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Abstract—This paper studies the capacity of massive random-
access networks modeled as a multiple-input multiple-output fad-
ing channel with infinitely many interfering users. The network is
assumed to operate in a noncoherent regime, where transmitters
and receivers know the fading statistics but not their realizations.
Users access the network via random activation with a given
probability. To characterize the symmetric sum rate, a random-
coding argument is invoked together with the assumption that
users and interferers draw their codebooks according to the
same distribution. For this channel model, rigorous upper and
lower bounds on the network capacity are derived. The behavior
of these bounds depends critically on the spatial decay of the
large-scale fading statistics from interfering users. In particular,
if the large-scale fading coefficients of the interferers (ordered
according to their distance to the receiver) decay exponentially
or more slowly, then the capacity is bounded in the transmit
power. This occurs because the aggregate interference scales with
the transmit power, and reveals an inherent saturation effect in
interference-limited networks. Moreover, in this regime, random
user activity cannot fundamentally eliminate the resulting ca-
pacity ceiling. In contrast, if the large-scale fading coefficients of
the interferers decay faster than double-exponentially, then the
capacity becomes unbounded in the transmit power. Note that
proving an unbounded capacity is nontrivial even if the number
of interfering users is finite, since the condition that the users’
codebooks follow the same distribution prevents interference-
avoiding strategies such as time-, frequency-, or code-division
multiple access, and cooperation among users associated with
different access nodes is not allowed. An unbounded coding
rate is achieved by using bursty signaling together with treating
interference as noise.

Index Terms—Channel capacity, fading channel, massive mul-
tiple access, noncoherent, random access, wireless networks.

G. Villacrés has been partially supported by the Comunidad de Madrid
within the 2023-2026 agreement with Universidad Rey Juan Carlos for the
granting of direct subsidies for the promotion, encouragement of research
and technology transfer, line of Action A Emerging Doctors, under Project
OrdeNGN (Ref. F1177). T. Koch has received funding from the European Re-
search Council (ERC) under the European Union’s Horizon 2020 research and
innovation programme (Grant No. 714161), from the Spanish Ministerio de
Ciencia, Innovacién y Universidades under Grants PID2024-1595570B-C21
(MICIU/AEI/10.13039/501100011033 and ERDF/UE), PID2020-116683GB-
C21 (AEI/10.13039/501100011033), TEC2016-78434-C3-3-R (AEI/FEDER,
EU), and RYC-2014-16332, and from the Comunidad de Madrid under
Grant IDEA-CM (TEC-2024/COM-89). An earlier version of this paper was
presented in part at the 2016 IEEE International Symposium on Information
Theory, Barcelona, Spain, July 2016 [DOI: 10.1109/ISIT.2016.7541766] and
in part at the 2020 IEEE International Symposium on Information Theory, Los
Angeles, CA, USA, June 2020 [DOI: 10.1109/1S1T44484.2020.9174034].

G. Villacrés is with the Department of Signal Theory and Communi-
cations, Universidad Rey Juan Carlos, 28942 Fuenlabrada, Spain (email:
grace.villacres @urjc.es).

T. Koch and G. Vazquez-Vilar are with the Department of Signal Theory and
Communications, Universidad Carlos III de Madrid, 28911 Leganés, Spain,
and also with the Gregorio Marafién Health Research Institute, 28007 Madrid,
Spain (emails: tkoch@ing.uc3m.es, gonzalo.vazquez@uc3m.es).

I. INTRODUCTION

HE rapid evolution of modern and future wireless com-

munication technologies is driven by the growing demand
for enhanced data rates, extended coverage, and improved
scalability. Emerging applications, such as high-speed mobile
broadband, the Internet of Things (IoT), and machine-type
communications (MTC), require networks to support both
human users and a vast number of interconnected devices. As
a result, technological advancements are not only improving
user experiences but also addressing the increasing complexity
of managing heterogeneous devices and services [1]-[3].

A key factor in this transformation is the exponential growth
of 10T devices. According to the IoT Analytics Report [4],
the number of connected IoT devices is expected to reach
40 billion by 2030. This growth, coupled with the rising
number of network users, is expected to significantly increase
data traffic and place higher demands on data rates. To meet
these demands, future wireless networks will rely heavily on
radio access network densification. However, this densification
also introduces new challenges, particularly in handling traffic
bursts. These bursts, often caused by sporadic user activity
or the unpredictable nature of IoT and MTC devices, can
overload network resources and degrade performance if not
properly managed [5].

In this context, wireless communication technologies are
evolving along two main paradigms:

Enhanced mobile broadband (eMBB) supports applications
that require high data rates and depend on dense network
deployments and advanced interference management. These
systems are typically deployed using a cell-based network
architecture (see Fig. 1a) and use, for example, femtocells and
macrocells to share network resources effectively. However,
this densification, while enhancing capacity, also increases the
risk of inter-cell interference as the number of communicating
users grows. Since interference is one of the main limiting
factors for achieving higher data rates, its management has
been the subject of several studies; see, e.g., [6] and references
therein.

Massive machine-type communications (mMTC) in turn, is
tailored for massive connectivity, focusing on supporting a
large number of devices with sporadic activity, as seen in IoT
systems. This approach typically employs a cell-free network
architecture, allowing devices to communicate directly with
multiple access points (see Fig. 1b). Access to the network is
often based on grant-free random access, enabling devices to
transmit data without waiting for scheduling or resource allo-
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Fig. 1. Comparison of eMBB and mMTC network architectures.

cation [2], [7], [8]. In scenarios involving hundreds of millions
of potentially connected devices, Polyansky [9] introduced
the concept of unsourced random access (URA). In URA, all
users share a common codebook, and the active users select
codewords from it to transmit their messages. The receiver
focuses on decoding the content of the messages without
needing to identify the individual users, thereby reducing
signaling overhead. In this scenario, inter-user interference
also becomes a critical challenge due to the large number of
potentially transmitting devices.

A. Research Scope and Problem Statement

There are several lines of research that have studied different
aspects of wireless networks. For example, the impact of
interference in wireless networks was investigated under the
framework of the interference channel; see, e.g., [10]-[12].
While, traditionally, it was assumed that in these networks
interference is always present, more recent works have also
considered intermittent/bursty interference due to intermittent
user activity (as in IoT networks) or opportunistic frequency

reuse among cells [13]; see, e.g., [14]-[16]. More recently, the
problem of a massive number of users accessing sporadically
a wireless network was studied under the frameworks of the
many-access channel [17] or massive random access [9]. In
the many-access channel, the number of users accessing the
network grows to infinity with the blocklength to model a
massive number of users. This problem has attracted sig-
nificant attention in the information theory literature, with
contributions ranging from achievability and converse bounds
for Gaussian channels [18]-[22] and fading channels [23]-
[25] to the development of practical coding schemes for this
setting [21], [22], [26]-[32]. When the number of users grows
without bound alongside the blocklength n, the number of bits
each user can reliably transmit scales sublinearly in n [17]. In
fact, many of the aforementioned works assume that each user
transmits a fixed number of bits. This implies that the number
of bits that each user can transmit per channel use vanishes
as the blocklength tends to infinity.

A different approach to studying the fundamental lim-
its of wireless networks was followed by Lozano, Heath,
and Andrews [33], who modeled the wireless network as a
multiple-input multiple-output (MIMO) block-fading channel
and then studied its capacity. They showed that the maximal
coding rate achievable with channel inputs of the form v/PX
(where X is normalized, so that P represents the transmit
power, and the distribution of X does not depend on P) is
bounded in the transmit power P. This suggests that there is a
saturation regime where the channel capacity hits a ceiling
that is independent of the transmit power. However, while
Gaussian inputs can be written in the above form, limiting the
analysis to such inputs may be overly restrictive and could
potentially be the reason for a bounded coding rate. In fact,
it was shown in [34, Th. 4.3] that, for noncoherent point-
to-point fading channels, the rate achievable by such inputs is
bounded in the transmit power. For a more detailed discussion,
see Section III-C.

In this paper, we also model the overall wireless network as
a MIMO fading channel. To enable analytical tractability and
gain insight into fundamental performance limits, we adopt a
number of idealized modeling assumptions. In particular, we
assume that there is an infinite number of interferers to model
a massive number of users. More precisely, we consider a
network where nr users are associated with an access node
(AN) equipped with ny antennas, which may represent a base
station in a cellular network or access points in a cell-free
architecture. Inter-AN interference arises from users associated
with neighboring ANs. Users associated with the same access
node (AN) are allowed to cooperate. This allows us to model
the users as a virtual multi-antenna transmitter and enables
analytically-tractable converse bounds. In practical systems,
user cooperation may incur significant overhead, e.g., for user-
activity detection and scheduling [35]-[40], which we do not
account for. Nevertheless, since user cooperation can only
increase the achievable rates, the derived converse bounds
remain valid even when such cooperation is only partial or
absent in practice. In contrast to the vast literature on massive
random access, we assume that there is an infinite number of
interferers (rather than a number of interferers that grows with
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the blocklength), but we account for path loss to ensure that the
interference from distant users diminishes, thereby permitting
the transmission at a positive coding rate. Furthermore, we
consider intermittent user activity, i.e., users access the net-
work at random with a given activity probability. We invoke
a random-coding argument and assume that the interferers
draw their codebooks according to the same distribution as
the ny users associated with the intended AN. This can be
viewed as a generalization of the commonly-adapted Gaussian
codebook model and aligns with large-system analyses. Apart
from the power constraint, we do not impose any further
restrictions on the channel inputs. In particular, we do not
assume that the inputs are of the form /PX for a random
variable X independent of P. We believe our model captures
the essence of both eMBB and mMTC scenarios. Specifically,
the eMBB scenario corresponds to the above model for general
nr and ng, allowing multiple simultaneously active users and
multiple receive antennas at the base stations (see Fig. la).
In the mMTC regime, the massive number of devices is
modeled through an infinite number of interferers. Sporadic
user activity across the network ensures that the number of
simultaneously active users per access point and per resource
block is typically small (see Fig. 1b). In contrast to an earlier
version of this work [41], we treat interference at a per-user
level rather than a per-cell level, thus capturing the impact of
user activity more accurately. This model better approximates
new-generation wireless communication systems, which are
expected to support emerging loT and machine-to-machine
(M2M) communication services, typically characterized, as
mentioned before, by a massive number of IoT devices with
different types of data traffic and sporadic, bursty activity of
the individual users.

B. Contributions and Organization

We analyze the behavior of channel capacity in noncoherent
wireless networks at high transmit power, focusing on the sce-
nario where users and receivers only know the statistics of the
fading coefficients, but not their realizations—an assumption
that we believe is realistic when the number of interferers
is large. We establish explicit conditions under which the
capacity remains bounded in the transmit power, revealing a
severe power inefficiency in these networks. Our key findings
can be summarized as follows:

1) Bounded capacity in noncoherent wireless networks:
We rigorously establish an upper bound on the channel
capacity, showing that capacity remains finite under
practical fading conditions. Specifically, we prove that if
the variances of the fading coefficients of the interferers
decay at an exponential rate or slower, then the channel
capacity is bounded in the transmit power. Thus, the
presence of interference fundamentally limits the achiev-
able rate, regardless of how high the transmission power
is. This insight is validated through well-known propa-
gation models, including the free-space path loss model,
the two-ray model, and the Okumura-Hata model.

2) Unbounded  capacity under  faster-than-double-
exponential fading decay: We establish that, if the

variances of the fading coefficients of the interferers
decay faster than double-exponentially, then the channel
capacity is unbounded in the transmit power. This
result highlights the critical role of the decay rate of
fading variances in determining fundamental limits on
information transmission.

