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Objectives

@ Generation of bandlimited signals: signals with a finite bandwidth
» Because real channels are bandlimited (finite available bandwidth)

» Bandwidth of a signal
* Range of POSITIVE frequencies with non-null components
* Usual notation: B Hz, W = 2nB rad/s
- Baseband signals
- Bandpass signals (central frequency w, rad/s)

[ X(jw)] or Sx (jw) X (jw)]| or Sx (jw)
W =2nB W =2nB
Ax e 3 71 T Ax E
T w 1 T 1 — W
W 4 —We +we
Baseband Bandpass (central frequency w,. rad/s)

@ Design to transmit digital information through non-ideal linear channels

Ideal |H (jw)| Ideal |H(jw)]
et W =27B
| W =2nB T |  ——
T w ! ! ' «
—w +W —we T
Baseband Bandpass (central frequency w. rad/s)

» Non-ideal channel response (non-flat response in the band): linear distortion
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Index of contents

@ Baseband PAM modulations

» Constellations and transmission filters

» Power spectral density
» Equivalent discrete channel

* Transmission through Gaussian channels
* Transmission through linear channels
» Inter-Symbol Interference (ISI)
» Characterization of discrete-time noise sequence

@ Bandpass PAM modulations
Generation of bandpass modulated signals
Constellations

Power spectral density
Equivalent discrete channel

* Transmission through Gaussian channels
* Transmission through linear channels

» Characterization of discrete-time noise sequence
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Communication Theory - Basic model
@ Linear modulation in a N-dimensional signal space

» Information is linearly conveyed
* In the amplitude of the set of N functions {¢;(7) j.\’:_ol

» Encoder: An]
* Constellation in a space of dimension N
* Designed considering energy (E,) and performance (P,,
BER)
- E;: mean energy per symbol (E; = E[|A[n][?])
- P,: probability of symbol error
- BER: bit error rate
> Modulator: {¢; (1)}’
* Designed considering channel characteristics
* |deally: the only distortion appearing after the transmission is
additive noise (white and Gaussian)
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Baseband PAM modulation
@ One-dimensional modulation: N =1
PAM (Pulse Amplitude Modulation)

s(t) = Aln| g(t — nT
( ) ; [ ] g( ) {ASK (Amplitude Shift Keying)

@ Symbol length T (inverse of symbol rate R, = 1/T bauds)

@ Sequence A[n] is the sequence of symbols
» Alphabet is called constellation (1-D plot)

» Conversion from bits to symbols: encoder
* M-ary constellations (M-PAM)

M = 2™ symbols m = log, M bits/symbol

* Binary assignment: Gray encoding
* Normalized levels:

Aln] € {£1,£3,--- ,£M - 1)}, Es=E DA[”HZ] _ M23_ 1 J]

@ Waveform g(z) (one dimensional orthonormal basis):

» Normalization: unit energy (£{g(1)} = 1J)

» Tipically receives two names

*  Transmitter filter
* Shaping pulse (although it is not necessarily a pulse)
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Examples of M-PAM constellations
@ Normalized levels: (A[n] € {+1,43,--- , (M — 1)}
» Distance to the decision thresholds for equiprobable symbols is 1

@ Binary assignment by Gray encoding
» Assignments for symbols at minimum distance differ in a single bit

@ Examples: 2-PAM, 4-PAM, 8-PAM

“01” “00” “10” “11” ES — 5 J
o—|—eo—|—e—
-3 2 -1 0 1

“101” “111” “110” Es — 21 J
o—{—eo Aln]
4 5 6 7 M=38

“001” “01 1!! “010!! “OOO” “100”
|

o | { | L i o
7 6 -5 —4 _3 -2 1
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W
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Unnormalized /-PAM constellations
@ Alphabet of the constellation

[A[n] € {+d, +3d, - ,+(M — l)d}J

» Distance to the decision thresholds for equiprobable symbols is d
@ Mean energy per symbol

E, = E [JA[P] = & x M23_ ! J}

ddddddddddd
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Encoder: Symbol rate vs. bit rate
@ Symbol duration (or symbol length): T seconds
» A symbol of sequence A[n| is transmited each T seconds

@ M-ary constellations transmit m = log, M bits per symbol
» Binary assignment: Gray encoding

@ There are two related transmission rates in a digital system
» Symbol rate (for symbol sequence Aln])

[Rs = % bauds (symbols/s)}

» Binary rate (for bit sequence B,[/])

1 ..
{Rb = 7;; blts/s]

@ Relationship between transmission rates

R, T
R, = m X Ry R, = — T=mxT, T, = —
m m
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PAM modulation as a filtering process

@ Conversion of discrete time sequence A[n| to continuous time signal
» Signal of symbols: train of impulses (deltas) with amplitudes A[n| at nT

[a(t) =" Al 6(c - nT)}

@ Generation of PAM signal |s { ZA[n (t —nT) = a(t) * g(IJ

All]  a(r): delta train interpolation ()

Al Ap
1 27 4

0 T L ar
o e | —’.—’“@ B
Encoder g(?)

Al2]
Aln]
8(1)
Simplified equivalent representation
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Example: modulation of a binary sequence (initial 10 bits)

¢ J0 12 3[4 5[6 78 9].. g(t)
B |1 1]0 0]0 1|1 1]1 0 -+
T
“01” “OO” “10” “1 1!!
o | o | o | e Aln] . . t
-3 -2_-10 1 2 3 4-PAM —5 +3
i n | 0 1 2 3 4
@ Encoding: bits to symbols A3 4 3 3
@ Delta train a(t) + filtering of a(t) with g(z): PAM modulated signal
ZA[n (t — nT) s(t) = Aln] g(t — nT)
3,\ 73f n
| &
T T T
—— T t »  g(1) > ¢
1 4o 37 ar ) ] 2T | 3T 4T
VT
Ryl =3 |
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Spectrum of a baseband PAM

@ PAM baseband signal
s(t) = > Aln] g(t — nT)

@ Let {An]}52_ . be a sequence of random variables (stationary
random process):

» Mean energy per symbol E; = E[|A[n]|*]

» Mean my[n] = E[A[n]] = mya (mq = 0 for M-PAM
constellations)

» Autocorrelation function
Ru[n + k,n] = E[A[n + k] A*[n]] = Ra[k]

» Power spectral density function of A[n] is

Sa(e”) = FT{Ralk]} = ) Ralk] e *

k=—o00
@ Let g(r) be any deterministic function with Fourier transform G(jw)

,,,,,,,,,,,
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Review: Wiener-Khinchin theorem

@ Power spectral density

) 7] (i) P2
Sx(jw) 2 E | 1im M] — lim %E [\X[Tl(,’w)ﬁ]

T—o0 T—o00

Interpretation: average of the squared frequency response of the (truncated) process

@ Wiener-Khinchin theorem
If for any finite value 7 ans any interval A, of length |7|, the
autocorrelationof random process fulfills

‘/ Rx(t+7,t) dt
A

power spectral density of X(z) is given by the Fourier transform of
Sx(jw) = FT{(Rx(t + 7,1)) }

< 0

. 1 T/2
Ry(t+7,0) % lim —/ Ry(t +7,1) dt
T— o0 T —T/Z
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Corollary of Wiener-Khinchin theorem

@ Corollary 1: If X(¢) is an stationary process and 7Rx(7) < oo for all

T < 00, then
Sx(jw) = FT {Rx(7)}

@ Corollary 2: If X(¢) is cyclostationary and

T,
/ Rx(t+ 7,1)dt| < o0
0
then N
Sx(jw) = FT {Rx(7) }
where
_ 1 T,/2
Re(r) = [ Relesro)dr
T, —T,/2

and T, is the period of the cyclostationary process

uuuuuuuuuuu
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Mean and autocorrelation of a baseband PAM

st)= S Aln glt —nT)

n—=—oo

> Alnjg(t - nT)] = E[A

ms(t) =F
——
[]

Rs(t+7,t) = E[s(t + 1) s (2)]

—E {(ZA[I(] g(t—l—T—kT)) (ZA*[]] g*([—jT)>]

