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Definition: Communication System

@ Purpose of a communications system: (transmission)

@ Transmission: process of sending, transporting, information
from one point (source) to another point (destination) through a
channel or transmission medium

Transmitted Information Received Information

s(1) r(1)
Transmission medium

@ Taxonomy (format of the information to be transmitted)

» Analog system: analog signal (continuous time waveform)
* Information / electrical signal conversion: Transducer
- Example: output from a microphone (voice signal)

BLADE RUNNER (Roy Batty): “I've seen things you people wouldn't believe: attack ships on fire off the shoulder of Orion. | watched C-beams glitter in the dark
near the Tannhauser gate. All those moments will be lost in time, like tears in the rain... Time to die.”

» Digital system: digital signal (1001110101001010...)

* Posterior conversion to electrical or electromagnetic signal (Modulation)
Universic idad
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Physical manifestation of information

e 2 e A e p

M lLadonnae J
N mobile 53

HMlLadonnae J
N mobile 3

En un lugar de En un lugar de

la Mancha, de Fiber la Mancha, de
cuyo nombre no cuyo nombre no
quiero acordarme, quiero acordarme,
no ha mucho tiem- no ha mucho tiem-

ﬁo que vivia un ]
idalgo de los de {
lanza en astille-
ro, adarga antigua,
rocin flaco y galgo
corredotr...

ﬁo que vivia un
idalgo de los de
lanza en astille-
ro, adarga antigua,
rocin flaco y galgo

corredor...
01101100010101- - - Air (antennae) 01101100010101- - -
\ J \ J
Source Transmission Media Destination
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Examples of information sighals (messages)

@ Analog signals: Audio signals (electrical signal at the output
of the microphone)

R e e e s

RESERVOIR DOGS (Mr. White): “If you get a customer, or an employee, who thinks he’s Charles Bronson, take the
butt of your gun and smash their nose in. Everybody jumps. He falls down screaming, blood squirts out of his nose,
nobody says fucking shit after that.”

s L e e

BLADE RUNNER (Roy Batty): “I've seen things you people wouldn’t believe: attack ships on fire off the shoulder of
Orion. | watched C-beams glitter in the dark near the Tannhauser gate. All those moments will be lost in time, like
tears in the rain... Time to die.”

@ Digital signals

[Bb[n] = 0100110010001010010010100100100000011101010100101 - - J

[Bb[n] = 1101010101001010000101111001001010010101010010100 - - ]
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Analog and digital communication systems

@ Analog communication system

» Designed to send information contained in a continuous waveform
@ Digital communication system

» Designed to send information contained a sequence of symbols
pertaining to a finite alphabet (M possible values for each symbol)
* Example: Bits (M = 2): {0, 1}
- Information: (0110001101110011010101110010011010...)
» Transmission at a given rate (symbol rate) R; symbols/s
* A symbol is transmitted every T = RLY seconds
» Symbols have to be converted in electrical signals for transmission
(digital modulation)

* Each symbol is mapped onto a waveform
*  Simplest case: waveforms of T = Rl seconds

@ Digital systems are predominant over analog systems
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Digital modulation - Bits to sighal conversion
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Symbols : bit transport vehicles

e Symbol: block of m bits
* M-ary systems (with M = 2™)
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Digital modulation - Simplest example

@ A block of m bits (symbol) is associated to a voltage level
> M-ary system (with M = 2™ possible symbols)

BINARY SYSTEM (m = 1, M = 2) 4-ARY SYSTEM (m = 2, M = 4)

01 A

0 T 2T 3T 4T 5T 6T T 0 T 2T 3T 4T 5T 6T T

8-ARY SYSTEM (m = 3, M = 8)

100 A
101 A
111 A

110 1 000 110 | 011 101 001 111 010

010 A —
011 A
001 4
000

0 T 2T 3T 4T 5T 6T T
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Advantages of digital systems
@ Regeneration capability

