermore,
by definition, we have d; = d;/+/«, so for every D € Dy

&Z>"=>46, i=1,... (281)

y Tt

SEES

since, for such D, we have that d? > §p and n;0p/T < a < p.
It follows that

) - )
ey D) < -
(%zihp(a’ )= 1+ ad
which is strictly negative and bounded away from zero for
every n;0p/T < a < p. Thus, f ( ) is a strictly decreasing
function of n;:6p/T < a < p.

We next note that

£ (0 \/ LArE

—(T—?’lt -

Ny )Tt (282)

(283)
and
w (nop
()
det(l,, + pD? U(T)
(T = ny — ny) log —38 R ) JU@) gy
det(l,, + 252D?) L
1+ pd U(T)

> (T — ny — ny)ng log — — Q '(e) (284)

1+ %p L
where the inequality follows because the first term is mono-
tonically increasing in the diagonal elements of D and d? > 6,
i =1,...,n;. The first term on the RHS of (284) depends on
p but not on L, and it converges to

(T — ny — ny)ny log % (285)

U
as p — oo. Since J, as defined in (54), is strictly smaller than
T /n., this expression is strictly positive. Similarly, the second
term on the RHS of (284) depends on L but not on p. Thus,
we can find a p!) such that, for p > p*) and T > n; + n,.,

1+ pd 1 T
(T — ny — ny)ny log * /{2 > —log —=. (286)
14+ % 2 no
This in turn implies that
m (100 5) 5 Ly, T 287
va/’(T’ _40gnt5>0 (287)
for p > p() and
-1 2
L>LW 2160(T) (Q (T€)> . (288)
IOg ﬁ
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We conclude that, when T > n; + n,, p > pI, and
L>LW, o~ f(1 (a D) is a strictly decreasing function
that is positive at & = ny0p/T and negative at & = p. We
can thus find an aé )(D,L,p) such that i(Ll)p(a, D) > 0 for
a < ay’(D,L,p) and f) (a,D) <0 for a > af” (D, L, p).
Defining o
ag (D, L,p)
p

this implies that we can assume without loss of optimality that
a>p(1-4 1)(D L, p)). We next show that, for p > p(!) and
L > LMW, we have that 5" (D, L, p) < KO(T, p)/v/L for
a constant K (T, py) that depends on T and p(). It then
follows that, for such p and L, we can assume without loss
of optimality that tr(D?) > T)p(1 — KW(T, py)/V'L).

To upper-bound 661)(D,L,p), we apply the mean value
theorem [43, Th. 5.10] to express i(l) (+) as

I (0.0) = 11 (p.D) = 1) (o (D, L, ). D)
P _
_ / ) le’)p(a, D)da

o (D,L,p)

5)(D,L,p) 21— (289)

— (1) =
= p05" (D, L, p)f , (@,D)
for some & between a((jl)

by f () the derivative of a — f(l) (o, D) with respect
to a. In (290), the first step follows because by definition,
f(l) (aol)(D L,p),D) = 0; the last step follows by the

definition of 5{"(D, L, p). Together with (280)-(283), this
yields that, for every p > p(!)

J2) (0.D)
T
pf, (@ D)
CRQ ()
= ny JZ
p(T —ng —n.) > 00 Trad

W (7, HM)
o KT p)

(290)

(D, L, p) and p. Here, we denote

sV (D, L, p) =

< L (291)
where
W (1)) & VU(T)Q ™ (e)
KWYW(T,p\") = (1 + 6p(1)> T =y —mnyne (292)

In (291), the third step follows by bounding d? > §, & < p,
and p > p(M),

B. Lower Bound on tr(D?): k-th Round

Suppose that, for p > p*=1 and L > L= (for some
p¥*=1 and L*~1), we can assume without loss of optimality
that

tr(D?) > Tp(l - 5<’H>). (293)

We next show that, in this case, we can also assume without
loss of optimality that

tr(D?) > Tp (1 - K(T)g(kl)> (294)

29

for p > po, L > Ly, and sufficiently large po and L that
depend on (T, p™), LM but not on (p, L, k), where K (T) is
a constant that depends on 7. Indeed, using Lemma 10, we
can lower-bound U (y/aD, T, p) as