_ zk: ZE[A[k] A*[j]] g(t+7 —kT) g*(t — jT)
J A[k—'

Ry[k—j]
= ZZRA[k —Jl g(t+7—kT) g*(t = jT)

...........
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)] g(t —nT) = may  g(t —nT)
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Cyclostationarity

@ Mean

is a periodical function of ¢ (period T)

ms(t+T) —mAth—l—T—nT —mAth— (n—1)T)

mnel Ath—nT = myg(t)

@ Autocorrelation is a periodical function of ¢ (period T)

=> ) Ralk—jl g(t+7+T—kT)g"(t+ T — jT)

= 3 Y Ralk =) gl 7= (k= DT)g" (1= = )T)

K=koLy=t ZZRA[ (K +1)— (' + 1)) glt+ 7 —KT)g"(t —j'T)
= ZZRA —j] git+17—KT)g"(t —jT+7) =Rs(t + 7,1
°3m‘§°ﬂ°3"j Marcelino Lazaro, 2023 OCW-UC3M Digital Communications  Linear modulations (Baseband) 15/167
Time average of autocorrelation function
. 1 /T
Rs(1) = ?/ Rs(t+ 7,1) dt
0
1 T
— ?/ >N Ralk—j] g(t+7 —kI)g*(t —jT) dt
0 k j
_ 1 oo oo T
= - >y RA[m]/ gt+ 7 —kT)g*(t — (k —m)T) dt
k=—00 m=—00 0
u=t+7—kT 1 = = T=(k=DT
TETL Y Rl Y [ swg Ty d
Tm——oo k=—o00 T—kT
 J— o0
= D Rl [ gl0g" (et ) d
1 (o @)
= > " Ralk] ro(T — kT)
k=—o0
re(t) = g(t) * g (—1)
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Power spectral density (PSD)

Rs(r) = % S RulK] ry(r — kT)
= ( S Ralk] 6(r kT)) i rg(7)

— % ( > Ralk) (7 — kT)> +g(7) * 8" (—=7)

k=—o0

Ss(jw) = FT {RS(T)}

-7 ( > Rald ) Gljw) G (i)

k=—o0

= 2 S1(T) (Gl P

,,,,,,,,,,,
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Power spectral density - Analysis

S(je) = 7= Sa(eH7) Gljw)

@ Three contributions:
» A constant scale factor given by symbol rate: % = R, bauds
» A deterministic component given by g(7): |G(jw)|?
» A statistical component given by A[n]: Sa(¢/*)
» Evaluated at w7, i.e. S4(e*7T)

@ For white sequences A[n] (the most typical case)

Rlk] = E, 0[k] & Su(e”) =E, = E[|A[n]]

So(jw) = = [Gw)” = E, R, |Gjw)P

» g(r): Shaping pulse (determines the shape of spectrum)
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Example pulses

1 ! F wT
tz—H(—) J G 'w:ﬁsinc —
ga( ) ﬁ a(] ) 27T
. ga(t) Ga(jw)
T VT
—5T —4T —3T —2T —T +T 2T 3T 4T 5T _WTLgTﬂ'_%F_“TF_%T +2%+4TW+6TW+8TL'—]0TW
1 t wT
gp(t) = 7 sine <—) 0 Gp(jw) = VT 11 <—>
1 ap(t) Gy (jw)
VT VT

—5T —4T —3T —2T —T

+T 2T 3T 4T ST

2w | 4w | 67 | 87 107w
+T+T+T+T T
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Example pulses (ll)
X 8(1)
VT
ga(t)
Time domain
a(1)
—-5T —4T -3T 2T -T 0 +T 2T 3T 4T 5T
G(jw)
VT
_ Ga(jw)
Frequency domain
Gy (jw)
10 8 6 4 2 2 4 6 8 10
il e e A L T IS e
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Examples of Ss(jw): white data sequence A[n]

Ss(jw) = % G(w)l*  Galjw) = VT since (3—:) Goljiv) = VT I (Czd_D

Ss(jw)
Ej
—g(t) = ga(2)
—g(1) = (1)
_m _4m 3w _2mr _T T 2r  3m  4m 5w
T T T T T T T T T T w
veom | oot (@GO \jarcelino Lazaro, 2023 OCW-UC3M Digital Communications  Linear modulations (Baseband) 21/167

Examples of Ss(jw): coloured data sequence Aln]

@ PSD shape can be modified by introducing correlation in the
transmitted data sequence
@ Typical information data: white sequence A,,[n]
» M-PAM: A, [n] € {£1,43,--- ,£(M — 1)}
» Mean energy per symbol: E; = E [|Aw[n]|2} = M23—1
@ Generation of a non-white (coloured) sequence Aln]

Example: A[n] = A, [n] + A, [n — 1]

@ Transmission of the coloured sequence Al[n|

s(t) = Z Aln] g(t —nT)
Aln]
-® 4 g(f) | s()
A T
Ayln —1]

"z
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Autocorrelation function of A[n]
@ Autocorrelation of A, [n]: R4, [k] = E; §[k]
@ Autocorrelation function of A[n]

Rulk] = E [Aln + k] A*[n]]
=E[(Ay[n+ k]l +Aun+k—1]) (Al[n] +AL[n—1])]
=E[A,[n+ kA n]] + E[As[n+ k] A [n — 1]
+EA,[n+k—1A [n]] + E[Ayn+k— 1] A} [n — 1]]
= Rp,[k] + Ra, [k + 1] + Ra, [k — 1] + Ry, [£]
= 2Ry, [k] + Ra, [k + 1] + Ry [k — 1]
= E;(20[k] + 6k + 1] + 6k — 1))

Ry [K]
o $
I ’l I
,,,,,,,,,,, -1 0 1 k
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Power spectral density

@ PSD for sequence A[n|
Sa (€) =FT{RaK]} =) _ Ralk] e
k

=E, (¥ +26° +e7v)
=2E; [1 + cos(w)]

@ PSD for baseband PAM signal s(¢)

This system transmits coloured data sequence A[n|

. 1 : :
Ss(jw) = 7 Sa(€") |G(jw)|”
Evaluating the previously obtained expression for S (¢/*) in wT we have

22 [1 -+ cos(wT)] G()]

SS(jCU) =

ddddddddddd
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Power spectral density with g,(7)
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Power spectral density with g,(7)

4E;
— Ss(jw)
1 | | 1 | | |
_S5r _4m 3w _2x _X g X 2r 3w 4r S
T T T T T T T T T T
w
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Power spectral density with g,(7)

A —Gy(jw)
l SAlzeij
Sg(fw)

5t _4mn 3@ _2®7 _ T 0 s 2 3w 41 Sm
T T T T T T T T T T
w
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Power spectral density with g,(7)

4E;
— Ss(jw)
L L L L 1 L L L |
_S5r _4m 3w _2x _X g X 2r 3w 4r S
T T T T T T T T T T
w
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Power of a baseband PAM modulation

@ Power can be obtained from S(jw)

1 [ .
Ps = 7 /_OO Ss(jw) dw}

@ For white symbol sequences A[n]: Ss(jw) = % |G(jw)|?
E, 1 [~ _
PS = ? % . |G(]CU)‘2 dw
M~ ~— _
Boxts 200}

» If g(¢) is normalized, by applying Parseval’s relationship

Es
[PS =7 = E; X Ry Watts}

ddddddddddd
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Selection of g(r) waveforms

@ Selection to be able to identify sequence A[n] by sampling s(¢)

(a) Pulses with duration limited to symbol period: T seconds
* No overlapping between waveforms delayed nT seconds

1 t

* Symbol A[n] determines signal amplitude in its associated
symbol interval

* Drawback: infinite bandwidth

(b) Pulses with infinite length: finite bandwidth
* Overlapping: non-destructive interference at some point each
T seconds (periodical zeros)

1. t
g(nT) =0, Vn # 0; Example : g,(7) = N sinc <T)

* Symbol A[n] determines signal amplitude at the
nondestructive point associated to its symbol interval
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Rectangle : pulses delayed n7 (n € {0,1,2,---1})
n 0 1 2 3