3) Effect of interference burstiness: To establish the
unbounded capacity-growth for faster than double-
exponential fading decays, we propose an intermittent
signaling scheme that artificially induces interference
burstiness, creating opportunities where the channel is
effectively interference-free. The proposed construction
is deliberately simplified and does not rely on user
cooperation. While suboptimal, it suffices to demonstrate
that unbounded capacity growth can be achieved for
a sufficiently fast decay rate of fading variances and
sparse user activity. We therefore show the impact of
interference burstiness on the network capacity, and
demonstrate that under a sufficiently sparse user activity
pattern, unbounded capacity growth can be achieved.

The rest of this paper is organized as follows. Section II

introduces the cellular network model, detailing the system
setup, key assumptions, and the fading model considered
in our analysis. In Section III, we rigorously establish an
upper bound on the channel capacity, demonstrating that,
under practical fading conditions, capacity remains bounded
in the transmit power. We derive explicit conditions under
which this result holds and validate it through representative
propagation models. Section IV shifts focus to achievable
rates, showing that bursty signaling schemes can effectively
mitigate interference and, under specific conditions, enable
unbounded capacity growth. Finally, Section V concludes the
paper with a summary and discussion of our results. Proofs
and technical derivations are deferred to the appendices.

II. NETWORK MODEL

We consider a wireless network in which users are associ-
ated with access nodes (ANs). Users associated with the same
AN are allowed to cooperate. In contrast, users associated
with different ANs do not cooperate, and their transmissions
generate inter-AN interference. User activity in the network
is assumed to be intermittent, so that only a subset of users
is active at any given time, a model that captures both
enhanced mobile broadband (eMBB) and massive machine-
type communications (mMTC) scenarios. Fig. 1 illustrates the
considered network model for both cell-based and cell-free
architectures. In Fig. la, the cell in the center denotes the
intended cell, while an infinite number of surrounding cells
generate interference. In each cell, only a fraction of the users
is active simultaneously. Solid lines represent desired commu-
nication links, whereas dotted lines correspond to interfering
signals. Fig. 1b depicts a cell-free architecture in which each
active device communicates with an associated access point.
The AN in the center is the intended AN, with solid lines for
the intended signal and dotted lines for interference from other
active users.

Our performance measure is the capacity of the channel
between the users and the intended AN (uplink transmission).
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Since a complete characterization of the achievable rate region
becomes analytically intractable as the number of cells and
users grows, we focus on the symmetric sum rate of the
network, i.e., the sum rate achievable by the users associated
with the intended AN when all ANs communicate at the same
sum rate. This metric captures the fundamental interference-
limited behavior of large networks while ensuring fairness
across users.

To isolate these fundamental effects and obtain tractable yet
insightful capacity bounds, we adopt the following assump-
tions:

Al. Infinitely many interfering users: We model a large-
scale network by assuming infinitely many interfering
users. This assumption enables us to capture aggregate
interference effects without imposing artificial network
boundaries and does not restrict generality, since inter-
fering users are parametrized by fading variances ay,
¢ =1,2,..., which can be set to oy = 0 to represent
inactive or sufficiently distant users.

A2. No cooperation: We assume that users associated with
different ANs do not cooperate. This reflects practical
cellular and cell-free deployments where coordination
across cells is limited and, more importantly, allows us to
study intrinsic interference-limited phenomena. In par-
ticular, this restriction excludes the use of coordination
strategies such as time-division multiple access (TDMA)
or frequency-division multiple access (FDMA), which
could otherwise enable unbounded capacity in specific
time or frequency slots.

A3. Uniform coding across ANs: To ensure that all users
(intended and interfering) operate at the same rate, we
invoke a random-coding argument and assume that all
users and interferers draw their codebooks from the same
distribution. This assumption generalizes the commonly-
adopted Gaussian codebook model and aligns with large-
system analyses where users are statistically homoge-
neous. It is also reminiscent of the unsourced random
access (URA) framework [9], in which all nodes employ
a common codebook in massive access scenarios.

A. Channel Model and User Activity

Let us denote by nr the number of users associated with
an AN, and by ng the number of receive antennas of the
AN itself. Throughout the paper, the indices ¢, u, and k
denote the AN, the user associated with that AN, and the time
instant, respectively, so that X, ,, ; € C represents the symbol
transmitted by user u associated with /-th AN at time k.

We consider an uplink transmission scenario in which the

AN with ¢/ = 0 is the intended receiver, while the users
associated with ANs ¢ = 1,2,... generate interference. The
channel input-output relation at time k € Z is given by
(o)
Yy =HoxXok + > HerXen + Zi, (1)
=1

where

e Y, € CnrX! js the vector of received symbols at the
intended receiver at time k;

o Hy, € C*"BX"T is the fading matrix corresponding to
the channel realizations between the users of the /-th AN
and the intended receiver;

o Xok=[Xo1ks s Xeng ]l € C'm¥1 s the vector of
symbols transmitted at time k£ by the users of the /-th
AN;

o Z; € C*2*1 is the additive noise vector at time k.

To simplify terminology, we shall sometimes refer to the set
of users associated with the intended receiver as the intended
cell, and to the set of users associated with AN £/ =1,2,... as
an intefering cell. While this terminology is motivated by cell-
based networks, it also remains valid for cell-free networks.

We assume that the additive noise {Zy, k& € Z} is a
sequence of independent and identically distributed (i.i.d.)
random variables with a circularly-symmetric, complex Gaus-
sian distribution of zero mean and covariance matrix o2l, i.e.,
{Zy, k € Z} ~ iid. Nc(0,0°1), where | denotes the iden-
tity matrix and Nc(u, K) denotes the circularly-symmetric,
complex Gaussian distribution with mean p and covariance
matrix K. For simplicity, we further assume that the fading
coefficients {Ho s, k € Z} and {H, s, k € Z}, £ = 1,2,...
are sequences of i.i.d. random matrices, the former with i.i.d.
Nc(0,1) entries and the latter with i.i.d. N (0, o) entries for
some «ay, £ = 1,2,... We consider a noncoherent scenario
where transmitter and receiver only know the statistics of the
fading coefficients but not their realizations.

The locations of the interfering users relative to the intended
receiver enter the channel model through the variances ay,
¢ = 1,2,... of the fading coefficients {Hy, k € Z}.
For analytical simplicity, we assume that the entries of Hp j
corresponding to a given interfering cell have identical vari-
ances. This corresponds to the idealized case in which all
nodes associated with the /-th interfering cell are at the same
distance from the intended receiver. This assumption can be
relaxed to allow for user-dependent variances that account for
different distances within the same interfering cell, provided
that these variances scale proportionally with the large-scale
attenuation factor ay. Moreover, frequency reuse schemes can
be naturally incorporated in this framework by appropriately
modifying the set of interfering cells to those sharing the same
frequency band, which results in a faster effective decay of the
coefficients {cy}.

We assume that the total power of the interference received
at the intended receiver is finite, i.e.,

S < . @)
(=1

Without loss of generality, we order the interfering users
according to the fading variances of the corresponding ANs,
i.e., ag > ay for any £ < £'. See also Assumption Al.

To summarize, the number of users per cell ny and the
number of receive antennas per cell ng are finite. In contrast,
the number of interfering cells, indexed by ¢ = 1,2,..., is
infinite, which gives rise to the infinite sum in (1). The large-
scale fading variances oy decay sufficiently fast to ensure that
the total interference (2) is finite.
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The activity of the users both inside the intended cell and
the interfering cells is assumed to be intermittent. We model
this activity as

Xouk = BoawXowr, £=0,1,... 3)

where X, ¢,u,k denotes the symbol transmitted at time k by user
u within cell £ and By, is a random variable that captures the
activity of this user. We shall model this activity by a Bernoulli
random variable By, ~ Ber(d), which remains constant
during the entire transmission, i.e., for k = 1,2,... ,n.
Thus, users are active in bursts with probability § for some
0 < § < 1. We further assume that the user activities
By, of different users (within the same cell or in different
cells) are independent, i.e., the random variables {By ,, u =
1,...,np, £=0,1,...} are i.i.d.

Let Xpp = [Xea - s Xempn]T € CT*1 We assume
that the interferers do not cooperate with the transmitters in the
intended cell (Assumption A2). We further invoke a random-
coding argument and assume that the users within a cell draw
their codebooks from the same distribution (Assumption A3).
This implies that the sequences {X,x, k € Z}, £ = 0,1,...
are independent and each such sequence has the same dis-
tribution. Finally, the activity patterns {By ., u = 1,...nr},
the additive noise {Z, k € Z}, and the fading coefficients
{H¢k, k€ Z}, £ =0,1,... are assumed to be independent of
each other.

B. Channel Capacity

For any time-indexed sequence Si,...,S,, we use the
shorthand S?* £ (Sy,...,S,). This notation also applies to
vector-valued quantities such as Y? £ (Yy,...,Y,). For
vectors indexed by access point and time, we shall write

01 = (Xo, - Xon)-

We define the capacity of the channel model (1) as'

1
C(P) = lim o S0P (X503 YT, “)
Here, for le defined in (3), the supremum is over
all n-dimensional probability distributions @™ of X?p
£=0,1,2,... satisfying the per-user average power constraint

/||£Zu’1 [?dQ™ (&} 1) < 0P, u=1,2,... nr. (3)

The logarithms used in this paper are natural logarithms.
The capacity C'(P) has thus the dimension “nats per channel
use”. Intuitively, C'(P) characterizes the sum rate at which
information can be transmitted to the intended receiver. In
order to obtain the rate per user, one would need to divide
C(P) by ny.

We do not claim that there is a coding theorem associated
with (4), i.e., we do not claim that C(P) represents the largest
achievable rate in the sense that, for any rate below C'(P), there
exists an encoding and decoding scheme for which the decod-
ing error probability tends to zero as n tends to infinity. Nev-
ertheless, by Fano’s inequality [43, Sec. 7.9], any encoding-
decoding scheme operating at a rate exceeding C'(P) must

11t can be shown that the sequence {supgn I(Xg’l; Y?),n=1,2,...}
is superadditive, so the limit in (4) exists by Fekete’s lemma [42].

have a decoding error probability that is bounded away from
zero as n tends to infinity. Consequently, any upper bound on
(4) also serves as an upper bound on the largest achievable
rate. Moreover, it can be shown that any rate obtained by
evaluating (4) for an i.i.d. distribution of (X[J,...,X&n)
is achievable. It follows that the upper bounds derived in
Section III, as well as the lower bound derived in Section IV
for an i.i.d. distribution of (Xé,h . ,Xgm), also bound the
largest achievable rate.

III. BOUNDED CAPACITY
A. Main Result

We next present the main result of this paper: an upper
bound on the channel capacity C'(P) that applies when the
variances ay, ¢ = 1,2, ... decay exponentially or more slowly.
Since this upper bound does not depend on P, it implies that,
for such «y’s, the capacity is bounded in the signal-to-noise
ratio (SNR) of the system, defined as SNR 2P / o2

Theorem 1 (Converse Bound): Consider the channel model
introduced in Section II. Assume that, for some 0 < p < 1,

Qp41
Qy

>p, (=12, ©)

Then, for every P > 0 and 0 < § < 1, the channel capacity is
upper-bounded by

C(P) < np((2 )" — 1) log (p?)

+ (1 -(1- 5)%) <log 7711%&”1%)

n
+ 7R log(nmax) + nRr IOg(]. + 77max)> (7)

+anogn—R
e

where I'(+) denotes the gamma function, and where we define

Nmax = MAax (i l) . 8)

air’p

Proof: See Appendix 1. [ ]
Observe that the upper bound (7) does not depend on the
transmit power P and scales roughly linearly with the number
of receive antennas at the AN ng. Further observe that, for
a fixed activity probability §, the bound grows exponentially
with the number of users nt within the cell. However, this
growth depends on J: when § — 0, the bound is roughly
proportional to 27, whereas when § — 1, the advantage of
user cooperation within a cell vanishes.