U(v/ab, T, p) > U(y/pD, T, p) -

where Y(T) is a constant that depends on T'. Together with
the bound va — b > v/a — v/b, a > b, this yields that

U(y/aD,T, p) U(,/pD, T, p) Y (T)sk-1)
IR 5 |JOPRTA) _ JXOED,

(296)

T(T)s*=Y  (295)

Note that the condition U(,/pD, T, p) > Y(T)5*~1), required
to apply the inequality va—b > a — /b, is satisfied
for sufficiently large p and L. Indeed, by Lemma 13, we
have that U(,/pD,T,p) > T?V(T)/2 for p > p' and
some sufficiently large p’, where V(T) was defined in (10).
Furthermore, 6(1) = KM(T, p(1)) /y/L and, as we shall show
in (314)~(317) below, we have 5 < =1 | =23, ...
for L > L° with L° defined in (316). We thus obtain that
U(ypD,T,p) > Y(T)6%*~Y, k=2,3,... when p > p’ and

LzL’émax{L°,<2T( )K(l(() (1))>2}. (297)

T2V
We next use (296) to lower-bound f7, ,(-). Indeed, when T' =
n + n,., we have

frpla, D)

Tp To
. Ty

|U \fDTp

U DTp
1)

Tp—Ta §k—
> prntnt \/ TQﬂ(f) (298)
which is positive if
1 2
(Qn n(ﬁ)) T(T)§¢k=1)
a<pl|l- i (299)

L

It follows that we can assume without loss of optimality that
(294) holds for Ly = L’ and

K(T) = T(T) (Q_l(e)>2.

NNy

(300)

We next consider the case where 7' > n; + n,. In this case,
we can lower-bound f1, ,(-) as

frola, D)
Tp Ta det(l,,, + pD?)
ngne + (T — ny — n,) log det(l,, +OzD2
D T,p)

|U \fDTp
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det(l,,, + pD?)

> (T —ns — 1 =
= ( Tt nr) Og det(lnt +aD2)
Y(T)6tk=1)
T g

£ f"(a,D).

Since f(k)p() differs from f
independent of «, it follows that

f(’“)( a,D) =

(301)

)(-) only in terms that are

7, (a,D).

-

(302)

Consequently, o — f (a) is a strictly decreasing function

on n0p/T < a < p. Furthermore

(k 1)
J (0.0 \/ (303)
and
() (M0P 5
1, ("70)
(T =y — ) log det(l,, + 352)
det(l,, + “22D2)
T 5( —1)
1+ pd
> (T —ny —ny)ng log HTpV
T (k—1)
5 (304)

similar to (284). Followrng the same steps as in (285)—(287),

we can lower-bound the function i(Lkz)() as
5 1 T
" ”t P B) > Zlog = >0 (305)
4 Tlt5
for p > p() and
2
-1
L> L") £ 167(T)6*1) L(Tﬁ) . k=23,...
log s
(306)
Since 61 = KW(T, p())/+/L, we have that
2 (1) (1)
Lf _ T(T)K _ (Tv p ) (307)
LW VLU(T)
and L) k-1
The former ratio is less than or equal to 1 if
TTYKD (T, oY) 2
u(T)

The latter ratio is less than or equal to 1 since 5k < §k—1) .

k=2,3,... for L > L°, as we shall show in (314)-(317).
Compqring (297) with (309), we further note that L < L’
since V(T)T?/2 < U(T) for p > p'. Consequently,
nop ~ T
fL,p( ) D) 4 IOg (5 07

k=23,... (310)

30

for p > max{p™), p'} and L > max{L™M) L'}.

We conclude that, when T > n; + nr, p > max{pM, o'},
and L > max{LW L'}, a ~ f ( D) is a strictly
decreasing function that is positive at a = nydp/T and
negative at « = p. We can thus find an a(()k)(lj,Lp) such
that f(k) (a, D) > 0 for a{"(D, L, p) and igcl(a, D) < 0 for

a> a(k)(D,L, p). Defining

o
o (D, L, p)

(Sék)(D7L,p) £ 1- o

(311)

this implies that we can assume without loss of optimality that
a > p(1—6S(D, L, p)). Following the steps in (290)—(291),
and using (302), it can be shown that, for p > max{p"), p'}
and some & between n;0p/T and p,

[P0,
™ 2 5)

piLyp
(k—1)
QT

5" (D, L, p) =

B ng d?
P(T =ne =) 30ly a7
K(T)o0—D)

< i3 (312)

K(T) = Y(T) (1 + 5p1(1))2<(T %:1(63%)%)2. (313)

Thus, we can assume without loss of optimality that (294)
holds with pg = max{p™), p’} and Ly = max{L™M) L'}.