@ Existence of techniques for error detection and correction

@ Channel distortion can be compensated (equalization)
» Much easier than in analog systems

@ Information can be easily encrypted

@ For multiplex/medium access, CDM/CDMA and TDM/TDMA can
be used (as well as FDM/FDMA)

@ Information format is independent of the nature of information
(voice, data, TV, etc.)
» Nature of information: transmission rate (symbols/s, bits/s)

@ In general, circuits are

» More reliable
» Cheaper
» More flexible (programmable)
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Distortion in analog signals

@ There always exists some distortion during transmission

» The received signal is different from the transmitted signal
» Design: to minimize the distortion (maximum fidelity)

@ Re-transmission: distortions are accumulated

TRANSMITTED SIGNAL RECEIVED SIGNAL(1)

RECEIVED SIGNAL(2) A
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Digital regeneration

BIT ENCODING - Binary system using squared pulses
1 = High level
0 = Low level

TRANSMITTED DIGITAL SIGNAL RECEIVED DISTORTED SIGNAL

oj1j1o01 1 110

O T 2T 3T 4T 5T 6T 7T 0 T 2T 3T 4T 5T 6T 1T

IDENTIFICATION OF EACH SYMBOL REGENERATED SIGNAL
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Disadvantages of digital systems

@ Need for synchronism
» |dentification of the interval for each symbol

@ Higher bandwidth
» Lower as compression techniques improve

@ Many information sources are analog in nature

» A/D conversion
* Sampling
* Quantization — Quantization error

» D/A conversion
* Interpolation
* Low pass filtering

A/D and D/A are based on the Nyquist sampling theorem (also known as

Nyquist-Shannon or Whittaker-Nyquist-Kotelnikov-Shannon theorem)
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Analog to digital (A/D) conversion

@ Analog sources: continuous amplitude, continuous time

@ Analog to digital (A/D) conversion:
» Discrete time : Sampling at rate f; samples/s

» Discrete amplitudes: Quantization with n bits/sample
* Quantification noise: only 2" quantification levels
- Difference between sampled value and quantified value
* Lower as n increases

» Binary rate (bits/s):
[Rb (bits/s) = f; (samples/s) x n (bits/sample)}

Digital Voice: 64 kbits/s (B = 4 kHz, f; = 2B = 8000 samples/s, n = 8 bits/sample)
@ Digital to analog (D/A) conversion:

» Conversion of bits to samples (quantized)

» Reconstruction of the signal from samples (quantized)
* Interpolation with impulses + low pass filtering

xi(t) = xg[n] 6(t — nTy) = x,(£) = xi(t) * hpp(2)

(1) = En:xq[n] sinc <t _T”TS)

N
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A/D conversion: Sampling + Quantification

x(1)
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D/A Conversion: Interpolation with impulses + Filtering

® ;1 (e}
(o) * < <
O ® [ ] [ ] ® O O
R D (R N S A A ],
0 1 2 3 4 5 6 7 8 9 10 11 12

A i) =32, xg[n] 6(t — nTy)

S I |

0T 1T 2T s Ts 6T K Ts 10T 1T 127

CKO) = x;(t) * hppp(1) /0\

™ ~ N ™
|

Ty Hypr (jw)

L ]
\/ .\/
0T 1T 2T 3T 4T 5T 6T 1T 8T 9T 107y, 11Ty 12T

Universi idad
ucdm ‘ Carlos Il -m . 2
de Madrid @ rmrww  Marcelino Lazaro, 2023

i

OCW-UC3M Digital Communications Introduction 16/62



D/A Conversion: Interpolation with sincs at 7, s

® xyn] e}
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Equivalence of both options

@ Sampling at 7 : Sampling frequency

N S

et =i () 5 i) =10 () =10 5

4 t —nT.
sinc | — | * §(t — nTy) = sinc s
T, T

+ hpr(1)