4 5 6 7 8 9
An] | +1 -1 43 +1 -3 +1 -1 =3 —1 +1
3
VT
A[0] xA[l]  xA[2]  xA[B]  xA[4]  xA[5] XA[T] X A[9]
1
= e
0
=1 {
VT
=3 |
vT | ! : | | | | | | % |
1T i g 3T AT 5T 6T T 8T 9T 10T
"cam|§3’v§§§j§ @ Marcelino Lazaro, 2023
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Rectangle : Contribution of each symbol

" 0 1 2 3 4 5 6 7 8 9
An] | 41 -1 43 +1 -3 +1 -1 =3 —1 +1
A[n]gq(t — nT) "
Al2 +3
3
T —Q0—
L AP =1 h[3] = +1 A[5] = +1 A[9] = +1
e o
0
. 1] = —
5+ e o o
4 4] = — (7] = —3
VT |- | | | ¢ : | » | | |
Oof 1T 2T 3T 4T ST 6T 1T
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Sinc : pulses delayed n7 (n € {0,1,2,---})

n 0 1 2 3 4 5 6 7 8 9
An) | 41 -1 43 +1 -3 41 -1 =3 —1 +1
gv(t —nT)
3
T

S

=)

Sk

\/T | | | | | | |

6T

Universidad
ucdm | Carlos il
de Madrid

OCW-UC3M Digital Communications

Sinc : Contribution of each symbol

T

8T oT 10T

Linear modulations (Baseband) 33/167

n 0 1 2 3 4 5 6 7 8 9
Al [ #1 =1 3 41 =3 +1 =1 =3 =1 +1
Aln]gy(t — nT)
3
2

S

<

Sl

Sl
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Modulated PAM signal s(7)

n |0 1 2 3 4 5 6 7 8 9
Al | +1 =1 +3 +1 =3 +1 -1 -3 -1 +I

F= T () 2(t) = ga(t)
8(t) = gn(t)

i

VT

Sls S o
| |

—~

=4

0N

~

W

w1

Rl

) gj
U]__

)

N L

ﬂ

=

~

o0

% |

o *
ﬂ

[

o L

~
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Recovery of A[n] from s(7) using a matched filter

@ Recovery of A[n] in an ideal scenario
» There is no distortion over s(¢)
» A matched filter (matched to g(¢)) is applied on s(t)
» Recovery of A[n] sampling ¢(¢) (output of the filter)

Aln s n
] O e r qln]

re(t) = g(1) x g(—1) t =nT

s() = S" Al gt —nT)  q(t) = S Aln] ryt — nT)

@ Conditions to recover A[n] from g[n] (by sampling ¢(1))
» The same as before, but applied on r,(z) instead of on g(¢)
* Conditions for pulses of kind (a)
- 1y(t) of duration T
* Conditions for pulses of kind (b)
- Periodical zeros on r,(t) (rg(nT) = 0 Vn # 0)

REMARK: If duration of g(z) is lower than T, r,(t) satisfies conditions (b)
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Shape of r,(¢) for pulses of previous examples

W)= —2=1(7) © n@=A(5)

8a (t) rga (t)

—_

=

I 1 1 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 1 1
—5T —4T —=3T =2T —T +T 2T 3T 4T ST —5T —4T —3T —2T —T (L +T 2T 3T 4T 5T

gn(t) = % sinc <%) & 1 (1) = sinc (%)

. g (1) Tgp ®
VT j i
—5T —4T —3T —2T —T +T 2T 3T 4T ST —5T —4T —3T —2T — +T 2T 3T 4T 5T
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Received signal ¢(7)

n ] 0O 1 =2 3 4 5 6 7 8 9
Aln] | #1 =1  +3 +1 -3 +1 -1 -3 -1 +1

0
1 4+
_3 _I_ 1 1 1 1 1 1
4T 5T 6T 7T 8T orT

or 1T 2T T
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Recovery of A[n] transmitting through a channel (noiseless)

@ Recovery of A[n| transmitting through a channel
» For the sake of simplicity, noise is neglected
» A receiver filter f(¢) is applied at the channel output

* Usual choice: f (1) (matched filter)
H (o} { )| "
* f (1) t =nT

— ZA[n] glt—nT) q(t) = ZA[”] p(t —nT)

@ Now conditions have to be assessed on p(r)
» Duration limited to 7" seconds
» Cyclic zero values each T seconds
@ Design to satisfy these conditions
» Transmitter g(¢) and receiver g(—t) can be designed
» Channel response A(¢) is given: it is not a design parameter

,,,,,,,,,,,
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Equivalent discrete channel

" {onamel}

Equivalent Discrete Channel

Aln qn
i{Equivalent Discrete Channel]L

@ Provides the discrete time expression for observations at the
output of the demodulator ¢[n] as a function of the transmitted

sequence Aln]

» Inideal systems: ¢[n] = A[n] + z[n]
If z[n] is Gaussian, conditional distributions for observations (given A[n] = a;)

1 _|MVAF
Jainian (qlai) = Wé’ 0

@ Expressions will now be obtained for two channel models

» Gaussian channel

. » Linear channel
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Transmission of PAM signals over Gaussian channels

Aln Ky r n
1] <0 (2) @ (2) W q(1) r q(n]
I’Z(Z) t =nT
Gaussian Channel

@ Gaussian channel model
» Distortion during transmission is limited to noise addition

r(1) = s(t) 4+ n()
n(t): stationary random process, white, Gaussian, zero mean, S, (jw) = Ny/2

@ Receiver filter f(1)
» Typical set up: matched filter

f(t) =g"(—t) = g(—1), because g(1) is real
@ Signal at the input of the sampler
q(t) = s(2) = f (1) +n(1) = f(1)
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Equivalent discrete channel for Gaussian channels

@ Signal before sampling
s(t)

ZA[k t—kT s f()+  n() =f(1)

N——
Filtered noise z(t)

\ . >

Noiseless output o(?)

ZA (t—kT *f) ZA[k (t — kT)

@ p(r) = g(t) = f(¢): joint transmitter-receiver response
» This joint response determines the noiseless output at the receiver

@ Observation at demodulator output

qln] = q(t)|,—,r = ZA — k)T) + z(nT)
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Equivalent discrete channel for Gaussian channels (ll)
@ Definition of equivalent discrete channel p[n]

pl] =p<t>|t_nT]
= DDA ol =+l = Al + ] + <l

An oln n
H[ ol } [n] @ q(n]

]
@ Definition por joint response p(t) (or P(jw))

b =2+ f0) T Pliw) = Gliw) F(w))

» Using matched filters:

foy=g(-=n F  F(w) =G (jw)

P =80 a0 =r) T Pw) = Glw) G"(v) = [G(w)P

r¢ (1) continuous time autocorrelation of g(r) (or time ambiguity function of g(r))

,,,,,,,,,,,
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N

Transmission of PAM through linear channels

Aln Ky r n
[n] o0 (2) ” <5%> (2) [’i}};;“] q(t) [/ q(n]
n(t

Linear Channel

@ Linear channel model
» PAM signal s(r) suffers a linear distortion during transmission
» Gaussian noise is also added

r(t) = s(t) * h(t) + n(z)
h(t): linear system impulse response modeling linear distortion
n(t): stationary random process, white, Gaussian, zero mean, S, (jw) = Ny /2
@ Receiver filter f (1)
» Typical set up: matched filter f(¢) = g*(—1) = g(—1)
@ Signal at the input of the sampler

q(r) = r(t) % f(t) = s(1) * h(t) x f(1) + n(2) *f (1)
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Equivalent discrete channel for linear channels

@ Signal before sampling
s(1)

a) = | ST AWK gt — KT) | = h(t) % £(5) + n(s)  £(2)
k

=S Al (g(t — kT) % h(2) *f(t)) + n(1) * f (1)

k

= > A[K] p(t — kT) + (1)

k

@ p(r) = g(t) = h(z) = f(r): joint transmitter-channel-receiver response
» For a matched filter at the receiver

p(t) = g(t) * h(t) x g"(—1) = re(r) + h(7)

rq(1): time autocorrelation of g(¢) (or time ambiguity function of g(7))