Theorem 1 applies to the capacity definition in (4), which
optimizes over all possible joint input distributions across users
within each cell. This formulation allows us to establish that
the bounded-capacity phenomenon is intrinsic to noncoherent
interference networks and does not rely on specific implemen-
tation constraints. While this level of coordination provides
the strongest possible performance benchmark, realizing such
gains would require transmitters to adapt their joint signaling
strategies to the instantaneous realizations of active-user sets
across cells, which may be unrealistic in networks with
sporadic and uncoordinated user activity. Motivated by this
observation, we restrict attention to transmission strategies that
are invariant with respect to the user index, i.e., strategies in
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which users employ statistically identical signaling whenever
they are active. Under this constraint, the coordination gains
described above are no longer available. We next show that
the resulting upper bound scales linearly with n7, in contrast
to the exponential growth in np obtained in Theorem 1.
We define the exchangeable capacity as
Cu(P) 2 Tim +sup I(X3,:Y?), ©)
n—oo N Qn ?

where the supremum is taken over all n-dimensional proba-
bility distributions Q™ of 5(21, {=0,1,2,... that satisfy the
per-user average power constraint (5) and are exchangeable in
the sense that, for every permutation 7 of {1,...,nr},

a0 20 d Y20 a0
(Xé,l,h s aXe,nT,l) = (Xe,n(l),la s vXé,w(nT),1)~ (10)

Note that the property of exchangeability is closely related to
the concept of i.i.d. random variables: any sequence of random
variables that are i.i.d. across users within a cell is indeed
exchangeable.

Proposition 1 (Exchangeable Capacity): Assume that (6)
holds. Then, for every P > 0 and 0 < § < 1, the exchangeable
channel capacity is upper-bounded by

Cr(P) < nanr(1 - 8)log (p74)
™ n

+ifbdmmﬂ+n3bﬂl+mmﬁ>~00

Proof: See Appendix II. [ |
We observe that, in contrast to Theorem 1, the upper bound
on the exchangeable capacity (11) scales linearly with the
number of transmitters np. To illustrate the impact of user
activity and the decay pattern of the variances of the fading
coefficients on the capacity upper bounds, Fig. 2 presents
the upper bounds on the channel capacity (Theorem 1) and
on the exchangeable channel capacity (Proposition 1) for
ny = nr = 2. Specifically, Fig. 2a shows the upper bounds
as a function of the user activity probability §, while Fig. 2b
depicts the upper bounds as a function of p, which is related to
the decay of the variances of fading coefficients. This example
is intentionally presented for a small number of transmitters
in order to clearly expose the qualitative behavior and scaling
trends of the derived bounds. The same insights apply to larger
values of npr and ng as established by the analytical results.
Observe that the impact of the user activity on the capacity
upper bounds depends on p. In fact, the upper bounds suggest
that, when p is close to 1, a small user activity is detrimental,
whereas for small values of p, a small user activity is benefi-
cial. Intuitively, a small user activity reduces the interference
from other cells, but also reduces the time when users in
the intended cell transmit information. Since the benefits of
reduced interference are more pronounced when the variances
of the fading coefficients decay faster, it follows that in this
case, a reduced user activity is the most beneficial.
Further observe that, when p is close to 1, the upper bounds
are below 2.5 bits per channel use, irrespective of the user
activity 6. Intuitively, the assumption (6) requires that the
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(b) Upper bounds as a function of the interference decay factor p.

Fig. 2. Upper bounds on the channel capacity (Theorem 1) and the
exchangeable channel capacity (Proposition 1) for np = ng = 2.

variances {ay} decay at most exponentially. Indeed, letting
ap = 1, we have for every integer L that

1. 1 1 o
Zlog—==5"1
L %a, LZog

For any sequence {ay} satisfying (6), the right-hand side
(RHS) of (12) is upper-bounded by log(7max), so the left-
hand side of (12) must be finite. This in turn implies that
the sequence {ay} decays exponentially or more slowly. In
the limiting case as p — 1, the decay of {c,} becomes sub-
exponential. As we shall argue in Section III-B, such a decay
is consistent with most common propagation models. This
suggests that, for np = ng = 2, the maximum rate achievable
in noncoherent wireless networks does not exceed 2.5 bits per
channel use.

Finally, observe that, as p vanishes, our upper bounds grow
to infinity. The case p — 0 corresponds to the case where (6) is
not satisfied, i.e., where {ay} decays faster than exponentially.

(12)
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In this scenario, Theorem 1 does not apply and, consequently,
the channel capacity may be unbounded. In Section IV, we
show that this is the case when {ay} decays faster than
double-exponentially. Nevertheless, as we shall argue next,
the assumption of an exponential or sub-exponential decay
of {ay} is reasonably mild and satisfied in most cases.

B. Decay Patterns of Common Path Loss Models

In practical wireless communication scenarios, most propa-
gation models assume that the path loss increases polynomially
with distance, capturing the attenuation of signal power as it
propagates through space. Examples include the Free-Space
Path Loss (FSPL) model, applicable in idealized line-of-
sight conditions; the two-ray model, which extends FSPL by
incorporating ground-reflected signals; the single-slope path
loss exponent model, which generalizes the polynomial decay
to accommodate different propagation environments using
an empirically determined exponent; and the Okumura-Hata
model, based on extensive measurement data, among others
[44], [45].

Assume that the locations of interfering nodes can be
modeled as a spatially random process over the plane. If the
network cells follow a homogeneous Poisson point process
with intensity 7, the number of nodes in any region of area
A follows a Poisson distribution with mean 1A, and the node
locations are independent and uniformly distributed within that
area. This statistical model accurately reflects scenarios where
base stations or users are randomly deployed, such as in large-
scale wireless networks or unplanned urban deployments. The
following proposition establishes a relation between the ex-
pected ordered distances d; and the corresponding interfering
cell index £/ =1,2,...

Proposition 2 (Ordered Distances): Let xy be a reference
point in a 2-dimensional plane where points are distributed
according to a homogeneous Poisson point process ¢ with
intensity 7. Denote by D, the distance from xq to the ¢-
th closest point. Then, the expectation of this distance with
respect to P satisfies

4
Eo[D¢] =/ —.
nm
Proof: The number of points within a radius r follows a
Poisson distribution with mean nmr2. Therefore, the expected
number of points N(r) inside a ball of radius r is given by

Es[N(r)] = nmr. (14)

(13)

Since Dy is the distance to the ¢-th closest point, on average

there should be ¢ points within a radius r = Eg[Dy].
Substituting this value in (14) leads to the identity

¢ = nrEe[Dy)*. 15)
Solving for Eg[D,] yields the desired result. [ |

By Proposition 2, the distance from the ¢-th nearest in-
terfering node to the intended node grows proportionally to
/€. This scaling behavior arises from the expected spacing
between points for a homogeneous Poisson point process with
a certain intensity 7). It establishes a direct relationship between
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Fig. 3. Decay patterns with respect to the cell index ¢ under typical path-
loss models for one realization of the Poisson point process ® with intensity
n = 3.2 cells per square km.

the spatial distribution of interfering nodes and the decay rate
of the associated fading coefficients. Since path loss typically
follows an inverse polynomial dependence on distance, the
ordered distances d; determine how fast the variances of the
fading coefficients {ay} decay with ¢. In particular, if the path-
loss function PL(d) follows a power-law behavior of the form

PL(d) o d”, (16)

where [ is the path-loss exponent, then using Proposition 2,
we obtain that, for an average cell deployment,
x (P2,

Eo[ay] = a7

1
PL(Eq[Dy])
For instance, the free-space path loss model has g = 2.
Therefore, the expected fading variances {«;} behave linearly
with the cell-index ¢, Eg[ay] < £71. We conclude that, for
typical path loss models, the variances of the fading coeffi-
cients {ay} decay slower than exponentially for an average
cell deployment, and Theorem 1 implies that the network has
bounded capacity.

A similar argument applies when considering frequency-
reuse schemes, where only a subset of cells share the same
frequency band and therefore act as co-channel interferers.
In this case, the number of interfering cells is effectively
reduced by a fixed fraction, but the ordering of distances
from the intended node remains unchanged. Consequently, the
overall scaling behavior of the fading variances {ay,} with ¢
is preserved, and the asymptotic decay regime (slower than
exponential, exponential, etc.) remains the same. The only
effect is a potential modification of the effective path-loss
exponent: if a fraction of the nearest interferers are removed
due to frequency reuse, the average distance to the ¢-th co-
channel interferer increases, which can be captured as a larger
effective 8 in the power-law model oy o< £5/2,

Fig. 3 illustrates the fading variances (in dB) predicted by
different path loss models for one realization of cells that
are randomly deployed on a two-dimensional surface with a
density of 3.2 cells per square kilometer. The parameters for
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the Okumura-Hata model (suburban environment) are set as
follows: frequency f = 1.5 GHz, base-station height h;, = 50
meters, and mobile user height h,,, = 1.5 meters. For the free-
space and two-ray models, we use the same antenna heights,
a link gain of G = 1074, and a transmission frequency of
f = 2.4 GHz. For comparison, we further illustrate the fading
variances oy = 10718(0.9)%, having an exponential decay
of {ay} with Npmax = 10'8. We observe that, due to the
polynomial behavior of the path loss in different models, the
fading variances {cy} decay more slowly than exponential.

C. Fundamental Limits of Cooperation

Lozano, Heath, and Andrews [33] studied the fundamental
limits of cooperation in wireless networks across a variety
of scenarios. Among these, the case most relevant to our
work is their analysis of the block-fading MIMO channel
model. In this model, a cell comprises ny transmitters and np
receivers, and the channel remains constant over 1" symbol
durations. When np > T, there are insufficient degrees of
freedom within each coherence interval to estimate all channel
coefficients independently, so this regime falls under the scope
of noncoherent communication. They showed that, under these
assumptions, the channel capacity is bounded in the SNR.

In order to compare our results with those of [33], we
focus on the specific case where 7" = 1. In this case, the
channel model considered in [33] has essentially the input-
output relation

Y, = VPH, X, + Zy (18)

where X;, € C"7*! corresponds to the vector of symbols
transmitted at time k by the users inside the intended cell,
H; € C*"r*"T denotes the matrix of fading coefficients, and
Z;, € C"2*1 denotes the additive noise vector. The sequence
of noise vectors {Zy, k € Z} is i.i.d. with independent, zero-
mean, unit-variance, circularly-symmetric, Gaussian entries.
Similarly, {Hj, k € Z} is a sequence of i.i.d. matrices with in-
dependent, zero-mean, circularly-symmetric, Gaussian entries
having variance g, > 0, r = 1,...,ng, u = 1,...,n7;
cf. [33, Eq. (4)]. The vector of transmitted symbols Xy, is
assumed to be independent of P and to have unit-energy
entries. As can be observed by comparing (18) with (1), in the
channel model considered in [33], out-of-cluster interference
is incorporated into the additive noise Zj. Furthermore, the
channel input VPX in (18) corresponds to Xy, in (1). Lozano,
Heath, and Andrews obtained the following upper bound on
the information rate I(Xy;Yy).