{s = Tl = 2B Hz (ws = 2T—7T =2W rad/s) with W = ZWB]
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Digital Transmitter/Receiver - Basic functional blocks

@ Digital transmitter

To channel

» Digital modulator: Transmission of a sequence of symbols
(typically bits, B,[¢]) through an analog communication
channel (electromagnetic signal s(7))

@ Digital receiver

From channel

» Demodulador digital: Recovery of the symbol sequence
(bits, By [¢]) from signal received through channel, (r)

Universic idad
"csm‘gfmzr'wg @ Marcelino Lézaro, 2023 OCW-UC3M Digital Communications Introduction 19/62

Source and channel coding

@ Source coding

» Reduction of redundancy (compression)

» Lower binary data rate requirements for transmission

» Examples: MPEG or DivX (video), MP3 or OGG (audio), ZIP
or RAR (files),...

@ Channel coding

» Error detection and/or correction
» Introduction of redundancy (structured)
» Capability of detection/correction depends on complexity
» Simplest example: repetition code
* Repetition code of order 1: 0 - 001 — 11
- Detects 1 error over a two-bits block
* Repetition code of order 2: 0 — 000 1 — 111
- Detects 2 errors or corrects 1 error (correction based on
majority decision) over a three-bits block
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Interleaving

@ Protection for burst errors
» |In combination with channel encoder
@ Re-arrangement of data in a non-contiguous way

» Goal: to transform burst error in several isolated errors
* Channel decoder deals with relatively few errors per block

@ Kinds of interleavers

» Block interleavers
» Convolutional interleavers
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Interleaving - One example (block interleaver)

Uncoded Data Channel Code
101110 Repetition code (order 2)
Coded Data Interleaved data
1|1|1|OOO111111111000 101110?01110?01110
Transmission De-interleaved data
101 110 101 1/10 101 1 10 11/ 1]o0l0o 111 ]11[1]1[1]1 qol0
Burst of errors Isolated errors
1111
170 1 1 1170 Block interleaver ? (1) ?
1|01 (1]1]0 Data input: per column T
1101 j1]1]0 Data output: per row T
0|00
Interleaver De-interleaver
N, X N, N, X N,
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Digital modulator - Conversion of bits (B,[(]) into a signal

By[¢] Digital s(1)
Bits | Modulator J Signal
@ Transmission of sequence of bits B[] at rate R, = Tib bits/s

» Conversion in electrical signal s(r)

@ Block-wise bit transmission - Sequence of symbols
» Segmentation of sequence B,[¢] in blocks of m bits
» Each block of m bits is a symbol

* 1 symbol = m bits
* Alphabet of possible symbols: M = 2™ symbols: B € {bi}f.vz_ol

» Sequence of symbols B[n|

* Symbol rate Ry, = % symbols/s (bauds)
* Relationship between rates R, / Rs: Ry = m X Ry (or T = m X Tp)

» Transmission of a symbol (block of m bits) each T seqg.

@ Simplest conversion from bits/symbols sequence to a signal s(¢)
» Piecewise generation: “pieces” of T seconds (corresponding to 1

symbol)
*  Symbol interval for B[n]: interval nT <t < (n+ 1)T
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Symbol / sighal conversion - Simplest model

@ Analyzed in Communication Theory

@ Symbol / signal conversion
» Alphabet of M possible symbols: B € {by,by,--- ,by—_1}
» Definition of M waveforms with a duration of 7' seconds

{so(),s1(2), -+ ,sm—1(t)}, defined ininterval 0 <t < T

» Symbol / waveform association: b; <> s,(¢)
» Generation of the piece of signal to be transmitted
* |f B =b;, then s(z) = s;(¢)
@ Transmission of symbol B[n]
» Symbols interval: n7T <t < (n+ 1)T
» Value of the symbol: B[n] = b;
* The waveform associated to b; is moved to symbol interval

s(t) = sj(t—nT), innT <t < (n+1)T
@ Gaussian channel model (a simplification)
r(t) = s(t) + n(z)

n(t): white and Gaussian thermal noise
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Design: selection of the M waveforms