@ Observation at demodulator output

qlnl = q(1)|,—pr = = Al p( )T) +2(nT)

ddddddddddd
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Equivalent discrete channel for linear channels (ll)
@ Definition of equivalent discrete channel p|n]

= A[k] pln — k] + z[n] = A[n] % p[n] + z[n]
k

Aln] ol oln] D qln]

@ Same basic model as for Gaussian channels
» New definition por p(z): it includes the effect of A(r)

(1) = (1) (1) 102 ﬂ P(w) = Glju) H(iw) F(jw)]
» Using matched filters: f(¢) gF(]w = G*(jw)

20) = ry(0) x (o) T P<jw>=|60w>|2 Hii)
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Inter-Symbol Interference (ISI)
@ Definition of equivalent discrete channel p|n]

pln] = p(t)|,_,

qln] = oln] + z[n]

Noiseless output o[n] = Y ~A[k] p[n — k] = A[n] * p[n]
k

M@ o] @ gl
z[n]
deal
pln] = 6[n] — o[n] = A[n]
@ Real: Intersymbol interference (ISI)
oln] = Aln] * p[n] = Xk:A[k] pln—k]= i@ 5[9.], + zk:A[k] pln— k|

aaaaaaaaa

dddddddd

Inter-Symbol Interference - Analysis

OCW-UC3M Digital Communications

ldeal scaling k+n

A 7

-~

, , ISI
Linear modulations (Baseband) 47/167

@ Intersymbol interference for equivalent discrete channel p[n]

ofn] = --- +A[n = 2] p[2] + Aln — 1] p[1] +A[n] p[0] +A[n + 1] p[=1] + A[n + 2] p[-2] + - -~
N N ,

uuuuuuuuuuu

oln] = Aln] pl0]
N
Ideal scaling

|

+> " AlK] pln — &
k

k#n
A

~N

7

desired

N
ISI interference

J

» Effect of intersymbol interference

ISI = " A[K] p[n — ]

k##n

Contribution at discrete instant n of previous and posterior symbols

-~

precursor ISI cursor

OCW-UC3M Digital Communications

J/

TV
postcursor ISI
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Inter-Symbol Interference - Effect : Extended constellation
@ |SI produces an extended constellation at the receiver side

Values of noiseless discrete output o[n] = A[n] * p[n]
@ Example: 2-PAM modulation

Channel A Channel B
[n] + 16[n — 1] pln] = 8[n] + 16[n — 1]+ 16[n — 2]

p[n] =0 % % 1
o[ln] = Aln] + EA[n — 1] o[n] = Aln] + EA[n — 1]+ ZA[n —2]
Aln] Aln — 1] Aln — 2] o[n]
+1 +1 +1 47
ARl Al —1] ] ol I S TR
+1 +1 i) 1 1 T
+1 —1 —|—% +1 —il =i +1
—1 +1 — — +1 +1 —3
1 1 —3 —1 +1 —1 —
2 =1l —1 +1 -2
—1 —il —1 7‘21
2-PAM Constellation
¢ | ¢ @ = A[n] = +1
| @ =An=-1
—1 0 1
Extended Constellation (Channel A) Extendided Constellation (Channel B)
oo oo —eoofooloo{0o—0o—
Uniersidad @@@—1 0 1 —1 0 1
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Inter-Symbol Interference - Effect : Extended constellation (lIl)

o | ¢ | e | o
-3, -1, 1, 3

Aln] = +1,K, =1 : p[n] = d[n] + 0.50[n — 1]

O ‘ O e ‘ [ JON ‘ ® O
-3, -1 1 5 3

Aln] = +1, K, =2 : p[n] = §[n] + 0.56[n — 1] 4+ 0.3[n — 2]
O ‘ ® 0o n‘m‘o‘u (o) )
-3, -1 1 5 3

Aln] = +1, K, = 3 : p[n] = §[n] + 0.56[n — 1] 4+ 0.35[n — 2] 4+ 0.155[n — 3]

& ‘...@..+—p—+..¢.n

-3, -1, 1 5 3
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ISI : Joint transmitter-channel-receiver response p(r)

@ Response p(t) determines the ISI behavior
» Noiseless output depends on the value of p|n]
* Sampling the joint transmitter-channel-receiver response p(t)
* Samling at symbol rate (at nTy)

@ Definition of joint transmitter-channel-receiver response
» Gaussian channel

b=+ f0) T Plw) = Gliw) F(w))
» Lineal channel
o) =8+ h) +1(0) EF P(i) = Gliw) H(iw) F(i))

@ Usual receiver: matched filter f(¢) = g*(—1)
» Gaussian channel

0 =r) T Pw) = GG
» Lineal channel
PO =r)=h) T PG) =16 HGw)|

,,,,,,,,,,,
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Nyquist criterion for zero ISI
@ Conditions for avoiding ISI written in the time domain

IRLLNES

scaling/ gain

@ Equivalent condition in the frequency domain

[P () =1 (xC)]

@ Equivalent continuous-time expressions
{p(r) S 6(t—nT) = 81 (xc)} {% P(jw)*z%r S 5(jw—j2?7rk) — (xC)]

k=—o0

k=—o0

{; > o) = (xo}

Replicas of P(jw) shifted multiples of 27“ rad/s sum a constant

veom | el (@O \parcelino Lizaro, 2023 OGW-UC3M Digital Gommunications  Linear modulations (Baseband) 52/167



Nyquist in the freq. domain: an important implication

@ Transmission at R, = 1 bauds
@ P(jw): bandwidth W rad/s, with W < % = 7 R, rad/s
» Equivalent to bandwidth B = )X Hz with B < £ Hz

— Z (]w —]—k) 2z C
k——oo
-W
—3T7T _2?# -z Wz ZTW 3 w (rad/s)
- R -5 B R, o f (Hz)

@ Itis NOT possible to satisfy Nyquist with bandwidth

: R
W< ; = 7 R, rad/s or, equivalently, B < Es Hz
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Nyquist in the freq. domain: an important implication (ll)
@ Transmission at R, = 7 bauds
@ P(jw): bandwidth W rad/s, with W = % = 7 R rad/s
» Equivalent to bandwidth B = ;- Hz with B = £ Hz

. 1 27
Squared pulse P(jw) = a I (4X) ?k_,oo P (=i k) =
—3% —j?“ —R% W:R% j?ﬂ jf w(raHd/s)
-3 s — 3 B=73 s e f (Hz)

_ z w (rad/s)

us
T
—Ry _ Ry B = Ry R; 3Ry f (HZ)
........... 2 2 2
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Nyquist in the freq. domain: an important implication (lll)
@ Transmission at R, = 1 bauds

@ P(jw): bandwidth W rad/s, with W > % = 7 R rad/s
» Equivalent to bandwidth B = )X Hz with B > & Hz

Triangle pulse P(jw) = a A (%) 7 2= F ("“’ "'277”‘> -

|
w2
3
I
[N}
3
|
~0a
~=
Il
[N}
15
(98]
3
€
—_
=
D
a
~~
AL

w 2 3w w (rad/s)

_3n B 3
T T

\]

~
SE
~[R

,,,,,,,,,
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Optimal shape for p(r) Al P(jw) to transmit without ISI
Best bandwidth vs transmission rate trade-off

@ Minimum bandwidth to transmit without IS| at rate R, = % bauds

{Wmm _ I _ T R, rad/s (Bmin = Ry Hz)}
T 2

@ Maximum rate without ISI through a bandwidth W rad/s (B Hz)

™

[Rs\max ~ ¥ _ 2 pbauds (symbols/s)}

@ Optimal joint transmitter-channel-receiver response

{p(t)—sinc () & P(jw)—TH(i—i)}
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Example: p(7)

p(t) = sinc (5)

T =1ms (R, = 1 kbaud)

: O ©

o © © © © © © © I
-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6
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Example: p(7)

p(t) = sinc (5)

T =2ms (R, = ; kbauds)

) ﬁ% t (ms)

1
pln]
®
: : : : o—©0 0—©0 = = = ‘
-6 -5 4 -3 -2 —-1 0 1 2 3 4 5 6 N
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Example: p(7)