Proposition 3 (Lozano, Heath, and Andrews [33]): Consider
the channel model (18) of a cellular system with np > 1
transmitting users. For eachr = 1, ..., ng, define the diagonal
matrix G, = diag(g,.1, .- -, gr,ny ), and assume that G, and X,
satisfy g1+ ...+ grny =1 and E[log(XLGer)] > —00.
Then

lim (X Yy) < — Z E [bg(XzGer)

P00 (19)
r=1
where lim denotes the limit superior.
Proof: See [33, App. Al. [ |

The bound (19) has a similar flavor as our upper bound
(7) in Theorem 1: both bounds imply that channel capacity
(under some constraints on the channel inputs) is bounded
in the transmit power. However, (19) requires more stringent
conditions on X}, than (7). Among other things, the condition
that X, is independent of P is rather restrictive. In fact, it
was shown by Lapidoth and Moser [34, Th. 4.3] that the
information rates achievable over (18) with inputs of the form
VPX) (where X is independent of V/P) are bounded in
the transmit power. Thus, such inputs result in a bounded
information rate even for a single-user channel. In other words,
the boundedness of the information rate I(Xy;Y}) may be
a consequence of the suboptimal input distribution rather
than of the interference from other cells. Furthermore, the
condition that E[log(XLGer)] > —oo is not compatible with
the random-access scenario considered in this paper, where
users may be inactive with a positive probability. In contrast,
our upper bound (7) in Theorem 1 proves the boundedness of
channel capacity even without imposing the aforementioned
conditions on Xj.

Intuitively, when users are inactive with a positive prob-
ability, the upper bound (19) becomes infinite, and channel
capacity is potentially unbounded. To see this, let us model
the random user activity again by writing the channel inputs
as ~

Xu,k = BuXu,ka

u=1,...,np, (20)

where Xu}k denotes the symbol transmitted by user w at
time k, and B, is a Bernoulli random variable that is 1
with probability ¢ and O otherwise. The random variable B,
captures the activity of user u and remains constant during
the entire transmission. By following the same steps as in the
proof of Proposition 3, we can derive the following upper
bound analogous to (19).

Proposition 4 (Random-Access Upper Bound): Consider the
channel model (18) of a cellular system with np > 1 transmit-
ting users. Let Xy, = [X1 k, ..., Xny k] be given by (20), and
assume that X, = [X'Lk, el XnT,k]T is independent of P and
its entries have unit energy and satisfy E[log |X; x|?] > —oo
for every t = 1,...,np. Further assume that the fading
variances are strictly positive and satisfy g, 1+...+grpn, =1
for every r = 1,...,np. Then,

I(Xk;Yk)

<ng(l—106)""logP + nrHy(d) + nglog (1 + ;)

nRr

—(1=(1=9)") Y Elog(Xu. uPora)| . @D
r=1

where Hy () denotes the binary entropy function and

U £ arg min E {log(lXu,k‘Qgr,u)} . (22)
u=1,...,nt

Proof: See Appendix III. [ ]

For § < 1, the upper bound (21) grows logarithmically in

P and fails to capture the boundedness of channel capacity
in P. However, in contrast to (7), it does not depend on
the decay rate of the variances of the fading coefficients
{ay}. Furthermore, it suggests that, by artificially reducing the
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user activity, one may achieve an unbounded capacity when
Theorem 1 does not apply, i.e., when {«a,} decay faster than
exponentially. We shall refer to this transmit strategy as bursty
signaling and show in the next section that it indeed achieves
an unbounded information rate when {ay,} decay faster than
double-exponentially.

IV. BURSTY SIGNALING

In the previous section, we have seen that whenever the fad-
ing variances {ay,} decay exponentially or sub-exponentially,
noncoherent wireless networks have bounded capacity. In this
section, we explore how to attain an unbounded coding rate if
we relax this restriction.

Recall that the signal transmitted by user w at time k is
modeled as

Xowk = BruXowr, €=0,1,... (23)

where By, captures the activity of the user. We next follow
a bursty signaling strategy to achieve an unbounded rate. To
this end, consider an input distribution of the form

X@,u,k = Be,qu,u,kv g = Oa 17 ce (24)

where, for u = 1, {Bgvu} are i.i.d. Bernoulli random variables
with activation probability ¢ and {X ¢,k are i.i.d. circularly-
symmetric random variables with log |X k| uniformly dis-
tributed over the interval [0,logP]; for u = 2,...,nr, Be}u
and ngu_,k are set to zero. Intuitively, the random variable
Bz,u artificially reduces the user activity. This, in turn, reduces
the interference from interfering cells to the intended cell.
The distribution of X ¢,u,k 15 the one that achieves the high-
SNR asymptotic capacity of noncoherent single-user fading
channels; cf. [34].
Let Ly € N denote the smallest integer Lp such that
o0

Z P < a2.

{=Lp+1

(25)

Thus, L§ represents the minimum number of dominant in-
terfering cells that must be retained so that the residual
interference remains below the noise level.

If there are only finitely many interfering ANSs, say L, then
L§ = L satisfies (25) independently of P. Otherwise, since the
aggregate interference from the remaining cells scales with P,
Ly must grow unboundedly with P in order to satisfy (25).
The growth rate of L is determined by the decay of the fading
variances {ay }. For example, when {«ay} decays exponentially
as oy = pf, ¢=1,2,... for some 0 < p < 1, then the left-
hand side of (25) becomes Pp™* /(1 — p) and L} is given by

. Fogl’g/a2 log(1—p) 1}
log(1/p) ~ log(p) '

5=
The behavior of L for other decays of {ay} can be obtained
along similar lines. Of particular interest in this section is the
double-exponential decay, which is considered in the following
lemma.

Lemma 1 (Lp for Double-Exponential Decay): For some
a > 1, let the fading variances {ay} satisfy

ot
~ exp(exp(£4))’

(26)

£=1,2,... Q7

Then, any integer Lp satisfying

1
P e@ @
Lp > (loglog (0‘2 1 i e“))

will also satisfy (25).
Proof: See Appendix IV. [ |

Intuitively, introducing Ly allows us to model the network
as an interference network with only Ly interfering cells by
treating the remaining cells as noise. Following this strategy
together with the bursty signaling scheme described in (24),
we obtain the following lower bound on C'(P).

Theorem 2 (Bursty-Signaling Lower Bound): Consider the
channel model from Section II. Then, for every P > 0 and
0 < 0 < 1, the bursty signaling scheme (24) with activation
probability £ achieves the lower bound

C(P) > d¢(1 — d6)r
X (log logP — v —log(e) — 2 log(l + \@0)) , (29)

where Lp is an arbitrary integer satisfying (25) and y denotes
Euler’s constant.
Proof: See Appendix V. [ ]

The result in Theorem 2 is based on a bursty signaling
scheme that exploits favorable network activity realizations in
which all nearby interferers remain silent. In such realizations,
the intended cell effectively operates as a noncoherent point-
to-point channel, whose capacity is known to grow double-
logarithmically with the transmit power [34]. The lower bound
(29) is obtained by considering only these favorable transmis-
sion opportunities and discarding all other activity realizations.
While this approach is not expected to yield tight bounds, it
highlights the fundamental mechanisms that allow the sum rate
to become unbounded. Moreover, this strategy is reminiscent
of classical contention-based random access schemes, such as
ALOHA, where users exploit interference-free transmission
opportunities created by sporadic activity patterns.

When there are only a finite number of interfering cells,
Lg is bounded. In this case, the lower bound in Theorem 2
implies that C'(P) is unbounded and grows at least double-
logarithmically with P. However, in general Ly grows with
P, in which case the term (1 — 6¢)"7L% vanishes. It then
depends on the order of Lj whether the RHS of (29) is
unbounded. For example, when {c,} decays exponentially,
Lg grows logarithmically with P. It can then be shown that
(29) vanishes as P — oo, even if, for every P, we optimize the
lower bound over £. This is consistent with the upper bound
presented in Theorem 1, which applies to this case and is
bounded.

In contrast, when the sequence {cy} decays faster than
double-exponentially, the lower bound (29), and hence also
C(P), are unbounded, as shown in the next corollary. To this
end, we need to choose the parameter &, which specifies the
extra burstiness introduced by the signal scheme (24), to be a
decaying function of P. More precisely, we choose

_le
¢ = (loglog P) o (30)

where a > 1 is as in (27) and determines the rate of {ay},
and 0 < € < @ — 1 is an arbitrary parameter that determines
the growth of the lower bound (29) with P.

(28)
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Table I
ASYMPTOTIC CAPACITY BEHAVIOR AS P — oo
UNDER DIFFERENT FADING-DECAY REGIMES

Fading-Decay Regime Capacity Reference
Exponential or slower (6) Bounded Th. 1 and Prop. 1
Between exponential

and doubly-exponential Unknown -

Faster than doubly-exponential (27)  Unbounded  Th. 2 and Cor. 1

Corollary 1 (Achievable Rate for Double-Exponential De-
cay): Consider the channel model introduced in Section II.
Further assume that the fading variances {c,} satisfy (27) for
some a > 1. Then, for every P > 0 and 0 < § < 1, the bursty
signaling scheme (24) achieves

him C(P) 1 1+e
P—co §(loglogP) ™ =

>0

€1V

for every 0 < € < a — 1, where lim denotes the limit inferior.

Proof: See Appendix VI. ]

Corollary 1 implies that the capacity C'(P) is asymptotically
lower-bounded by

C(P) £ 6(loglogP)" (32)

for every 0 < < (a — 1)/a. Clearly, this lower bound is
unbounded, even though it grows only double-logarithmically
with P. In any case, the double-logarithmic growth is inherent
to the memoryless noncoherent fading model and does not
stem from the bursty signaling scheme (24). In fact, even
in the absence of interfering cells, the capacity grows only
double-logarithmically with P; e.g., see [34]. We believe the
approach of introducing signal burstiness to reduce inter-cell
interference may be a promising transmission strategy at high
SNR, where interference is the most harmful.

V. CONCLUSIONS

This work provides a comprehensive analysis of the capacity
of interference-limited, noncoherent networks under general
fading conditions. We modeled the network as a fading
channel with an infinite number of interfering users, where
users associated with different ANs do not cooperate but are
constrained to use codebooks generated according to the same
distribution. We considered a noncoherent scenario in which
users and receivers know only the statistics of the fading
coefficients, but not their realizations—an assumption that we
believe is realistic when the number of users and ANs is large.
We further assumed that users access the network at random
with a positive activity probability . This model combines the
network model of Lozano, Heath, and Andrews [33] with the
assumptions of random user activity and an infinite number
of interferers, as considered in the massive random access
literature. To avoid that the number of bits per user and channel
use vanishes as the blocklength tends to infinity, we accounted
for the path loss of interfering cells, ensuring that interference
from distant cells diminishes. Overall, this model captures the
fundamental features of both eMBB and mMTC scenarios.

A. Key Results

For the considered channel model, we derived rigorous
upper and lower bounds on the capacity, i.e., the maximum rate
at which information can be transmitted reliably. The behavior
of these bounds depends critically on the decay of the fading
variances {cy}, which represent the path loss from interfering
cells:

o When the fading variances decay at an exponential rate
or slower, the capacity remains bounded in the transmit
power.

o« When the fading variances decay faster than double-
exponentially, the capacity becomes unbounded with in-
creasing transmit power.

e In the intermediate regime, where the decay is faster
than exponential but slower than double-exponential, the
behavior of the capacity remains an open problem.

These results are summarized in Table I. The analysis of
the upper bounds in Theorem 1 and Proposition 1 further
indicates that any super-linear scaling of achievable rates with
the number of users would require strong forms of intra-cell
coordination, which are unlikely to be realizable in large-scale
random access networks. Finally, we investigated the effect of
intermittent user activity. While reduced activity lowers inter-
ference, it does not overcome boundedness in the slow-decay
regime. Nevertheless, it can significantly lower effective in-
terference and increase the absolute value of achievable rates.
In particular, bursty signaling creates favorable transmission
opportunities that raise the operational capacity ceiling. This
effect is illustrated by our numerical example with p = 0.5
and np = nr = 2, where the upper bound increases from 3.94
to 6.70 bits per channel use when the user activity probability
decreases from § =1 to 6 = 0.5.