It remains to show that 6(*) < §*=1 L =2 3 ... Indeed,
by (294),
) K(T)§(k=1)
5k = L, k=2,3,... (314)
L
Since 6 = KW(T, p(1))/+/L, we obtain for k = 2 that
52 K(T
o= @) (315)
50—\ KO(T, p0) L1
which is less than or equal to 1 if
L>IL°2 7K(T) i 316
=4 \koa,m) 1o

Furthermore, if 6¢~1 < §*=2) then we also have §*)

§(k=1) since the square-root function is a monotonically
increasing:
(k—1) (k—2)
5 — \/K(T)(S - \/K(T)(S _ 56D 317
L L
We conclude that 6(*) < 6~V k. =23,... for L > L°.
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C. Lower Bound on tr(D?): Limit as k — oo

In the previous section, we have demonstrated that, for p >
po and L > Lo, we can assume without loss of optimality that

(k—1)
tr(DQ)sz<1— K(T)]fj> kE=1,2,... (318)
where
W7 M
s = KT p) (\/Tip ) (319a)
(k—1)
6k = %, k=2.3,... (319b)

Since pg and Ly do not depend on k, this implies that we can

assume without loss of optimality that

K(T)s
L

tr(D?) > Tp (1 - ) p>po, L>Lo (320)

where § £ limg_, o %) is the limit of the sequence {5(”“)},
which exists since the sequence is nonnegative and decreasing.
We next determine §. By the continuity of the square-root
function, we obtain from (319b) that § must satisfy

K(T)o
0 =1/ ————. 321
17 (321)
This equation has the two solutions
K(T
6=0 and 6:Q. (322)

L

It follows that 6 < K(T)/L, which together with (320)
demonstrates that, for p > pg and L > Ly, we can assume
without loss of optimality that

K(T
tr(D?) > Tp(l — LL )>. (323)
Applied to (270), this in turn demonstrates that
T U Da Ta _
sup {J(D,T,p) - %Q 1(e)}
DeD;
- U, T
< s {7om -T2
DeD,, : L
r(D?)>Tp(1— £
+ Kp,(T,p), p=>po, L> Lo (324)

which is Lemma 11.

APPENDIX VIII
PROOF OF LEMMA 12

To maximize J*(D,T,p) over D € D, we note that
the term in J*(D,T,p) that depends on D is (T — n; —
n,)logdet(l,, + D?). By the concavity of the logarithm
function and Jensen’s inequality, we have for all diagonal
matrices D satisfying tr(D?) < T'p

T
log det(l,, + D?) < n, log (1 + p) (325)
uz
which holds with equality if d7 = Tp/n;, i = 1,...,n;. Since

5, as defined in (54), does not exceed T'/n;, this choice of d?

31

satisfies d? > Sp and, hence, the corresponding D lies in D;.
Thus,

T
sup logdet(l,, + D?) = n, 10g<1 + p) (326)
DeD, Tt

which together with the definition of J*(D,T,p) in (82)
proves Lemma 12.

APPENDIX IX
PROOF OF LEMMA 13

By replacing in (237) D by \/p/aD, we obtain that
U(\/p/aD,T, p)
- U*(s/p/aD,T, p) + KU(\/p/aD,T, p) (327)

where K7 (D, T, p) is a function of D, T, and p that satisfies

lim, 00 SUppep, [Ki (D, T, p)| = 0.
We next evaluate U*(D,T,p) for D = /p/aD. Note

that the trace of D is equal to T'p, so the corresponding
& = tr(D?)/T is equal to p. It follows that

(o)
(0%

(Z(”Tda 1)z n) -

=1 i=1

=E

T —ny))