TN L NS =T

: : : Q@ o J) ' o @ : : :
-6 — -4 -3 =2 J I () & 2 3 4 5 6 n
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Example: p(7)

p(t) = sinc (5)

T = 0.8 ms (R; = 1.25 kbauds)

5 425 M1 N2 4 s t (Ms)

pln]

®
Y - NP ? - ? ? : ? 0
—6—5—34—3@—1()1&3256”
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Example: P(jw)

1073 P(jw) = 10~ 3H(10 Y )

: : : . . : : : 7= (kHz)
-4 -3 -2 -1 0 1 2 3 4
_ _ 1 _ 127
T=ims (R =1kbaud) 3P (Jw s )
: : : : . : : : : > (kHz)
e e | 0 1 2 3 4
=2 ms ( kbauds) 5P (jo = K3
1, T
: : : : : 57 (kH2)
e e | 0 1 2 3 4

Universidad
ucdm | Carloslll @@@@
de Madrid BY NC_SA
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Example: P(jw)

1073, P(jw) = 10~ 3H(1° Y )

: : : . . : : : 2 (kHz)
—4 -3 -2 —1 0 1 2 3 4
T =3 ms (R, = 2 kbauds) %ZkP(]w—k2”>
1 —+
AENESENlimEESEnN
: : : : : : : : > (kHz)
—4 -3 -2 —1 0 1 2 3 4
—0.8ms (R, = 1.25 kbauds) 137, P (jw k2”)
1 =€
: ; ; : : ; ; : > (kHz)
—4 -3 -2 —1 0 1 2 3 4
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Example: p(7)

p(t) = sinc® (=)

T =1ms (R, = 1 kbaud)

S o o o oo o
-6 -5 4 -3 -2 -1 0 1

Y
w0
>0
w O

Universi idad
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Example: P(jw)

1073 P(w) = 10734 (10

| | | | 1 1 | | | 7 (kHz)
—4 -3 -2 —1 0 1 2 3 4
T = 1ms (R, = 1 kbaud) %ZkP<jw—k27’T>
|
I I i I i I i I I 7 (KH2)
—4 -3 -2 —1 0 1 2 3 4
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Raised cosine pulses
@ Family of bandlimited pulses
@ Parameters

» Symbol lenght (or rate): T seconds (or Ry = % bauds)
» Roll-off factor: «

* Range for roll-off factor: a € [0, 1]
* Particular case a = 0: K52 (1) = sinc (£) &5 HYY (jw) = T 11 ()
@ Analytic expressions (time and freq. domains)

o= () ()

7 0<|wl < (1-a)7
a . T . T m 4 T
H' (@) = § 5 [1 o (E ("‘" - ?m (I-a)z <l <(+a)z
T
0 |w| > (14 o) =
\ { T )

@ Bandwidth for a transmission rate depends on both parameters

(1+a)><%Hz

ations (Baseband) 65/167

Raised cosine pulses: /.’ (1)

@ 1)/ (1) satisfies the Nyquist criterion at T seconds (or at R, = 1 bauds)

! —_— a=0
— a=0,25
— a=0,5
a = 0,75
o=
—5T —4T —-3T -2T —1T 1T 2T 3T 4T 5T

ddddddddddd
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Raised cosine pulses: Freq. response Hy: (jw)

T
—_— =0
— a=025
— a=0,5
a=0,75
o=
1T
2
] — - } f f 1 " —
s T
2 ~I +Z 42w (rad/s)
R _R Rs +R Hz
s > + > s f( )
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Raised cosine pulses: Replicas of Hy; (jw) each % rad/s

T

27 _T us 2
_ T T T 45T
—R Ry Ry +R

s 2 2 s

uuuuuuuuuuu

w (rad/s)
f (Hz)
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Root-raised cosine pulses (Squared-root-raised cosine)
@ Filters whose joint response (of two) is a raised cosine

a,T a,T a,T a,T /. a,T /. a,T /.
[hRRC(t) * hppe(t) = hpg (1) Hppe(jw) Hppeljw) = Hpe (JW)]

@ General procedure to obtain transmission filter hggc(t)
@ Design in frequency domain from Hg‘g(jw)
© Divide in two contributions: Hasr-(jw) = 1/ Hgz' (jw)
Q Jiielt) = FT~" {Hizto) §

@ Root-raised cosine pulses

4 N\
Tt
sen | (1 —a)—=
it T
cos|(l+a)=|+T
4o T 4ot
hg&%(f) = )
1 [ =
T
Universi idad /
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Root-raised cosine pulses: /(1)
@ /(1) does NOT satisfy the Nyquist crit. at 7's (or at R, = + bauds)

> Except for a = 0, because hgy.(1) = = sinc (£)

T

ddddddddddd —3T 2T —1T 1T 2T 3T
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Root-raised cosine pulses: Hy;.(jw)

VT

— a=025
— a=20,5
— /I a=20.75
2 - 9
o=
VT
2
2 _T us 2T
—2= 7 +Z +Z W (rad/s)
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Root-raised cosine pulses: Replicas of H;.(jw) each °~ rad/s

V2T

a=0.5

L T +277r w (rad/s)
—R; —& +R +R,  f (Hz)

@ Hyy(jw) does NOT satisfy the Nyquist crit. at 7's (or at R, = & bauds)
> Except for a = 0, because Hypp-(jw) = VT IT (<L) is a squared pulse
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Raised cosines - side lobe attenuation

—2|5T _2|OT —1|5T —lIOT _|5T (I) +|5T —|—1|OT +l|5T —|—2|0T +2|5T

Universidad
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ucdm

Raised cosines - implementation delay

@ A raised cosine has a number of “relevant” side lobes that is decreasing with roll-off factor
> Non-relevant lobes could be truncated to make easier the implementation

@ For implemententing the modulated waveform, a delay is necessary
> Delay is related with the number of relevant side lobes that have to be cosidered before truncation
> Delay is lower for higher values of « (higher bandwidth requirement)

@ Example: generation of a 4-PAM waveform with oo = 0

> In the example, 25 side lobes are considered relevant (and therefore 25 side lobes are depicted)
> Adelay of 25 x T seconds is necessary to compute the addition
> Black signal is the last one with relevant contribution at t = 0 (related with A[25])

Al@”
M,‘,O.‘.‘.‘o . '

_2|0T 1 N 1|0T 1 (I) 1 + l|OT 1 +2|OT 1 +3;OT 1 +‘}OT 1 +5|OT

ucdm
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Raised cosines - implementation delay (lIl)

@ Lower delays can be achieved by using higher roll-off factors
» The price to be paid is a higher required bandwidth

@ Example: generation of a 4-PAM waveform with oo = 0.5

In the example, 4 side lobes are considered relevant

A delay of 4 x T seconds is necessary to compute the addition

Black signal is the last one with relevant contribution at + = 0 (related with A[4])

Delay is decreased from 25 x T'to 4 x T in this example (more than 6 times lower)

Required bandwidth is 50 % higher

NOTE: the number of “relevant” lobes depends on required accuracy, this is just a simple example (numbers
can not be taken as a precise reference)

VVVYVYY

Universi idad
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Review: random processes and linear systems

Theorem: X (1) is stationary, with mean my and autocorrelation
function Rx(7). The process is the input of a time-invariant linear
system with impulse response k(t). In this case, input and output
processes, X(t) and Y(t), are jointly stationary, being

my — mxj h(t) dt

Ry(7) = Rx(7) * h(T) * h(—7)
Rxy(T) = Rx(T) * h(—7)
Moreover, it can be seen that
Ry(T) = Rxy(T) * h(T)
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Review: expressions in the frequency domain

@ Mean for output process
my = my H(0)
@ Power spectral density of the output process
Sy(jw) = Sx(jw) |H(jw)[

@ Crossed power spectral densities

def

Sxy(jw) = FT {Rxy(7)}

Sxy(jw) = Sx(jw)H" (jw)
Syx(jw) = Sxy(jw) = Sx(jw)H (jw)

ddddddddddd
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Review: spectrum of continuous/discrete time signals

@ Continuous signal x(¢) and discretized x[n] sampled at T seg.
x[n] = x(t)!t:nT = x(nT)

@ Usual notation

» X(jw): spectrum (Fourier transform) of x(¢)
> X (e): spectrum of x[n]

@ Relationship between both spectral responses

» To obtain discrete from continuous
- 1 w 27
X)) == X|j=—j=k
(@) = 7 Sox (1% - 5)
» To obtain continuous from discrete

™

X(jw) =T X ("), |w| < -
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Review: properties of the continuous time autocorrelation
function (time ambiguity function)

@ Definition for deterministic finite energy function x(¢)
[rx(t) — x(r) * x*(—t)]

Informally: measure of similarity between a function and itself with a delay ¢
@ Expression in the frequency domain

Ruljw) = FT{r(t)} = FT{x(t)} x FT{x"(~1)}
— X(jw) x X" (jw) = [X(joo)

@ Maximum value is at r = 0: |r(0)| > |r()]
@ Energy of the signal

Parseval: £{x(1)} = / (P dt = / X (jw)|? dw

Using the continuous autocorrelation function (temporal ambiguity func.)