The bounds derived in Theorems 1 and 2 and Proposition 1
are not meant to be tight in a quantitative sense. In fact,
a direct numerical comparison between the converse and
achievability bounds is not meaningful, since they apply to
fundamentally different interference-decay regimes: the upper
bounds characterize scenarios with slower-than-exponential
decay of the fading variances, whereas the achievability results
rely on doubly-exponential decay to demonstrate unbounded
capacity. Nevertheless, taken together, these results provide a
coherent picture of how interference decay and user activity
jointly shape the fundamental limits of large-scale noncoherent
cellular networks, as discussed above.

Our analysis complements the work of Lozano, Heath, and
Andrews [33], who analyzed a different network model and
showed that capacity is also bounded in transmit power under
certain constraints on the input distributions. In particular, [33]
requires that the channel inputs are from a scale family—
i.e., the inputs can be written as VPX,, for a vector X,
that is independent of P—and the entries of X have unit
energy and a finite logarithmic moment. This excludes bursty
signaling strategies, such as the ones we employed in the proof
of Theorem 2 to show unbounded capacity when the variances
of the fading coefficients decay faster than exponentially. In
fact, it was shown in [34, Th. 4.3] that, for noncoherent point-
to-point fading channels, the rate achievable by any scale
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family of input distributions is bounded in the transmit power.
We therefore argue that the constraints on the channel inputs
imposed in [33] are rather restrictive and could potentially be
the reason for a bounded coding rate. Our results show that this
is not the case, unless the variances of the fading coefficients
decay faster than exponentially: our upper bound presented
in Theorem 1 does not require these constraints and is still
bounded in the transmit power. This confirms the existence
of a saturation regime in interference-limited networks, where
capacity reaches a ceiling that is independent of power.

B. Implications and Insights

Our findings have several important implications for
interference-limited and massive-access networks. First, for
networks where the fading variances decay slowly, capacity
saturates at high power, confirming a fundamental ceiling in-
dependent of the transmit power. While this result is based on
the key assumption that inter-cell cooperation is not allowed,
frequency or time reuse across cells can be incorporated in
our framework by adjusting the large-scale fading statistics to
account for co-channel interference. Therefore, unless reuse
schemes modify the decay of fading variances significantly,
the bounded-capacity result from Theorem 1 still holds.

Second, user activity and intra-cell cooperation strongly
affects performance: bursty signaling and well-designed fre-
quency or time reuse can reduce interference and increase
achievable rates, especially when fading variances decay
rapidly. Although capacity remains asymptotically bounded at
high power, these strategies can raise the effective ceiling to
levels that make the bound practically irrelevant. Exploiting
frequency or time reuse schemes and activity-aware scheduling
further enhances performance without requiring complex inter-
cell coordination. Our results also suggest that any super-
linear scaling of rates with the number of users would require
strong forms of intra-cell coordination, which are unlikely to
be feasible in large-scale, random-access deployments.

Finally, unlike prior work [33], which restricts inputs to
a scale family, our analysis allows general input distributions
and demonstrates that bursty signaling can achieve unbounded
rates in scenarios with fast-decaying fading coefficients. To-
gether, these insights clarify the practical limitations and op-
portunities in dense and massive-access networks, and provide
guidance for designing interference-aware and network-aware
transmission strategies.

APPENDIX I
PROOF OF THEOREM 1

A. Proof Outline

The proof of Theorem 1 consists of various parts, as we
shall outline below:

1) Introducing [J-interfering cells: We begin by defining
J as the random set of active users in the intended cell, i.e.,

jé{u:l,...,nTiBO,uzl}'

To facilitate the derivation of a converse bound, we restrict
attention to a subset of interfering cells, termed 7 -interfering

(33)

cells. Specifically, the ¢-th interfering cell is said to be a J-
interfering cell if the set of its active users contains 7, i.e.,

géé{uzl,...,nT:BZ,uzl}’ (34)

and J C G,.

As an example, consider a system with np = 3 users per
cell. Suppose that the set of active users in the intended cell
is J = {1,3}. An interfering cell ¢ is said to be J-interfering
if its set of active users G, contains both users 1 and 3. Thus,
cell £ is J-interfering if G, = {1,2,3} or G, = {1, 3}.

In the proof, we retain only the interference generated
by users in J from J-interfering cells, and we assume
that a genie provides side information allowing the receiver
to remove all remaining interference components. This con-
struction is used solely as an analytical tool: by selectively
discarding interference, the resulting channel is less noisy than
the original one, which ensures that any capacity upper bound
derived under this assumption remains valid for the original
network model. To this end, we introduce the indicator variable
Ay, which equals 1 if the ¢-th cell is J-interfering and equals
0 otherwise, i.e.,

1 C
A= 0b J C Gy,

. (35)
0, otherwise.

To derive an upper bound, we assume that a “genie” provides
side information about the interference caused by users not in
J in every interfering cell, as well as by users in 7 of non-7 -
interfering cells. This side information allows the receiver to
remove these interference components, yielding the following
initial upper bound:

I(X31; YY) < H(T) + I(X5 5 YT [ A7, T),  (36)

where L is an arbitrary integer that we will let go to infinity
at the end of the proof, and ?{" represents the received signal
when in each cell either all users in J are active or none of
them is active, i.e.,

Y. = HopXox + Z Ay g7 X0, 7k + Ly
=1

(37

Here and throughout this appendix, we use the notation Hy 4
to denote a matrix with the columns a € A of Hp j, and we
use X/ 45 to denote the vector with the components a € A
of the vector Xy j.

2) Decomposition into differential entropies: We express
the conditional mutual information 7(X{ y; Y7 | AL 7) using
differential entropies and lower-bound h(?ﬁX(}’l,Alﬂj )
by conditioning on H ;. We then use that, conditioned on
(Hf , XG0, AL, T), Y7 has the same distribution as

L

Y, = Z AgH&ngXZ,J,k
=1

o
+ Z Ay g7 kX0, 7k + L,
(=L+1

where the sequences {Hy, k € Z}, {4, ¢ = 1,2,...}, and
{Zy,k € Z} have the same distributions as {H,x,k € Z},

(38)
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{A¢, 0 =1,2,...}, and {Zy,k € Z} but are independent of
them. It follows that

I(X5 YT AL, T)

< h(YP| AL, T) = h(YT| A, ). (39)

3) Pairing activity patterns: The interference term Y7
may have inactive leading interferers due to bursty activity.
To compare and cancel terms between h(Y7|AF, 7) and
R(Y?T| AL, 7) in (39), we introduce a bijective mapping fr,
that pairs each activity pattern a¥ with a “shifted” pattern
at = fr(at). Specifically, let m denote the number of leading
zeros before the first active interfering component in af. Then,
ak shifts the non-zero part of aX by m positions, ensuring
that the first active component aligns with the desired signal.
Formally, af = [07"7!,1,b6F7™], where b-~™ captures the
remaining activity pattern.

This construction allows Y7 to be expressed as a shifted
version of Y, with the shift determined by the position m
of the first active interferer. Moreover, the mapping preserves
the Hamming weight and hence the probability of each ac-
tivity pattern, which justifies the rigorous application of the
following variational bound to the differential entropy terms
in (39).

4) Applying a variational bound based on the information
inequality: We combine the two aligned entropy terms using
the identity h(U) — h(V) = h(U|V) — h(V|U). To upper-
bound the resulting expression, we apply the following vari-
ational bound that follows from the nonnegativity of relative
entropy:

Lemma 2: Let f and g be two arbitrary probability den-
sity functions (pdfs). If — [ f(z)log f(z)dz is finite, then
— [ f(x)log g(x)dz exists and

~ [ 1@y 0g f@ae < — [ sy ogg@ar. (o)

Proof: See [46, Lemma 8.3.1]. [ |

A clever choice of g(-) allows us then to establish an upper
bound on the difference of conditional differential entropies
based on the expected power of the received signals.

5) Average and limits: The final result is obtained by av-
eraging the derived upper bound over all possible realizations
of the activity patterns A¥. Subsequently, we take the limits
as the number of interfering cells L and the blocklength n
tend to infinity, thereby establishing an upper bound (7) in
Theorem 1.

We now provide the detailed steps of each of the 5 parts
described in this outline.

B. Introducing [J -Interfering Cells

Using
51,52, ..

the compact notation ST for the sequence
., Sy, we can write the channel model (1) as

Y =Hp, Xp, + > Hp, XY+ ZE 1)
=1

12
We begin by upper-bounding the mutual information as
, _(a)
I( (I)L,NY{L) < I(jaXBL,l?YIL)
2T + IX,: YT | T)
CHG) 1KY @)

where (a) follows by giving the set of active users in the
intended cell J as extra information; (b) follows by applying
the chain rule of mutual information; and (c¢) follows by upper-
bounding the mutual information I(7;Y7) by the entropy of
the random variable 7. Note that the entropy H(J) does not
scale with the blocklength n.

We next upper-bound the conditional mutual information in
(42) by giving extra information to the receiver. Specifically,
for each J-interfering cell, i.e., for every £ satisfying A, = 1,
we provide the extra information {]HIZ JC,I’XZ chl}. For
the remaining cells, we provide the extra information
{Hy,, X7, }. This allows us to upper-bound the conditional
mutual information as shown in (43) at the top of the next
page, where Y? was defined in (37). In (43), step (a)
follows because giving extra information increases mutual
information; step (b) follows by applying the chain rule of
mutual information; and step (c¢) follows since the first mutual
information is equal to zero given the independence of X 4,
]HIZ1 and XZI, ¢ > 0, and since the second mutual information
is equal to I(Xg’l;Y{” | 7).

The conditional mutual information in (43) can be further
upper-bounded by giving the activity information AL of the
first L interfering cells, where L is an arbitrary integer that
we will let go to infinity at the end of the proof. This yields

I(Xp YT T) < I(Xg YT AL T)
(a) n n a0
= I(Xo,ﬁAlL‘j) + (X715 Y7 | AL, T)

®)

= I(Xg YT ALL T), (44)

where (a) follows from the chain rule of mutual information

and (b) follows because AL, which is a function of X7 1
¢=1,...,L,is independent of Xf ;.

C. Decomposition into Differential Entropies

We write

I(X3 3 YT AT, T)

=Y Pr{T = H(XG ;YT |ALL T =), (49

J
where the sum is over all sets of active users 3 C {1,...,np}.
When j is the empty set, X{'; = O0F and the mutual

information (X} ; Y7| AV, 7 = j) is zero. We next upper-
bound this mutual information when 7 is not the empty set.
As we shall see, this bound depends only on the number of
active users ||, i.e., on the cardinality of j. Specifically, we
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(a)
I(Xgl,Yﬂj) < I(X(T)LMY?’{HZ T, XZJC,l}Z:Agzl’{Hzl’ le}é:AZ:O |7)

(b)

(C) n n
I(X§;Y7 | T)

(XG5 {HG ge 1y XG ge 1t pa,—1 THEL XEa}pa,—0 1)
+ I(XG YT | T AHE 7o 10 XE ge 1} goa,—10 {HE L

Zl }Z:Ag:O)

(43)

write the mutual information in terms of differential entropies
and upper-bound the resulting expression as

I(Xp ;YT AL, T =)

= (YT AL, T =) — h(YT X541, A1, T =)

Ak T =) -

2 h¥y 1AL T =)

- h‘(Y{L - Hg,lxg,l | A%7 J = .7)7 (46)

where (a) follows because conditioning reduces entropy, and

(b) follows because, conditioned on (AL, 7), the sequence
Y7 — Hp;Xg; is independent of (Hp 1, X( ;).

For a given realization Al = af, and setting ap 2 1

(because when 7 is non-empty, the intended cell is always
active), we define

(Yn |HO 1)X6L,17A1LM-7 = ])

Yvk (a'fv ])
L 0o
£ Z agHy ;1 X0k + Z Ay, 1 X )k + Zy, (47)
=0 =L+1
Yk (a’fv .])