+ (T —ny) (log det (H/H}') — E[log det(HlH?)])> ]

ne n d2 Tt
:Var<g (;Z’e—l) £e>+Var<E Z{’[>
o : :
im1 i=1

+ (T — ny)*Var (log det(H,HY'))
+ 2(T — TLt)X

ned?
y Z( il >E[( 1(,5 _nr)logdet(HeH?)]
> Var (i

=1

it

nyg—1

(T —n)* Y ¥ (n, —
=0

where the second step follows because {Z7;, ...,

Z;l’t)L} and

{H!,Z{,,...,Z], .} areindependent, so the term depending
on {Z{y,..., 2] ;}is uncorrelated with the other terms; the

third step follows because the first term is nonnegative and the
last term is zero, since E[(Z] ,—n,) log det (HHY )] does not
depend on ¢ and the sum over ¢ is zero because d1 o+
a2, ¢ = T'o; the fourth step follows because the variance of
log det(Hng'Z') is S W (n, — i) (Lemma 7).

The RHS of (328) is equal to T2V (T)) (with V(T') given
in (10)), so

U(\/ED,T, ) = TV (T) + Ko(D.T. )

where, with a slight abuse of notation, we replace
Kg(y/p/aD, T, p) by Kg(D, T, p). Since the set of matrices

(329)
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Dy £{D € D,,: D= /p/aD,D € D} is contained in Dy,
we have that

sup Ku(\/pD,T,p)‘ < sup |Ky(D,T,p)|  (330)
DeDy o DeDs
so the constant Ky(D,T,p) in (329) satisfies
lim, o suppep, |[Kg(D,T,p)| = 0. This proves the
lemma.

APPENDIX X
PROOF OF LEMMA 14

We begin with (264) and optimize over D € Ds. A lower
bound on J(D, T, p) follows by noting that Kp, (D,T) > 0,
so for every D € D,,,

J(D,T,p) > J*(D,T, p). (331)

To obtain an upper bound, and to optimize J*(D,T, p) over
D € D,, we have to distinguish between the different cases of
df, i=1,...,n; that can occur for D € Ds. Indeed, without
loss of optimality, assume that the diagonal elements of D are
ordered so that d; < ds < ... <d,,. Then, for every D € D,
we have that

d?<ép, i=1,...,n (332a)
a2 >0p, i=np+1,...n (332b)
for some n; = 1,...,n;. We need to distinguish between the
following two cases:
1) d; tends to infinity as p — oo for all ¢ = 1,...,ny;
2) there exists a finite p such that d; < p fori=1,...,n,

and some ng, =1,...,ng.
We analyze the former case in Appendix X-A and the latter

case in Appendix X-B. We then combine both cases in
Appendix X-C.

A. Unbounded d;

When lim,_,,, d; = oo for every ¢ = 1,...,ns, we can
find a £(p) satisfying lim,_, £(p) = oo such that d? > £(p),
i =1,...,n. It follows from (264) and (265) that

J(D, T, p)
= J*(D,T,p) + % (nene + (T —ng)) 4+ (T — ny) X
< E |:]0 det(HeH'Z + /\1 (Q?Qg)(lnt + D2)_1):|
§ det (FL HT)
< J*(D,T,p) + % (e + (T = ) + (T = ny) x
CE {10 det (HH}' + A1 (Q)'Qo) (1 + f(p))1|m):|
& det (H,H})

where the last step should be viewed as the definition of
Kp, (T, p). Consequently,

J(D.T,p) < J*(D.T, p) + Kp,(T.p)

and, by the dominated
lim,_, Kp,(T,p) =0.

(334)

convergence  theorem,

32

We next optimize J*(D,T,p) over D € Ds. To this end,
we recall that the only term in J*(D, T, p) that depends on D
is (T —n¢ — n,) logdet(l,, + D?). Defining >_i"*, d? £ d,,,,
and using the concavity of the logarithm function and Jensen’s

inequality, we have that, for all diagonal matrices D in D,

log det(l,,, + D?)

nt

nk
=Y log(1+d})+ Y log(l+dy)
=1 i=ni+1
d, Tp—d,
< g 1og(1 + ) + (ny — nk)log(l + M)
Nk Ny — Nk
_ Tp—46
< log (1 +dp) + (ns — 1) log (1 n plp) (335)
ny —

where the second step follows from Jensen’s inequality and
because Y d? < Tp, so Yt o d? < Tp—dy,; the
third step follows because the expression is monotonically
increasing in d,, < nidp and monotonically decreasing in
ng=1,...,n¢.