{5{x(t)} = % /OO R (jw)dw — E{x(1)} = rx(O)}

— 00
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Properties of the noise at the receiver
@ White noise n(t) (S,(jw) = No/2) is filtered by receiver filter f(r)

n(1) 0 2(1) f z[n]

t=nT

@ Analysis in the frequency domain
» PSD of filtered noise z(¢)

S.(j0) = Su(jw) [F (i) P = 52 |F(G)?

* Non-flat PSD: Coloured (non-white) noise
REMARK: unless |F(jw)| = C, i.e., an all-pass filter (amplifies/attenuates)

» PSD of sampled noise z[n]

* Sampled noise can be white !!!!

. 1 w27
Condition: — > R j7 —J=k | = constant
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Conditions for sampled noise z[n| being white
@ Sampled noise z[n] is white if

1 27k — : .
{— ZRf (jg —ji> = C, which is equivalent to R;(¢/*’) = c}

T T T
k

» Equivalent condition in the time domain
[rf[n] = 1(1)] _ . = C d[n], which implies € = r;(0) = 5{f(t)}]

@ Equivalent statement for z[n| being white
» z[n] is white if the continuous autocorrelation function of receiver
filter r¢(z) (or Ry (jw)) fulfills the same conditions that p(¢) has to
satisfy for zero ISI (Nyquist conditions)
@ REMARK
» Conditions for z[n] being white only depend on the shape of
receiver filter f(z) !!!

@ Power spectral density for z[n] when it is white

/Sz(ejw) = % x E{f(t)} — if f(¢) is normalized S, (") = ]&J

3, ‘%mveirs‘dcl:ﬁ @@ j 2
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Noise power and signal to noise ratio (SNR)
@ If Nyquist ISI criterion is meet (IS1=0), the received observation is
qln] = Aln] + z[n]

@ In this case, signal to noise ratio at g[n] is
(3) -ZkH _ &
N), EllznP] o2
@ o2 is the power (variance) of noise sequence z[n]

2 1 "

or = —
2w

S.(¢%) dw

> If noise z[n] is white, with PSD S, (&) = 20 £{f (1)}
o

2 % (D)} dw = 22 x (1)} = 22 x 75(0)

¢ T or ) 2

* For a normalized receiver filter: o2 = 2
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Consequences of Nyquist criterion for Gaussian channels
@ A matched filter is assumed at the receiver

f(r) = g"(—1) = g(—1) since g(¢) is a real function

@ Condition to avoid ISl
» Joint response p(t) = g(t) x f(t) meets Nyquist criterion
* Using matched filters (p(7) = r,(?)
@ Condition for z[n] being white

» Continuous autocorrelation of the receiver filter, r¢(z),
satisfies conditions of the Nyquist criterion

* Using matched filters [rp(t) = ry(2)

@ Conclusion: both conditions are equivalent [p(1) = ry(t) = r, (1))

» Transmitting through a Gaussian channel using matched
filters, if ISI is avoided, sampled noise z[n| is white

,,,,,,,,,,,
veom | oot (@GO \jarcelino Lazaro, 2023 OCW-UC3M Digital Communications  Linear modulations (Baseband) 83/167

Avoidance of ISl in linear channels using matched filters

@ Nyquist ISI criterion must be fulfilled for p[n] (or P(jw))
» Definition of p(z) includes now the effect of linear channel i(¢)
@ Design of p(¢)|P(jw) to fulfill Nyquist at symbol period T
@ Design using matched filters at the receiver
Response of transmitter filter in the frequency domain
> P(jw) = H(jw) |G(jw)|*
» Therefore

P(jw) : .
G(jw) = {0 HGy T H(w) #0

in other case

If the receiver filter is matched to the transmitter filter, this
choice for the transmitter filter eliminates ISl
» P(jw) is a design option
* Tipically, a raised-cosine response is selected

(PG) = H ()
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Drawbacks of this design option

@ Channel response, H(jw), must be known
» It can be difficult to know it

» Channel can be time variant in practice
@ Discrete noise sequence, z[n], is not white

-y -4

) k
o320
REMARK: For matched filters F(jw) = G*(jw), which means |F(jw)| = |G(jw)|

» Memoryless symbol by symbol detector is not optimal

» All sequence ¢[n] has to be used to estimate the symbol at a given
discrete instant ng, A[ng]

» Noise can be amplified
* Channels with deep attenuation at some frequencies in the
band
» Conclusion:
* Using matched filters, in general is not possible to
simultaneously avoiding ISI and having white noise
veom | G5eET Marcelino Lézaro, 2023 ~ OCW-UC3M Digital Communications

Linear modulations (Baseband) 85/167

Example: ISI=0 with matched filters

H(jw)
™S
2
5 5 f (MHz)
P(jw) = G(jw) F(jw) H(jw) Max. Rate:Ta =0
P(jw) = |G(jw)|* H(jw) Hee " (juw)
P(jw) = Hye: (juw)
L) | PUw)=H " () —107 10r w (Mrad/
i) _\/ AU) ~s 3 My
+21 pIG(w))? G (jw)]
ﬂ
-5 5 f(MHz) s 5  f(MHz)
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Example: ISI=0 with matched filters (ll)

@ Power spectral density of noise z[n]
2m Ny 1 w 2
W—— —ER k) = x ) i~
2 (¢¥) g f<] J k) 2XTk ‘F<JT JTk>

Matched filters: |F(jw)|* = |G(jw)|?

2T p1G(jw)f?

S (¢¥) =

| Z
X
N -
Q
<9
N|E
J
Ny
>~
-

+7% w (rad/s)

S

S. (¢) # C, therefore z[n] is NOT white!!!

,,,,,,,, —5 77 —3r 2m -7 +mT 27 3T 47 S5t
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Using a generic receiver filter
@ Generic receiver, not necesarily a matched filter

r(t) q(t) qln]
O G

@ Definition of joint response p(t) et

p(1) = g(1) x h(t) xf(1), P(jw) = G(jw) H(jw) F(jw)

@ Equivalent discrete channel at symbol rate p[n|

pln] = p(nT) = (g(t) * h(1) x £ (1)) | ,_,7

@ Filtered noise

2(1) = n(1) x (1), zln] = 2(nT)
» Power spectral density for discrete noise z[n]

s (e) = 3

w 2m
)
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Design of g(7) and f(¢)
@ Simultaneous avoidance of ISI and white noise (precoding)

» Selection of P(jw) fulfilling Nyquist
» Selection of F(jw) with R;(jw) = |F(jw)|? fulfilling Nyquist
» Then, transmitter filter is given by

P(jw)

G(jw) = ——7——
)~ B F o)
* Usually presents serious implementation problems

@ The usual design
> Joint response: P(jw) = Hyy! (jw)
* Transmission without ISl
> Receiver filter: F(jw) = Hape(jw)
* Noise z[n] is white (because Ry (jw) = Hgy! (jw))
» Transmitter filter

T(fw) RRC (JW)

) = HGo) He ) HUw)
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Other design criteria

@ Filter matched to the joint transmitter-channel response
f(1) = gn(—1), with gu(r) = g(t) * h(z)