L oo
S aHe, kXegn+ Y A,k X,k + Zi. (48)

=1 =L+1
As in (38), the sequences {Hyx, k € Z}, {As, 0 = 1,2,...},
and {Zy, k € Z} have the same distributions as {Hy ., k € Z},
{440 =1,2,...}, and {Zy,k € Z} but are independent of
them. We recall that Hy ,, denotes the submatrix of Hp
obtained by selecting the columns indexed by j € j, while
Xy,,,1 denotes the corresponding subvector of X, ;, consisting
of the components indexed by j € j.

We recall that the first sum in (47) starts at £ = 0, while the
the first sum in (48) starts at £ = 1. The random variable
Y (ak, ) is precisely Y7 conditioned on AL = af and
J = j. Moreover, conditioned on Af = af and J = 3,
Y'{L —Hp X§ 1 has the same distribution as Y (af, j). Thus,
the differential entropy terms in (46) can be written as

hYT AL, T =)

Z Pr{Af = af} h(Y"(a1 ), (49)
aleBL
h(XT —Hg X5, | AL, T =)
= ) Pr{Af= al}h(Y (@t 1)), (50)

&f’GBL

where By, = {0,1}% denotes the set of all binary sequences
of length L.

D. Fairing Activity Patterns

We pair the sequences af and a! appearing in the sums in
(49) and (50) through a deterministic bijective mapping fr.
This construction ensures that each paired sequence has the
same Hamming weight and that the two sequences differ only
by a shift in the position of their leading nonzero entry. To
this end, we first partition the set By, of all binary sequences
of length L according to the position of their leading 1. For

m=1,...,L+1, we define
By(m) £ {ak e By :am=[0""" 1]}, 1<m<L,
(5D

Thus, Bz, (m) contains all sequences whose first nonzero entry
occurs at position m. The sets {By,(m)}=t! are disjoint and
form a partition of By.

Proposition 5: Let fr,: By, — By be the mapping defined
by Algorithm 1. Then, f7 is bijective and satisfies:

1) For every af € By, the image al = fL(al) belongs

to By (m) for an m uniquely determined by a¥ and has
the form
al =101 1, almm. (52)
2) The mapping preserves the ¢;-norm, i.e.,
laf (s = flaf - (53)

Proof: The mapping f; is constructed explicitly by
Algorithm 1, which repositions the right-most active entry of
a¥ to the first active position while preserving the relative
order of the remaining entries. By construction, the output G."
has the form (52), hence @ € By, (m), and preserves identical
Hamming weight. Bijectivity follows from Algorithm 2, which

inverts this operation by uniquely recovering at from ar.
Hence, f;, is one-to-one and onto. [ ]

Using the bijective mapping f;, from Proposition 5, we can
re-index the sum on the RHS of (50) as

S Peaf - by (¥i(ako)
ateByL

> Pr{A{ = fr(af)} h(YT(fr(al). 1),

alLEBL

(54)

where the equality follows from the bijectivity of f;. Substi-
tuting (49) and (50) back in (46), and using (54), we obtain

I(Xg ;YT AL, T =)
< Z Pr{AF —al}{ (Y{L(a{“,j))
ateBL

~h(Yi(fled) )] 69
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Algorithm 1: Mapping between b and b.

Data: Binary sequence b of length L with Hamming
weight |b|ly = W
Result: Binary sequence b = [0 7%, 1,bL~™] of
length L and Hamming weight ||b||; = W
if b = 0 then
| b=b
else
1 + take the position of the right-most 1 in
sequence b
m < L — 1+ 1 (length of bL)
b [Om 1 1 bL m]
end

Algorithm 2: Mapping between b and b.

Data: Binary sequence b of length L with Hamming
weight |b|ly = W
Result: Binary sequence b = [b% .1, 071 of
length L and Hamming weight ||b|l; = W
if b = 0% then
| b=b
else
1 <— take the position of the left-most 1 in
sequence b
m < i: (length of b?)
b= [berl? Om 1}
end

where we used that the activity indicators {Ay}L_, are i.i.d.
and that f preserves the Hamming weight, so Pr{Al" =
fu(af)} = Pr{Af =af}.

Next, recalling that the sets {8z, (m)}=T} form a partition
of By, we group the terms in (55) accordlng to the index m
associated with fr(a¥):

I(Xp YT |ALL T =)
L+1

DD

m=Llaf:fr(af)EBL(m)

Pr{Af = af}[n(¥7(af.2)

~ h(Y(fla}).2)]. 56)

By Assumption A3, the distribution of the random variables
X7 1 does not depend on {. Consequently, for any fr(ak) €
Br(m), the random variable Y (f(a¥),7) has the same
distribution as
L—m
Yk(alLaJam) £ Z GZH5+m,j,kXZ,j,k
=0

+ Z AEHZ—‘,—’I?L,j,kXZ,],k + Zk- (57)
{=L—m+1

Comparing (47) and (57), we observe that, as L — oo, the
two random variables differ only by a finite shift £ — ¢+ m
in the fading matrices. This observation will be exploited next
to bound the differential entropies in (56).

E. Variational Bound Based on the Information Inequality

We focus on the bracketed term in (56). Using the equiv-
alence in distribution of Y (fz(al), ) and Yy (at, 7,m) for
fr(a¥) € Br(m), and using the identity h(U) — h(V) =

h(UV) — h(V|U), it follows that

h(Y7(af,2) — h(Y7(fr(at), )
= h(¥7(af,9)) — h(Yi(af,5,m))
= h(XT(af,y) | YT(af,g,m))

— h(Y7(af,5,m) | YT (af, 1)

< Z[h(Yk(afa]) | Yk(afajam)>
k=1

— h(Yx(at',5,m)

where the inequality follows from the chain rule and because
conditioning reduces entropy.

To upper-bound (58), we next apply Lemma 2 with a
cleverly chosen g(-). Since we bound the conditional entropy
given Yy (ak,s,m ), we can choose a conditional pdf that
depends on Yy(ak,j m). Specifically, let f, 1%, denote

| Y1 (al, ,m), YT (al, )], (59)

the true conditional pdf of Yy (ak,7) given Yy(a¥,s,m).
Lemma 2 al}ows us to upper-bound the conditional differential
entropy of Yy (ak, ) given Yy (ak, 7, m) by replacing fv v,

by an auxiliary pdf g <, . For every Yi(ak, 7, m) = yi, we
choose
o ls npyVBr(nr) 1
9%, 17, Tkl¥e) = (59)

wrE | Fk]I5 1+ B9 ell5""

with B = 1/||y%|/2"#. This is the density of a circularly-
symmetric complex random variable whose magnitude is
Cauchy distributed. A similar pdf has been used in [47] to
analyze frequency-dispersive fading channels.

Applying Lemma 2 with the auxiliary distribution g¢, ¢, )
from (59), we obtain

h(Yk ala ’ Yk: a’l y J, T ))
— —E[log fg, 7, (Vu(al, ) | Yelak,5m) ]

a

< ~E[loggg,v, (Vu(a, )| Yalat,s,m))]
D (g + 1) log 7 — log(ngT'(nr))

+ " [tog | Vi(at, ) 3]

- T%RE [log | Yx(af, 5, m)|3]

+E[log(I¥alab 3™ + [¥alak,g.m)[3)]

—
a2

(c)
< (ngr+1)logm —log(ngl'(ng))

nr <

+ 7E{log|lYk(a1L,.7)||§]
nr U

- —E [log [|[ Yk (at,g,m)|3]

+ ni log (I Vx(al, ) I3 + [V r(ak, ,m)13)] , (60)

where (a) follows from Lemma 2; in (b) we substituted the
auxiliary distribution g¢ ¢, (-) in (59) with 8 = 1/||y,[3"";
and (c) follows since a"® + b < (a + b)"" for a,b > 0.
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Next, we consider the second conditional entropy in

(58). By conditioning on {X,,;}32; and AF .,
the random variable Y (al,5,m) is independent of
(Y¥=Y(aF,7,m), Y} (aF, 7)) and has a Gaussian distribution.
Hence,

h(Yk(a%a.%m) | Yllc_l(afm]a m)aY?(afL]))
> h(Yr(at,7,m) | {Xe, 63021, AT i)
= nplog(me) + nRE[log K(alL m. fme,ngoj’k)] , (61)

where

R(af " A%o m+1» }(07]7 )
L—m
2

£ ) aarim||Xe
£=0

oo
Y A Xl + o,
{=L—m+1

(62)

The inequality in (61) follows because conditioning reduces
entropy.

Using (60) and (61), we obtain that (58) can be upper-
bounded by

n .
+ TRE{log HYk(afvj)”%]

" _
— —RE[log Y r(al,s,m)|3]
_|_nRE[log(||Yk(a1, DIB+ V(a5 m)|3)]

—ngE [log K(ap™™, A% i1, ngojyk)} > . (63)

To upper-bound the the third and fourth term on the RHS
of (63), we note that, conditioned on Xy, = x¢, A¢ = ay,
and Ay = ay ¢ = 0,1,..., both ||[¥i(aF,7)|?3 and
Yr(ak,5,m)||3 have a chi-square distribution with 2ng
degrees of freedom. Using [48, Eq. 4.352], we thus obtain
that

E [log IV (af, »I13] — E [log 1V x(af, 3. m)13]

K(af, A% |, X
—E [log ( L( Eahi s ’77’11 )] . (64)
K( AL m+17XOjk)

where

K(a%a A%QJrlv ng)j,kl)

L
23 " aga||Xe,kll3 + Z Apag]| Xy 1ll5 + 0?. (65)
£=0 (=L+1
The theorem’s assumption (6) implies that
m—1
Qptm = ag, £=0,1,... (66)

This allows us to lower-bound

I
K(a1 I m+1aX(O),Oj,k)

mle

Z agc|| X, k3

| \/

nmax

pm 1 B
+ Z Aéae-&-m”X&Lk”% +0°
TImax =L —mi1
1 L-m

Z aga|| X, k3

| \/

nmax

pm 1 - ) m—1
+ Z AZOéE-s—mHX&Lk”z +
Thmax [ o1

a2, (67)

max

where the second inequality follows because p™ ! /nmax < 1,
since Nmax > 1/p by definition and 0 < p < 1 by assumption.
Substituting the resulting bound in (64), we thus obtain (68)
at the top of the next page, where

L
CaL 15 AT 1 X T 1 ,k)

L e
X 2 A X 2
S apov|| Qe,g,k\2+ Yoo al 2z,g,/c||2.(69)
g g
{=L—m+1 {=L+1

In (68), (a) follows by writing the fraction as the sum of
two fractions, the first with numerator ZZL:_O’” arce|| X,k l3+
02 and the second with the remaining terms, and by
lower-bounding the denominator of the first fraction by
Zf;om arce||Xe,, k|34 0% and the denominator of the second
fraction by o2; (b) follows because log(1 + x) < z, > 0.