@ Constraints: energy, performance, channel characteristics
@ To simultaneously consider these 3 constraints is difficult in the
continuous time domain

@ Discrete time representation of signals

» Points in a N-dimensional Hilbert space
* Coordinates: N-dimensional vector (Encoder)

aio

aj |
S,'(t) — a; =

aj N—1
* Orthonormal basis: N orthonormal signals (Modulator)

{¢0(I)v¢l(t)a"' :¢N—1(Z)}’ g{¢j(t)} =1, /_oo d)j(t) ¢]><k(t) dr =0, Ifk?é]

* Definition of signals in this discrete time representation
N—1
Si(t) = Zai,j ¢j(l), 0<t<T
j=0
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Basic digital communication model

@ Two step conversion
» Encoder: Converts each m bits block (b;) in a point in a

N-dimensional space (a;)
* Energy and performance can be obtained from discrete representation

E{si(0} = E{aiy = ||ail?
Pe — d(si(1), 51 (1)) = /[ E{si(1) — 5;(1) } = d(ai, ar) = |lai — ai]

» Modulator: Generates the waveform associated to each symbol
(s;(2)) by using the basis

* Adaptation to the channel requires adaptation of each element in the base
Ideal adaptation : ¢;(r) = h(t) = ¢;(t), Vj
@ Basic digital communication model

By [E] — B_[nl Encoder A[n] »> Modulator S(t)

Digital Modulator

Channel

By [E] < EM— Detector =q[n] Demodulator :r(t)

Digital Demodulator
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Signal Generation - Example A
Constellation (ENCODER) and orthonormal basis (MODULATOR)

a; = ol A #o(r) I O]
e ~ o
+1 2 2]
Ll B VT VT
T T d > »
-1 2 L T ! 2 L T !
e + o - \/;—— 2 - EF T 2
ay =00 | ap = 10
Signals associated to each symbol
so(1) = —1 X Po(1) — 1 X @(1),5(1) = —1 X Po(1) +1 X §,(1), (1) = +1 X ¢Pg(t) — 1 X P(1),55(1) = +1 X Po(t) +1 X ¢,(1)
4 s0(n) 4 s1(n) } 52(n) T 53(1)
+A+ +A+ +A +A-
T T T T
> > > —>
t t t <\> t
—A —A —A+ —A
Modulated signal for the following binary sequence
Bp[¢] =0010 11 01 1000 11 00 01 00 10 - - -
iR ] ]
+A+
>
—A
0 00 7 10 op 11 37 OF 47 10 sp 00 gp 11 g7 00 g7 OL o 00 jop 10 447 -~
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Signal Generation - Example B
Constellation (ENCODER) and orthonormal basis (MODULATOR)

a =01 4 0() 1 o1(n)
o + o
+1 + 21 + 2 |
T T
L T, N\ /.
> >
-1 2 \/ ! 2 \./ !
et o | |-viY ~VF1
ayg =00 | ap = 10
Signals associated to each symbol
() = =1 X o) — 1 X P1(1),s1(1) = —1 X Pg(1) + 1 X @1(1),5(1) = +1 X (1) — 1 X (0),55() = +1 X (1) +1 X ¢y(1)
S So(l‘) 4 S1 (l) A Sz(t) T s3 (I)
+AT +A+ +A+ +A-f
T \ 7 T T
> > > ——
\/ \ t \/ t / \/ t
—A- —A+ —A- —A+

Modulated signal for the following binary sequence

Bp[¢] = 001011 01 1000 11 00 01 00 10 - - -

+AT

A S(t)

N

WAIA

AN LN

\ /]

A

— A4

0

A

0

T

\

10 Hp

11

[

4T

37 01

10 5p 00 ¢p

WARVIVALY

77 00 gp 01

11

\

or 90 qor 10y
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Design of modulator: channel characteristics