» Maximizes the signal to noise ratio
» Does not provides zero ISI and noise z[n] is not white

@ Minimum mean squared error criterion: to maximize

| |

£ |lAln] plo] |

[K] pln — k] + z[n]

k##n
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Typical set up for linear channels

@ Receiver uses a matched filter f(¢) = g(—t) with r¢(t) = r,(¢)
fulfilling Nyquist condition

Aln s r n
H. (1) . ? (t)[f(t):g<_t)}q(r) r qln]
n(t)

» Common choice: root-raised cosine filters
o,T a,T
g(t) = hgpe(t)  —  f(t) = hppe(2)

g(t) x f(t) = ro(t) = r(t) = hiz: (1)
@ Consequences:

» This ensures discrete filtered noise z[n| is white
» ISl is present in the system (joint response p(r) then does
not meet Nyquist condition)
* Receivers can be specifically designed to deal with ISI (as it

,,,,,,,,,,,
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Review - Evaluation of Probability of Symbol Error (P,)

@ Definition

A

P. = P(Aln] # Aln))

@ Evaluation - Averaging of probability of symbol error for each
symbol in the constellation

M—1

P.= )  pa(ai) Py,

i=0

@ Calculation of conditional probabilities of symbol error
(conditional probabilities of error)

Pe|a[~ = / fq|A(q|ai) dq
qil;

Conditional distribution of observations conditioned to transmission of
the symbol a; is integrated out of its decision region I,
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Review - Calculation of Bit Error Rate (BER)

@ Conditional BER for each symbol a; are averaged

M—1

BER = ) _ pa(a;) BER,
i=0

@ Calculation of conditional BER for a;

M—1

me|al~—>aj

BERa,' — E Pe|ai—>aj T
j=0
J#i

> P,j4q, Probability of deciding A = a; when A = a; was
transmitted

Pe|a,~—>aj - [fq|A (q0|ai) qu
90€/j

> Myjq,q;- NUMber of bit errors associated to that decision
» m: number of bits per symbol in the constellation

Universi idad
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Example - 1-D M-ary constellation

@ Example:
> M = 4, equiprobable symbols ps(a;) = 3
» Constellation:ag = -3, a; = -1, a, = +1, a3 = +3

» Decision regions: thresholds ¢,; = -2, g, =0, g3 = +2
Iy = (—00,—2], I = (-2,0], L, = (0,+2], Is = (42, +00)
» Binary assignment
ap =01, a; =00, a; =10, a3 =11

aoEOI alEOO azEIO 03511
[ ] | ® | [ ] | [ ] q
-3 — —1 0 1 2 3
< ME Y L, >
Iy I

@ No ISl (p[rn] = d[n]) and white noise with variance N,/2
qln] = Aln] + z[n]

Case that was studied in “Communications Theory”
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Example - 1-D M-ary constellation (ll)

@ Probability of error

3
1 3 1
Pe:_E Peai:_
43 | 2Q< NO/z)

@ Bit error rate (BER)

3
1
BER = - Z; BER,,

3 1 1 3 1 5
‘ZQ< No/2>+5Q< Nﬂ)‘ZQ( No/2>

@ Analytic developments are detailed in next slides

,,,,,,,,,
veom | €aiecli (@O \purcelino Lizaro, 2023 OCW-UG3M Digital Communications  Linear modulations (Baseband) 95/167

as
i ° q
2I’I 3 \

@ Distribution f;4 (q|ao)
» Gaussian with mean ap = —3 and variance Ny /2

@ Conditional probability of error
> Integration of f,4 (¢glao) out of Iy

1
Peja, = faa(qlag) dg = Q ( >

q¢lo N0/2

uuuuuuuuuuu
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Calculation of P,

IN

A 4

@ Distribution f,4(q|a,)

» Gaussian with mean a; = —1 and variance Ny /2
@ Conditional probability of error

> Integration of f; 4 (¢la;) out of I,

1
Po = | Sualalar) dg =20 [ ———
gl N 0/ 2
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Calculation of P,,,
ap a a as
|
o— ® | ® | ® q
-3 -2 —1 0 1 2 3
yi ANV AN} 14 L
N 71\ 7 LY [ 4
Iy I

@ Distribution f;4(q|a>)

» Gaussian with mean a, = +1 and variance Ny /2
@ Probability of error

> Integration of £, 4 (¢laz) out of I

1
Poa, = faalglaz) dg =20 | ———
o= | Jun(dler B
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Calculation of P,|,,

ap a a as

® : o—— ® | ® q
) -3 32 -t 9 1 2 3 X
¢ e | >

@ Distribution f,4 (q|as)

» Gaussian with mean a; = —3 and variance Ny /2
@ Probability of error

> Integration of £, 4 (¢glas) out of I3

1
ea a e
|as / flI|A ’ 3 N0/2

Universi idad
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Calculation of BER,,

| |
| | | q
) -3 2 -1 0 1 2 3 .
Y »\ ’: :\ [ 4
Iy I

@ Binary assignment: ay = 01, a; =00, a, =10, a3 = 11
@ Distribution f, 4 (¢lao): Gaussian with mean a, and variance Ny /2

BERy = |0 ——) 0o 2| x .
© No/2 No/2 \2/

P, lag—ay %
2 2 2 2 2
NO / NO / 2 [\ NO / 2
Pe|a0 —a) % Pe\ao —az E|a(3n*>a3
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Calculation of BER,,

Vi ANV \il
71N 1N

Iy 1) b I3

) 2

IN
4

@ Binary assignment: ay = 01, a; =00, a, =10, a3 = 11
@ Distribution f, 4 (¢la:): Gaussian with mean a, and variance Ny /2

BER, = |0 [ — SRR P L DY R | IV
‘o No/2 \2/ No/2 No/2 \2/

~~ Mola —a v Mela; —a
Pela) —ap — Pelay —+ay T
3 2
+ Q< x =
No/2 2
e Melay —a
Pe|a1—>a3 1m 4

Universidad
ucdm | Carlos il
de Madrid
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Calculation of BER,,

a3
e q
3 2 -1 o0 1 2 3
V) Nl ANV \il \
N N 71N 7N L4
Iy I I I3

@ Binary assignment: ay = 01, a; =00, a, =10, a3 = 11
@ Distribution f, 4 (¢|a2): Gaussian with mean a, and variance Ny /2

BER,, = |0 [ —> w 2 ilof ) o2« L
“ No/2 2 No/2 No/2 2

~~ Molay —ra e Melay —a
Pelay—aq —ae Pelay—ay T
+lo(— :
[ X —
No/2 2
v me|a2—>a3
Pe|a2—)a3 m

Universi
d
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Calculation of BER,,

@ Binary assignment: ay =01, a; =00, a; = 10, a3 = 11
@ Distribution £, 4 (¢|as): Gaussian with mean a3 and variance Ny /2

BER,. = | Q > X ! + (0 > (0] > X 2
- No/2 2 No/2 No/2 2
A d Melaz —a A h d Molaz —a
Pe|a3 —a % Pe|a3 —a %
+ |0 1 0 > X !
No/2 No/2 2
e g me\a3—>a2

Pe|a3—>a2

Universi idad
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Modification of the binary assignment

@ Final result for previous binary assignment

01 00 10 11
ay a a; as
° } ° } ° } ® q
3 2 -1 0 A1 2 3

BER = EQ : + lQ : - lQ >
4 No/2 2 No/2 4 No/2

@ If binary assignment is modified

11 00 10 01
a a a) a;
® } ° } ° } ® q

3 2 -1 0 1 2 3

> Terms Pela;—a; do not vary
> Terms m,,,_,q; do vary = BER is modified !!!

BER=20( ——~_) - lo( 2
4 No/2) 4 No/2
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Gray Coding
@ Blocks of m bits assigned to symbols at minimum distance differ
in only a single bit

01 00 10 11
ap a; an as
o } o } ® } o q
-3 -2 -1 0 1 2 3

» This assignment minimizes BER for a given constellation

@ Terms P,,_.,. depend on the constellation
| L ]

» Values depend on distance between a; and a;

» Highest values for symbols at minimum distance
Mola: —sa: . .