To upper-bound the fifth term on the RHS of (63), we
use the law of iterated expectations and upper-bound the
conditional expectation using Jensen’s inequality:

E [tog (I1Vx(af. I3 + I ¥nlat, 5m)3) |
< E[log (E[[¥u(af. 5) I3 + [ ¥u(at, 2 m)I |
Ko}, A7, AT )|
— Elog(nrK(af, A%, 1, X5, 1)
+naR(af T AT X)) 0

We next use again (66) to upper-bound
K(a%»A%oJthg?g,k)

L—
o <
< 2N e mlXe, k3
p =0
L 0o
+ Y alXepli+ YD Al Xe k3 + 0
{=L—m+1 {=L+1
'f] L—m
< Z agttom [ Xe, )k |2
P £=0
N n
+p::ixl Z Aeaé+m||Xégk||2 pmdxl<72
{=L—m+1
L o]
+ Y aalXekl3+ Y Al X kl3
f=L—m+1 f=L+1
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16
E[log|[Yx(af,2)|3] — E[log [ Y (aT,s,m)|3]
3

< E|log oo aeoel| X k|3 + E;.;LJrl Aga|| Xy k5 + 0 +log (nmax )

- Yo" ol Xe k13 + Y002 gy Avcrel| X kI3 + 0 prt

(a) - apae|| X 24500 Ay X 2 e

e E[log <1+ St @ece]| X ill3 + 200 11 Ave]| X k13 +log (Zm_l>

() nmax

< log o +E[§(GL w1 AT X k)] (68)

"lmax 7/ L—-m Foo 0o
= pm_lK(a1 7AL—m+17XO,k)

+ U2<(a£—m+lvAio+17Xio—m+1,],k) (71)

where the second inequality follows because the sec-
ond sum on the second line is nonnegative and because
Nmax/ p™~1 > 1. It follows that (70) can be further upper-
bounded as

{1og(||Yk(a1’ )3+ 1Y x(at 5, )Hgﬂ

<log (1

+ E[logK(af

nmax

> + IOgTLR

m7 _zoferl’XS?k)]
log( 1+ o?(laf_ m+17AiO+1’X%O mt1h)
(1+ Zea)K(ap ™™, AR, 00, XE)

< log (1 4 Jmax ) +logng
pm

+E

+ E[log K( 720 m+17X80k)]
+ E [C(aL m+1 AL+1? XL m—+1,7, k)] (72)
where the last step follows by bounding log(l4+2) <z, 2z >0

and (1 + fmax/p™ K (ar ™™, AZ 11, XG) = 0.
Combining (68) and (72) with (63), we obtain

h(XT(af, ) — h(YT(frlal), )

Sn{nR(m—l)log (p_%) + log —l—anogn—R
e

T

nRI‘(nR)
nR m—1

+ 7 IOg(nmax) +ngr IOg(p + 77max)i|

+ nRZE
< n[na(m —1)log (p

aL m—+1» AL+17 XL m+1,7, k)]

_%) + log +anogn—R
e

T
HRF(TLR)

n 3 =
+ 7R IOg(nmax) +ngr IOg(l + nmax) + §nR<L7m:| , (73)

where in the second step we upper-bounded p™~! in the fifth
term by 1, and we used the power constraint (5) together with
E[A¢] = p),| to upper-bound

n

Z E [C(a%—m—&-l’ Aio+1? X%O—m,—i-l,],k)]

k=1

< L aynrP
< D

(=L—m+1

1
n

> Q| mTP =
S T gL )

(=L+1

Back to (56), we note that the upper bound (73) depends
on the position m of the leadlng 1 of fr(a¥), but not on
the specific activity pattern af. The probability that a length-
L binary sequence has the leading 1 in the m-th position is
equal to

>

af:f1(af)EBL ()

Pr{A} = af} = Pr{fL(A]) € BL(m)}

=py(L=py)" " (79)
since Aq, ..., A, follow an independent Bernoulli distribution
with parameter p|;, and since fr(AF) has the same number
of ones as A¥. Therefore, using (73)—(75) in (56), we obtain
that

1 n Va0
EI(X0,1;Y1 | AT, T =)

L+1

< p(1=pp)™ " nr(m —1)log (/f%)

™ nr
log ——— log —
+ log nal () + nglog .
ng
+ 5 108(Tnax) + 12 108(1 + )|
L+1 ~
+5nm D P (L= o)™ . (76)
m=1
F. Average and Limits
Using that
Yol —py)" =1 (7
m=1
and [48, Eq. 0.231]
_ 1-p
Z (L =pp)"Hm—1) = —=1 8)
Dy

the first sum on the RHS of (76) converges to

ng
Ty, £ nr ,,f':” log (p ) + log +nrlog —

T
HRF(TLR)

+ 7 log Nmax T MR log (1 + nnlax) (79)

as L — oo.
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We next show that the second sum on the RHS of (76)
vanishes as L tends to infinity. Indeed, after some algebraic
manipulations, we obtain that

L+1
> oyt =pp)™ Com
m=1
n P L+1 L
T
= Z pp(L=pp)™ " Y
{=L—m+1
n P Ll
T
me =)™ Z Qe
{=L+1
(a) nrP s
a T _
= Zo‘f Z Py (L= pp) ™
=0 m=L—¢+1
n o0
T
TPl D
¢(=L+1

_ nrP >
e+%p|]| Z ayg, (80)

(=L+1

L
nTP L
< ? Zaé(l _p\jl)
£=0

where (a) follows by changing the order of the sums in the
first term, and by evaluating the sum over m in the second
term using (77); to obtain (b), we upper-bound the first term
by letting the sum over m run up to infinity, and by then
evaluating the sum of a geometric series.

The second term on the RHS of (80) vanishes as L — oo
since Z;’;O o < 0o by assumption. To bound the first term
on the RHS of (80), we fix an arbitrary v and bound the sum
as

L
Z ag(L—p) =t
=0

—Zae (L =pp)" "+ Z ar(1—pp,)*

= y+1

< (L—py)=~ "ZOéH- Z ag,

{=v+1

(81)

where we upper-bound the first sum by bounding (1 —
py)Et § (1 — py)¥~", the second sum by bounding
(1—pp,) =% < 1, and both sums by changing the upper limit
of the sum over ¢ to co. The first sum on the RHS of (81)
vanishes as L. — oo, whereas the second sum vanishes as
vV — OQ.

Combining (81) with (80), we thus obtain that the first term
on the RHS of (80) vanishes as we first let L — oo and then
v — oo. As a result, the RHS of (76) tends to (79) as L — oo.
Observe that (79) only depends on the set of active users in
the intended cell j via its cardinality |j|. We next use that, for
4 2 y|, the activity pattern in the intended cell satisfies

Pr{J =} =6(1-6)""" (82)
and that there are (”JT) of distinct sets 7 with cardinality j.
Also, the probability of a cell being J-interfering is

ppy = 6. (83)

Then, using (82) and (83), we obtain from (76), (79), and (45)
that

1 N
im —I(X7,;Y"|AF
LLH;O’I’L ( 0,1 1‘ 1,j)

< Pr{T =57y,
J
ks nr . 1-—
= Z < : >5J(1 — 5" ing
=1 N

+ (1= (1=09)") (log

Zas(r)

™ + ] nr
L nnlog 2B
nrl(ng) RIE7

+ n7R log(nmax) + nRr log(l + nmax)) (84)

Evaluating the first term on the RHS of (84) using the binomial
theorem, and combining (84) with (42)—(44), we obtain

1 n . n
%I(XO,bYl)
1 3
=5 ngr - - oglp 2
< —H(J)+nr((2—-0)"" —1)1
nrt m nj
+(1-(1-46) )(log o + nprlog .

+ 108 (fmax) + e log(1 + nmax)) (85)

from which the desired bound (7) follows by noting that, as
n — oo, the term %H(j) vanishes.

APPENDIX II
PROOF OF PROPOSITION 1

The proof of Proposition 1 closely follows the proof of
Theorem 1 in Appendix I, but relies on a slightly different
definition of interfering cells. Specifically, in the proof of
Proposition 1, we say that a cell ¢ is J-interfering if

|1 <19,

that is, if the number of active users in G, is at least the number
of active users in the intended cell . We adopt the notation
J-interfering (instead of J-interfering) to emphasize that the
definition depends only on the cardinality J = |J|, rather
than on the specific set 7. In words, instead of restricting the
analysis to cells whose active-user set G, contains the entire
set J, we consider all interfering cells with at least | 7| active
users.

As in the proof of Theorem 1, we define the corresponding
indicator variable A,, which is 1 if the ¢-th cell is J-interfering
and zero otherwise, i.e.,

1
A == ’
‘ {0,

For the J-interfering cells, we apply a permutation on the
user indices u = 1,...,nyp on both X7, and H'; so that the
active indices in cell ¢ are aligned with the active users in the
intended cell J. This permutation does not affect the mutual
information I(Xg ;YT |J), since the transmitted symbols
(X FERIEEE XZ,nT, ) are exchangeable by the proposition’s
assumption, and since (Bea,---,Bopy) are iid. and H7,

(86)

|T| < 1Gel,

. (87)
otherwise.
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has i.i.d. entries for all £ = 0,1,... according to the channel
model.

After applying this permutation, all the steps in Appendix I
apply for the new J-interfering cells until the final average
of the bound in Section I-F. Indeed, let y be the set of active
users in the intended cell and let j = |j|. Then, the probability
of the (-th cell being J-interfering is

nr

) n e
Pyl =PrlG >3] =3 (k) FL-0)E, (88
k=j
where G ~ Bin(nr, ) follows a binomial distribution with
np trials and activation probability 0 < § < 1. Using (88) in
(80), instead of p|, = 7, the steps (80)—(84) then yield that

T 1 n o.~rn L
LII_EI;OEI(XO,MYl | AT, T)

o 1=Pr[G>j _s
<nRZPr[G:]]Pr[G[>j] Lo (p 2)

Jj=1

n
+ 7R log(Nmax) + nr log(l + nmax)>- (89

Therefore, to prove (11) in Proposition 1, it only remains to
show that 7T, Pr[G = j}%ﬁ?}’] is upper bounded by
np(1 — d). To this end, note that

iPr[G:j]l_Pr[GZj]

Pr[G > j]

(@) & L1 —Pr[G > j]
< = j|—"=
3 PG < ]

j=1
<3 (nr — k) Pr(G = ]

k=0
2y —nrs, (90)

where in (a) we used that Pr[G > j] > Pr[G = j]; in (b)
we used that 1 — Pr[G > j] = Pr[G < j]; (¢) follows by
reindexing, since each Pr[G = k| appears exactly np — k
times in the sum; and (d) follows since Y, Pr[G = k] =1
and > 7 Pr[G = k]k = E[G] = nré.

Using (90) in (89), combining the resulting expression with
(42)—(44), and taking the limit as n — oo, we obtain the
desired upper bound (11) on the exchangeable capacity.

APPENDIX IIT
PROOF OF PROPOSITION 4

Let

Xug = BuXug, u=1,...,nr, oD
where B, ~ Ber(d) and Xu,k is independent of P, has
unit energy, and is non-zero almost surely. Further let

Xy = X1k, Xpp i)' B=[Bi,...,Bp]7, and X, =

[Xl,kn ... 7X’I’LT,k:]T
upper-bounded as

. The mutual information can then be

(a)

O 1(Xp; B) + I(Xp: Y| B)

(¢)
S nTHb(5) + I(Hk, Xk; Yk|B)

- I(Yk;Hk|XkaB)7

—~

92)

where (a) follows by giving the extra information B; (b)
follows from the chain rule of mutual information; and (c)
follows by upper-bounding I(Xj;B) by the entropy of the
independent binary random variables Bj,...,B,, and by
using the chain rule of mutual information to add and subtract
the extra information H,.

We continue by bounding the first mutual information on
the RHS of (92) as

I(Hy, Xk; Yi|B) = h(Yi|B) — h(Yg|Hg, Xi, B)
(a) nRr nr
< Zlog (1 + PZgT7u>
r=1 u=1

© rlog(l + P) 93)

where (a) follows by upper-bounding the first entropy by that
of a Gaussian random vector with the same second moment
as Yy [43, Th. 8.6.5] and by noting that the second entropy
is the entropy of Zj, which has a Gaussian distribution; and
(b) follows because, by the proposition’s assumption, g, 1 +
et Grne =1

We next analyze the second mutual information on the RHS
of (92) as follows:

I(Yy; Hy | X, B)
ngr

= I(Yrki Hi| X, B)

r=1
nr ~
10g (1 +P Z BtXu|2gr,u>] s %94
u=1

nR
= Z E
r=1
where we used that, conditioned on X, and B, the entries
in Y are independent of each other and have a Gaussian
distribution, hence the mutual information can be evaluated in
closed form.