@ Frequency response of the basis elements
@ Example A

|Si(jw)]

27 I271' !

-5 0 +5 w (rad/s)

» Signals are appropriated for channels with “usable range of frequencies” in low
frequencies (baseband channel)

@ Example B

>

|Si(jw)

| >

_2z 0 + w (rad/s)

» Signals are appropriated for channels with “usable range of frequencies” centered
around a given frequency, in this case 27” radians/s (bandpass channel)
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Design of encoder: performance / energy tradeoff

@ Constellation design: sphere packing
» Optimal in the sense of performance / energy tradeoff
* Minumum P, for a given E;

» 1D: Symmetric equispaced constellations

» 2D: Hexagonal constellations
» Practical considerations

* Simplicity of the transmitter
* Peak energy limitation
* Peak to average power ratio
* Simplicity of the receiver
= Constellations: QAM, PSK, unipolar, orthogonal, - - -

@ Bit assignment

» M symbols — m = log, M bits/symbol
» Gray encoding (minimizes BER)
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Hexagonal constellations

Introduction 31/62

Binary assignment - Gray encoding

@ Binary assignment

» Association of each possible m bits combination to a
constellation point

@ Minimum BER for a given P,: Gray code

» The m bits assigned to adjacent symbols (at minimum
distance) differ in only one bit

01 00 10 11
ap a a as
o | ® | ® | ® q

3 2 1 0 1 2 3
» For high signal to noise ratio

BER ~ — P,
m

m = log,(M): number of bits per symbol
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Gray code for QAM

0001 0101 1101 1001
01 ° ° ° )
0000 0100 1100 1000
[ J ([ [ o
0010 0110 1110 1010
10 ° ) ) )
0011 0111 1111 1011
11 ° ° ° °
00 01 11 10
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Gray code for PSK

e 000
100 @ e 001
101 011
@ @
111 ® 010
110 ¢
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Demodulator

@ Discrete time representation of the received signal

» Process of each symbol interval: nT <t < T — q|n]

qo[n]
f(;—H)T o dt >
" . qo[n]
> ¢0 (—1) >
¢g(t —nT)
q1[n] q1[n]
(n+1)T > , x( .
r(t) /\% fnT o dt r(l) ¢1 ( t)
* (4 . . ° °
¢1 (t nT) [ ) [ ] [ ) [ )
[ ) [ [ ) [ )
(n-1)T gn—1[n] " gn—1[n]
CT) Jur o dt > s Oy (1) —] ——
Y
¢y (t —nT) t =nT
CORRELATORS MATCHED FILTERS
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Design of detector
@ Design: Decision regions - B = b; si g, € I,
@ Minimization of the probability of symbol error P,
» Assignment of ¢,: decision region of symbol maximizing
posterior probability pp, (bilqq)
@ Designrules: g, € I; if for all j # i
» General case: Maximum a posteriori (MAP) criterion

pa(a;) fq1a(qolai) > pa(a;) fy1a(qola;)

» Equiprobable symbols (p4(a;) = 1/M): Maximum Likelihood
(ML) criterion

Jaia(@olai) > fq14(qola;)
» Equiprobable symbols (p4(a;) = 1/M) and Gaussian noise:
Minimum euclidean distance criterion
d(qo,a;) < d(qy,a;)
@ Detection rule depends on probabilities p4(a;) and
conditional distributions f,4 (q|a;)

veom | caesll [(OE0) Marcelino Lézaro, 2023 OCW-UC3M Digital Communications Introduction 36/62



Conditional distribution f;4(¢|a;) in Gaussian channels

@ Gaussian channel model
r(t) = s(t) + n(z)

Noise n(r) is stationnary, white and Gaussian, zero mean and PSD S, (jw) = Ny /2
@ Observation in a Gaussian channel

aln] = Aln] + 21

» Noise z[n]: N-dimensional Gaussian distribution, zero mean and
variance Ny/2.