The inequality (335) holds with equality if d? = &p and
d? = (Tp—0p)/(ng — 1), i =2,...,n,. It follows that

sup J*(D, T, p)
DeDy

Ty, (T)
+ (T — ny)E[log det (HeHIZ)]

. T-5 \"
+(T'—=ny —ny)log| (L+0p){ 1+ p
nt—l

T
= nyn, log n—p + log —ng(T — ny)
t

£ jDz (Ta P)

We conclude from (334) and (336) that, when d; tends to
infinity as p — oo for every ¢ = 1,...,n;, we have that

sup J(D,T,p) < Jp,(T, p) + Kp,(T, p).
DeD-

(336)

(337)

B. Bounded d;

For every D € D,,, the term J(D,T,p) can be upper-
bounded as

J(D,T,p)
T T, (n Ta—T
= ngn, log n—tp + log Fnt((jf)) + ( Ty p> NNy
— nt(T — nt) + % (ntnr + nt(T - nt))

+ (T — n¢ — n,) log det(l,, + D?)
+ (T — ny)E[log det (HHY + A,(QF'Q0)(1,, +D?)71)]

T Ty
< nyn, log i + log (ne)

— (T —
Tt Fnt (T) nt( nt)
n
+ —t(ntnr +n(T — nt))

Tp
+ (T — ny — n,)logdet (1, + D2)
+ (T — n4)E[log det (HLHY + A1 (QY'Qo)l,)]-

To optimize the RHS of (338) over D, we note that
the only term that depends on D is again (T' — n; —

(338)
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n,)logdet (I,, + D?). Following similar steps as in (335), it
can be shown that, for all matrices D satisfying

2 <p, i=1,...,n (339a)
d?<ép, i=ng+1,...,np (339b)
d?>6p, i=np+1,...,n (339¢)
for some ny, = 1,...,np, np = 1,...,n4, and p > p/0, we

have that
log det (I,,, + D2)
< nglog (1 + p) + (nk — ns)log (1 + 6p)
Tp—mnsp— (ng — ns)ts,o)

+ (ng — ng) log (1 +

ne — Ng
T
<log(1+p)+ (e — 1) 10g<1 + n”f) (340)
.

where the second inequality follows because, for p > 5/6, the
expression is monotonically decreasing in ns and ng. Thus,
for all matrices D satisfying (339) and p > p5/0,

J(D, T, p)
Ly, (ne)
T, @

n
+ Tilto (neny +n (T —ny))

T
< ngn, log L + log
Ny

To— 5 ng—1
+ (T — ny —n,)log (1+p)<1+n{)>
=

+ (T — ny)E[log det (H,HY + X1 (Q}'Qo)l», )]

= Jp, (T, p). (341)
C. Combining both cases
We obtain from (331) and (336) that

DeD,
Similarly, we obtain from (337) and (341) that, for p > p/ J,

sup J(D,T,p)
DeD-

< max{Jp,(T, p) + Kp,(T,p), Jp,(T,p)}.  (343)

We next show that, for sufficiently large p, J_{,Z (T,p) <
Jp, (T, p) + Kp,(T, p). Hence, for such p,

sup j(D7 T, p) < jDz (T, P) + KDz (T, P)-
DeD,

Indeed,
jDz (Ta ,0) - j/DQ (Tv p)

. T-5 \"*
= log (1+5p)<1+ p)
ng — 1

(344)

y Tp—p\""
—log|(1+p) 14+ ———
nt—l

det (H,HY) ]

+(T —ny)E {log det (H/HY + X1 (QY Qo)1)

33
1435 ne—1+Tp—0dp
Og<1+ﬁ)+(nt )Og(nt—HTP—ﬁ
det (H,H}) ]
+(T — ny)E|lo - (345
( t) [ & det(HHY + 2 (QFQ)1,,) .

The first term on the RHS of (345) tends to infinity as p — oo.

The remaining terms are bounded in p > 5/6. Thus, for p > pg

and a sufficiently large pg, the RHS of (345) is strictly positive.

Since Kp, (T, p) vanishes as p — oo, (344) follows.
Combining (344) with (342), we conclude that

Jp,(T,p) < sup J(D, T, p)
DeDs

< jDz (Tv p) + KDz (T, ,0) (346)

for a sufficiently large pg, and p > po, which is Lemma 14.
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