We lower-bound the RHS of (94) by distinguishing between
the case where B; = ... = B,,, = 0 and the case where at
least one B; is 1. In the former case, the logarithm inside the
expectation is zero. In the latter case, we can lower-bound it
as

nr
log (1 +PY Bt|5(u|2gr,u> > log (P|Xu[*grr)  (95)
u=1

for any arbitrary v’ = 1,...,ny for which B, = 1. It follows
that

I(Yk;Hk‘Xk, B)

>(1-(1-9)") wmin E {log(P|)~(u|2gr7u)} . (96)
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Combining (93) and (96) with (92), we obtain the upper
bound

I()(k;ﬁfk)

1
< ngr(l—19)""log P+ nrHy(6) + nglog (1 + P)

- (1 - (1 - 5>nT) Z E {IOg(lXu* |29r,u*):| ) (97)

r=1
where
u, = arg rlnin E [log (|Xu|2gr,u):| . (98)
u=1,...,np
This is (21) in Proposition 4.
APPENDIX IV
PROOF OF LEMMA 1
By (27), we have
> s Y : ©9)
L=Lp+1 t=Lp+1 exp(exp(£?) )
Any Lp satisfying
T R
2=, explexp(l)

will therefore also satisfy (25). To find such an Lp, we first
rewrite the sum in (100) as

1
2 exp(exp(£))

{=Lp+1
oo

1 . .
(£ 3z, O )10

Since the function = — e* — 2%, a > 1 is monotonically

increasing, we next note that, for every £ > Lp + 1,
exp (exp(L§) — exp({*)) < exp(Lp — £%). (102)

Using a first-order Taylor series of £* around ¢ = Lp, and that

x — x® is a convex function for a > 1, we obtain
0“> L +alyg ' (¢ — Lp). (103)
It follows that
Z exp(exp(L§) — exp(£*))
{=Lp+1
< Z exp(aLy — aLp™")
{=Lp+1
exp(—aLg_l)
11— exp(faL‘Fl,_l)
<L (104)
1—e @

by the expression of the geometric sum, and because the
function  — e~ */(1 — e~?) is monotonically decreasing in
z and Lp > 1. We thus have that

- 1 - 1 e ?
exp(exp(£®)) ~ exp(exp(Lg)) 1 —e~®

(105)
{=Lp+1

We finish the proof by noting that any integer Lp satisfying

P e g
Lp > (loglog <02 1 ea>)

2

(106)

yields
1 e “ o

< —.
exp(exp(Lg)) 1 —e@ = P

By (99) and (105), the same Lp also satisfies (25). This proves
Lemma 1.

(107)

APPENDIX V
PROOF OF THEOREM 2

Consider the bursty signaling scheme introduces in Sec-
tion IV, where the signal transmitted by user v at time k is
given by

Xouk = BeaBouXowr, €=0,1,...  (108)

Here, By, ~ Ber(8) models the user activity, By ~ Ber(€)
is a random variable that artificially introduces burstiness,
{X“)k, k € Z} are i.i.d. circularly-symmetric random vari-
ables with log |Xg 1 k\ umformly distributed over the inter-
val [0,log P], and Bzu and {Xguk, k € Z} are zero for
u=2,...,np; cf. (23) and (24).

Since the only active user is v = 1, we will omit the
subscrlpt u in the remainder of this proof To simplify notation,
let B, £ Bng Since B, and Bz are independent, B[ has a
Bernoulli distribution with activation probability §¢. By (4), a
lower bound on C(P) follows by lower-bounding the mutual
information I(X{ ;;YT) as
I(Xg1; YY)

@ LG43 BI) + (X3, YHIBL) -

© 1(X3 3 BE) + (X35 YT |BE)

- H(BlLP‘Y?) + H(B1LP‘Y1 , X0'1)

n HL n
I(X0,1§B1P|Y1)

—~
3]
~

> I(X{; Y7 BL") — Lp log 2

(d) ~ ~

> I(X§y, Bo; Y| B{") — Lp log2

Q I(Bo,Y;L|BlLP) + I(X071;Y?|B5P,BQ) - Lp 10g2
)

> (XY BL®, By) — Lp log 2, (109)

where Lp is an integer satisfying (25). Here, (a) follows
from the chain rule for mutual information; (b) follows by
expressing the last mutual information as a difference of
conditional entropies of the discrete random variables BI»;
(c) follows by the nonnegativity of mutual information and
entropy, and by upper-bounding the entropy H(BL*[Y?) by
the logarithm of the number of possible values BlL can take;
(d) follows because X' is a function of X0 , and By and
by the data processing 1nequahty [43, Th. 2.8. 1] (e) follows
again from the chain rule of mutual information; () follows
again from the nonnegativity of mutual information.

To lower-bound the mutual information on the RHS of
(109), we write the mutual information (X{} LY BE By)
as an average of the conditional mutual informations
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I(X&l;YﬂBlLP = bl® By = by), and lower-bound these
mutual informations as follows: If by = 0 or bi* # 0, then

we use the nonnegativity of mutual information to bound
I(X§YPIBE" =b{" By =bo) 20.  (110)

If 50 =1 and l;lLP = 0, then we use the following lemma:
Lemma 3: We have that

[(XG; YT|B™ =0, B =1)
>n (1og logP — v —log(e) — 2log (1 + \/50))
2 nR(P). a1

Proof: The result is a lower bound on the capacity of a
noncoherent point-to-point fading channel with non-Gaussian
additive noise and is based on a lower bound presented in
[49, Lemma 4]. For completeness, we provide the proof in
the subsection at the end of this appendix. ]

It follows from (110) and (111) that

I(X3 3 YTBE, By) > ndg(1— 66)F R(P), (112)

where we also used that Pr(By = 1) = ¢ and
Pr (BfP - 0) — (1 o6)Le. (113)

Replacing (112) in (109), and dividing both sides of the
inequality by n, we finally obtain

1 1
~I(Xg1;YT) > 66(1 = 66) P R(P) — ~Lplog2. (114)

The lower bound (29) in Theorem 2 follows then from (114)
and (4) upon letting n tend to infinity.

A. Proof of Lemma 3

It follows from the chain rule for mutual information that
(X3 YP|BI" =0,By = 1)

ZI(Xo,k;YﬁBfP =0,B) = LX{)CEl)

E
I
—

I(Xox: Yi|BE =0,By = 1),

NE

> (115)

>
I
—

where we used in the second step that the channel inputs are
independent and that removing the channel outputs Y, ¢ # k
reduces mutual information.

We next use the assumptions By =
express the channel output Yy as

1 and f’)fp =0to

Y, = Hox Xo s + Wi, (116)

where

W, £ Z H, . X0+ Zs
{=Lp+1

(117)

and Hyj, are (ng x 1)-vectors containing the fading coeffi-
cients from user 1 in cell ¢ to the receive antennas in the
intended cells.

20

With these definitions, we can lower-bound the mutual
information in (115) as

I(Xox; Yr|BE =0,By = 1)
= I(Xox; Hok Xg, , + W)

> I(Xo,k; Ho .k Xo + Wi), (118)

where Hj 1 denotes the time-k fading coefficient from user
1 to receive antenna 1, and W}, denotes the first component
of W.. Here, the inequality follows by ignoring the received
signal at receive antennas 2,...,ng.

We next lower-bound I()A(Oyk; H071,k)§'07k + Wy,) using the
following lemma:

Lemma 4 (Lapidoth [49]): Let the random variables X, H,
and W have finite second moments. Assume that both X and
H are of finite differential entropy. Finally, assume that X
is independent of I; that X is independent of W; and that
X —o—H——WW forms a Markov chain. Then,

I(X;HX + W) > h(X) — E[log | X|*] + E[log |H|?]

2
—E llog (71'6 (UH + U)I;Vl> )] , (119)

where oy > 0 and oy > 0 denotes the standard deviations
of H and W, respectively.
Proof: See [49, Lemma 4]. |
It is easy to check that X = Xo’k, H = Hyy, and
W = Wj satisfy the lemma’s condition. In particular, by the
definition of Lp and our choice of Xj ,

oo
E[|[Wil*] < Z P + 0% < 207
{=Lp+1

(120)

It thus follows from Lemma 4 that

I(Xox; Ho e Xok + Wi)
> h(Xox) — E[log | Xo.[?] + E [log | Ho,1

E[Wmﬂ
| Xox]

> h(Xox) —E {log \Xo,kﬂ + E [log | Ho, 1,k /]

— log(me) — 2log <1 + \/50) ,

’]

— log(me) — 2E llog (1 +

(121)

where the second inequality follows from (120) and because
[ Xok| = 1.

The differential entropy on the RHS of (121) can be
evaluated as

h(Xox) = h(log | Xox|?) + E [1og |X0,k\2} +logm

— loglogP +E [1og |X0,k\2} Fflogm,  (122)

where the first step follows by expressing the differential
entropy of a circularly-symmetric random variable by the
differential entropy of the logarithm of its absolute value
[34, Eqgs. (326) and (316)]; and the second step follows by
computing the differential entropy of the uniformly-distributed
random variable log | X |?.
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Similarly, the logarithmic moment of the exponentially-
distributed random variable |H07;€|2 can be computed as (see,
e.g., [34, Egs. (209)-(212)])

E[log |H0,1,k|2} =
Combining (122) and (123) with (121), we obtain
I(Xox; HopxXok + Wi)
> loglogP — v — log(e) — 2log (1 + \/50) . (124)
Together with (118) and (115), this yields

(123)

I(X§1: YT B = 0,By = 1)
>n (loglog P — v —log(e) — 2log(1 + ﬁa)) , (125)
which proves Lemma 3.

APPENDIX VI
PROOF OF COROLLARY 1

By assumption, the fading variances o satisfy (27) for some
a > 1. It thus follows from Lemma 1 that any integer Lp

satisfying
1
P e @
L log1 —_—
o> (e (5150

also satisfies (25). We next choose the activation probability

_lte
ép = (loglog P) g

for some arbitrary 0 < € < a —1. We then analyze the leading
term in (29), given by,

5¢p(1 — 6¢p)" " loglog P

(126)

(127)

(128)
asymptotically as P — oo. To this end, we first note that, if

lim (1 d¢p)% > 0

P—oo

(129)

then there exist positive constants v and Py such that, for
P > Py, the leading term in (29) is lower-bounded as

66p(1 — 5&p) P loglog P > dépv loglog P
1— 1te

= dv (loglog P) ,  (130)

from which Corollary 1 follows.

It thus remains to prove (129). To this end, we consider the
logarithm of (1 —§¢p)%® and show that it is finite. Indeed, we
have that

LP 10g(1 - 5€P)
P e \\* 5

> (log log (216a>) log 1-— D
ori=e (log log P) @

)) o i

1+4e I

(log log P) @

5 (loglog (& 1=
- 1te

(log log P) @

(131)

where in the second step we used that, for 0 < z < 1, we

have log(1 — z) > —%.

21

The first term on the RHS of (131) is of order (log log P)!/¢;
the second term is of order (loglog P)~(1*2)/¢; the third term
tends to 1 as P — oo. It follows that the RHS of (131) is of
order (loglogP)~¢/?, which tends to zero as P — oc. Since
the limit inferior of the logarithm of (1 — 6&p)%® is lower-
bounded by zero, we conclude that

lim (1 — 66p)%° > 1.

P—oo

(132)

In fact, we have (1 — §&p)E® < 1 for every P, so it even
holds that (1 —6¢p)LP — 1 as P — oo. This proves (129) and
concludes the proof of Corollary 1.
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