AN % B 1 _||sz\0|2
fo(2) = N (07 ) ) - (ﬂ'NO)N/ze

@ Conditional distribution of the observation

N 1 _la—al?
_ A/N 0y _
faa(qla;)) = N (ai7 7) We Mo

N-dimensional Gaussian centered at the transmitted symbol
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MAP, ML and minimum distance criteria for Gaussian noise

MAP Criterion (with p4 (a;) = 3 X pa(ap) in this case)

pa(ar) fy1a(qlar)

pa(ao) fq1a(qlao)

R 4

Ji T i
0 Gu 1

AN

apta
2

ML and minimum distance criteria are equivalent under Gaussian noise

Vi

R 4

A
¥

A
I
a0+a1

qu = 2

Iy
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Characteristics of real channels

@ Limited bandwidth

» The assigned channel typically has a limited available bandwidth

(BHz, W = 2nB rad./s)
* Baseband channels
* Bandpass channels (central frequency w. rad./s)

|H(jw) |H(jw)]
W = 2nB W = 2nB
1 )] 3 T 1
J : - w T 1 T w
—W +W —We +wc
Baseband Bandpass (central frequency w, rad/s)

» Trasmitted signals (their freq. response) have to be fitted to
this constraint in the available bandwidth

@ Introduction of distortions (non ideal channels)
» Noise (Gaussian) (Communication Theory)
» Linear distortion: linear time invariant (LTI) model: A(¢), H(jw)

qn] # Aln] + z[n]
» Non linear distortion (not considered here): intermodulation
distortion (IMD)
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Main objectives of Digital Communications

@ To extend the basic digital communication model
(Communication Theory) to consider the realistic
constraints introduced by real channels

» To analyze the mechanisms that are necessary to generate
band-limited signals (digital modulations)

* Baseband
* Bandpass

» To analyze the effect of linear distortion and the necessary
mechanisms to handle it at the receiver

* Optimum receiver
*  Sub-optimum receivers (with lower implementation
requirements)

@ To analyze techniques allowing to control the probability of
error of the system

» Channel coding techniques
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Notation - Frequency and bandwidth

@ Linear/ angular frequency
f Hz (cycles/s) / w = 2xf rad/s

@ Bandwidth of a system (or signal)

» Range of positive available (or non-null) frequencies
» Usual notation: B Hz, W = 2B rad/s

* Baseband channels (signals)

* Bandpass (central frequency w. rad/s) channels (signals)

HG)/IXGl [H )|/ IXGe)| = 27p
1 ¢ 3 }L |
T w T T T
4 +W —We +we
Baseband Bandpass (central frequency w. rad/s)

41/62
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Notation - Signals

@ Continuous time signals
» Time domain: x(r)
» Frequency domain
* Fourier transform (deterministic): X (jw)
* Power spectral density (random): Sy (jw)
@ Discrete time signals
» Time domain: x[n]
» Frequency domain
* Fourier transform (deterministic): X (&™)
* Power spectral density (random): Sy (™)

@ Discrete time signal by sampling at R, = + a continuous

time signal
xln] = x(t)|t o =x(nT)
i 1 w 2 . - T
X() =7 30X (12 -7374) X =Tx () ol <
oy = 1 w2 w) = T T
S () = 1 zkjsx(JT PTH) Sl) =TS (7). el <
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Sampling and notation for discrete time signals
- x(1)
5T —4T 3T =2T -T 0 T 2T 3T 4T 5T
x[n] = x(nT)
b
a ¢ d e
[ J
I I [ T T I I [ I [
-5 —4 -3 -2 —1 0 1 2 3 4 5
Notation using the d[n] function
xpl=---+adn+51+bdén+4+cdén+3]+---+ddén+---+edn—3+---
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Sampling in the frequency domain

ZX (Jg —J—k> X(jw) =T X (¢*7), |w| < ;
w . ‘T T
ZSX ]——]—k Sx(jw) = T Sx (¢“7), wl <
A |X(jw)| or Sx (jw)
-F -5 -F -F -7 tr +F +F +F +F w(ads)

—57 —4m —37 27 —Tr +7 +27 +37 +4r +57 w (rad/s)

ucdm
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Frequency representation - Some relevant frequencies

@ Transmission of symbols at R, = 7 symbols/s (bauds)
» Symbol rate: Ry
» Symbol duration time (symbol interval): T
@ Some signals will be sampled at R, (sampling at symbol
rate)
@ Some important frequencies

| |X(jw)| or Sx(jw)

_ zTﬂ -z +Z + 2‘?77 (rad/s)
—R; — % + % +R; f (Hz)

| [X (e) | or Sx ()

g, - +7 +2m w (rad/s)
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Model for thermal noise

@ Stationnary ergodic white and Gaussian random process, n(¢)
» Zero mean (m, = 0)
» Autocorrelation function
No
Ro(r) = 3 8()

» Power spectral density

(/) =
Sn(jw) t
No/2

>

@ Value for constant N, “

k  Boltzmann constant (1.38 x 1072 J/K
No— kT W/Hz or J oltzmann constant ( X J/K)

- T Temperature (K
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Demodulator

r(t) q[n]

—— > Demodulator >

@ Obtains the discrete time representation of received signal r(¢)
qo(n]
q1[n]
qln] = ) = r(z) in orthonormal basis {¢ (1), ¢1 (1), -+, pn—1(1)}

CIN—. 1[n]

qo[n]
fn(Tn+l)T o di > q0(n]
NP T GRLLECN
¢4 (1 —nT)
q1[7] . q1[n]
o [ a1 | [ o
sie-amy T : :
()T an—11[n] . an—1[7]
4’(?_’ fnTn o dt > > Py (—1) A —
by— (t —nT) t =nT
CORRELATORS MATCHED FILTERS
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Discrete time noise at the output of the demodulator

n(t) z[n]

Demodulator >

@ Demodulator is normalized (¢, (¢) with unitary energy)
@ Distribution for each noise component (independent)
> Gaussian with zero mean and variance %

fola) =N (O, %)

@ Conditional distribucion for ¢[n] in the ideal case
q\n] = Aln] + z[n]
» If A[n] = a;, each component of g|n] is

qk = Qik + 2k

N,
Jolalalai) = N (ai,ka 70)

,,,,,,,,,,,
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Realizations of a Gaussian random variable
3 T T T T

2 !

x i

J U
Nk L

_3 | | | |
0 20 40 60 80 100
Realizacién
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Histogram with these 100 realizations of the random variable

Histograma de la senal aleatoria xg(t). (100 puntos)
40 T T

Universi idad
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Histogram with 10000 realizations of a Gaussian random
variable

Histograma de la senal aleatoria xg(t). (10000 puntos)
700 T T T T T

600

500

400

300

200

100

-4 -3 -2 -1 0 1 2 3 4
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Evaluation of the symbol error probability

@ When symbol A = a; is transmitted
> Distribution of observation is f; 4 (¢a;)
» Conditional probability of error

Pe|A:a,- = Pe|a,~
When symbol A = q; is transmitted

* An error happens when decision is A = aj #a;
* This happens when transmitting a; the observation ¢ ¢ I;

Pe|a,~ - / fq|A(q‘ai) dq
q¢l;

@ Symbol error probability
» Conditional error probabilities are averaged

M—1
P, = ZPA(ai) Pe|a;
i=0
* For equiprobable symbols

1 1 M—1
paa) = o > Pe=>  Pep,
i=0

Universi idad
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Evaluation of the Bit Error Rate (BER)

@ Conditional BER for a; are averaged
M—1
BER = ) _ pa(a;) BER,,
i=0

@ Evaluation of conditional BER

M—-1

me|ai—>aj

BERa,- = § Pe|ai—>aj T
j=0
JF#

> P,j4,—sq;- Probability of transmitting A = a; and decide A= a

Pe|al-—>aj - fq|A (q0|ai) qu
q0<;
> Myjq,—q;- NUMber of erroneous bits associated to this
erroneous decision

,,,,,,,,,,, » m: number of bits per symbol in the constellation
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Conditional distributions and error probabilities

Example: 1-D constellation with 4 equiprobable symbols
Ideal case: g[n] = Aln] + z[n] with z[n] ~ N(0,No/2) = fy1a(qla;) = N(ai,No/2)

ap a a as
e | o | e |
y) —3 TZ —1 \Ol 1 \21 3 (Q
Ip Il I I8

|
W

<
N

|
—
(]
[u—
()
w

A
R
y
V.
AN
Y
AN
0 2

Iy I I I3

L 4
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Conditional distributions and error probabilities (Il)

Example: 1-D constellation with 4 equiprobable symbols
Ideal case: g[n] = Aln] + z[n] with z[n] ~ N'(0,No/2) = fy1a(qla;) = N(ai,No/2)

ao a as as
o | o | o |
y) -3 72’ —1 \Ol 1 \21 3 N
N N\ r\ 7\ 4
Iy I I I3

AN

AN
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Q(x) function

@ Numerically obtained function related with the integral of a Gaussian
distribution

@ Definition: probability of a zero mean and unit variance Gaussian
random variable taking values greater than argument

! e” 7 = Qx) = P(X > x)

[

SiX ~N(0,1) = fx(x) = N(0,1) =

V21
+oo +oo 1 2
O(x) = : fx(z) dz = i me T dz

@ Graphic interpretation
» Only tabulated for positive arguments x > 0
» For x < 0, given the symmetry of fx(x): Q(—x) =1 — Q(x)

N(0,1) x>0 x<0

p=0 * Y op=0

Universi idad
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Q(x) function - Properties

@ Relationship with the distribution function of a Gaussian
random variable (with = 0,0% = 1)

S| 2
Fx(x) =P(X <x) = / N e 2dt

@ Function Q(x) =1 — Fx(x) = P(X > x) for u =0,0> =1
@ Some properties of Q(x) function

> O(—x) =1-0(x)
> Q(0) = %
» Q(oc0) =0
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Integrals over Gaussian distributions A/ (y, o%)

@ If Gaussian distribution has mean 1 and variance o?

P(X>x)=Q(x_“)

o

@ Graphic interpretation (considering definition and symmetry)

0(5)=0(3)
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Integrals over intervals in N (y, 0%)

@ In general can be written as additions or differences of terms involving
integrals from one point to +o00, which can be obtained using Q(x)

@ Anillustrative example

N(p, %)

X1 1% X2

2N:u7 2)_f N,LL, fszua 2)_ 1_

A

veom| catestil (OO \forcelino Lizaro, 2023 OCW-UC3M Digital Communications Introduction - Review 60/62

q|'~‘~
qlm




Time ambiguity function (time autocorrelation)

@ Definition for a signal x(z)
re(t) = x(t) x x*(—1)
Convolution of the signal with its matched signal, which in frequency becomes
R.(jw) = X (jw)|"
@ Properties

» Symmetric function with maximun value at zero
» Allows to obtain the energy of x(r)

£} = l0) = - | " Rjw) duw

This is evident from definition of energy (Parseval identity)
ey = [ WP dr=5- [ xGe)P d
» Shift-invariant function (shifts in x(z))
(1) = x(t = 10) = 1y(t) = r:(1)
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Example

x(t) + A

£0x(1)} = /_ © (]2 dt = AT

t

|
ST
+
T

ry(1)

E{y(n)} = A’T

-T 0 4T i

UUUUUUUUU
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