@ Terms % depend on bit assignment

» These terms weight the contribution of P4, .4,
* Gray coding: minimizes impact of highest values of Peja;—sa;
* For high values of signal to noise ratio (SNR), in most cases, a symbol error

produces a single erroneous bit

1
[BER ~ — Pe]
m

Universi idad
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Probability of error with and without ISI

@ Example: 2-PAM modulation: A[n] € {+1} at R, = 1. bauds
@ Receiver: normalized root-raised cosine with roll-off «

F(6) = hgge(t) = 17(1) = £(0) % f(—1) = hgl? (1)

z|n] is white with 2 = %
@ Equivalent discrete channel: p[n] = §[n] + %5[,1 Y

@ ISI produces an extended constellation at the receiver side

o[n] = Aln] * p[n] = A[n] + %A[n — 1]

Aln] A[n—1] | oln]

+1 +1 | +3

+1 -1 | +3

—1 +1 —

—1 —1 —%
® Alnl=+1 2-PAM constellation Extended ISI constellation

@ I @ —0—4—0 1040 —

@® Al =-1 —1 0 +1 —1 0 +1
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Probability of error with and without ISI (ll)

Conditional probability of error for A[n] = +1, i.€., Pojap=1

fq|A(q|+1):_/\/'(1’%>

pln] = 8[n]
_ 1
Pe|A[n]:—|—1 =0 (\/m)
@
yi —1 sle +1 s
< T, < I_|_1 4

faalal + D=3V (3.2) + 3V (3. 7)

Poapj=t1 = 50 1/22>+%Q( 3/2 ) pln] = 8[n] + L6[n — 1]

—@
—1 [\ )] +1
I

Il\

AN

W

Iy
gu =0

Universi idad
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Probability of error with and without ISI (llI)

Conditional probability of error for A[n] = —1, i.€., Pejsn)=—1

faalal =) = 3N (=5, %) + IV (=3, %)
pln) = 8[n] + 56l —1]  Puap——1 = 50 <‘ﬁ11502/2> + 30 («F]v/f/z
o—
, _1 ANV +1 >
< 1_1 Il\ I_|_] 4
qgu =10
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Probability of error with and without ISI (1V)

@ Probability of error without ISI

1 1 1
P, = =P ~Pejap=—1 =
S Pelai=+1 + 5 Pelani——1 Q( N0/2>

@ Probability of error with ISI

P, = Lp +ip — g |+ | -
¢~ 5 elAln]=+1 2 elA[n]=—1 — 2 N0/2 2 N()/2

ddddddddddd

Eye diagram (eye pattern)

@ Monitoring tool for a digital communication system

» Superposition of waveform pieces around a sampling point

» Duration of each piece: 2T
» Obtained using an osciloscope

* Trigger: governed by sampling signal
* Timebase: to cover 2T
@ Main features

» In the middle and in both sides (horizontaly), there are
sampling instants

* Traces should have to go through values of the constellation
» Diversity of transition between sampling instants depend on
the shape of transmitter and receiver filters
@ |t allows to detect several problems:
» Problems/sensitivity to synchronism

» Level of noise
» Presence (and level) of IS

ddddddddddd



Eye Diagram - o =0
q(1)

CINT TN

or 1T 2T 3T 4T 5T 6T T 8T or 10T

—1

(n—1T nT (n+ DT
Universi idad
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Eye Diagram - o =0

q(1)

SN N 7

or 1T 2T 3T 4T 5T 6T T 8T or 10T

'K N
0
_p
(n— 1T nT (n+ 1T
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Eye diaaram - Exambles

vT T

, 2-PAM « = 0 Noisy 2-PAM o = 0, ISI
Universidad ,
Soresht (OBEG Marcelino Lizaro, 2023  OCW-UC3M Digital Communications  Linear modulations (Baseband) 113/167
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Eye Diagram - o =1

q(7)
1
0
-1
or 1T 2T 3T 4T 5T 6T T 8T or 10T

1

0

—1

(n—1T nT (n+ 1T

ucdm
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Eye Diagram - o = 1

q(1)

or 1T 2T 3T 4T 5T 6T T 8T or 10T

— 1

(n— 1T nT (n+ 1T

@ Eye width is higher as « increases
» Lower sensitivity to sampling synchronization and jitter effects

Universi idad
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Eye diaaram - Examples (I

2 ‘

) 0.5 1 15 2 0 0.5 1 15 2

T T
2-PAM o = 0.25 2-PAM o« = 0.5
1.5 15
1 == e e
0.5
0,
-0.5¢
-1
15 : : 15 : ‘ :
0 05 1 15 2 0 05 1 15 2
T T
2-PAM o = 0.75 2-PAM a =1
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Signals with raised cosines (ideal) - ¢« = 0

q(2)
+1 i (3] Al4] AlS] A[7] Al9] A[10]
| | | | | | | | | |
[ [ | | [ [ [ [ [ |
4T 2T 3T AT 5T 6T T 8T oT 107
1 Al @A[ A[6] 8]
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Signals with raised cosines (ideal) - « = 0.25
q(1)

i [0] Al4]  @AIS] Al7] A[9]  @A[L0]

uuuuuuuuuuu



Signals with raised cosines (ideal) - « = 0.5

q(?)
+1 Al7] A[9] WA[L0]
| | | | |
[ [ [ [ [
6T 7T 8T oT 10T
1 Al6] AD
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Signals with raised cosines (ideal) - « = 0.75

q(1)
1 \[01 ANl s /A\U] /%\A[m
| | | | | | | | | |
[ | [ [ [ [ [ |
3T vy 5T 6T T 8T 9T 10T
L Ale] A

uuuuuuuuuuu



Signals with raised cosines (ideal) - o = 1

+1

q(1)

(0] A[S] A[7] A[10]

A[2] Al6] A[8]

Universi idad
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Signals with raised cosines (ideal) - Comparison

q(t)

Q QR
(I T
—ocooo

AR A[10]
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Constituents -a =0
q(1)

+1 -@[0] A[9]

A[10]

Universi idad
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Constituents - a =1

q(1)
+1 -QA[0] Y ny A[5] A[7] N A[10
|\N/ AN A
\ | — | T - |
+T 2T 3T AT 5T T or 10T
-1 4 A2) ‘ Al6] /8]

]
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Constituents - p(1): triangle

q(t)
+1 [0] A[10]
|
4T 10T
-1
Universi idad
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Bandpass PAM modulations

@ Goal of a bandpass PAM modulation
» To generate bandlimited modulated signals whose frequency
response is bandpass
* Central frequency w,. rad/s (or f, = ;;J_x} Hz)
* Limited bandwidth W rad/s (or B = 5~ Hz)

prs
» Appropriate signals to be transmitted through a bandpass
channel
|X(jw)| or Sx (jw) W — 27B
T A h—
DAY VAN
I I I w
—We “+we

Bandpass (central frequency w,. rad/s)
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Bandpass PAM - Generation by AM modulation

@ Simplest approach
@ A baseband PAM is initially generated

s() = > Aln] g(t — nT)

@ Then, this baseband PAM signal is modulated with an
amplitude modulation. Several options are available

» Conventional AM (double sided band with carrier)

» Double sided band PAM (DSB-PAM)
» Single sided band PAM (SSB-PAM)

* Lower sided band
* Upper sided band

» Vestigial sided band PAM (VSB-PAM)

* Lower sided band
* Upper sided band

ddddddddddd

Drawbacks of using a AM modulation

@ Conventional AM and double side band AM (DSB-AM)

» Spectral efficiency is reduced to the half (bandwidth is
doubled)
@ Single side band AM (SSB-AM)
» ldeal analog side band filters are required
* Real filters introduce a distortion

@ Vestigial side band AM (VSB-AM)
» Analog vestigial band filters are required
* Strong implementation constraints
» Spectral efficiency is reduced (slightly)
* The bandwidth is increased by the size of the vestige
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Modulation by using quadrature carriers

@ Two sequences of symbols (not necessarily independent) are
simultaneously transmitted (rate R; = % in both cases)

(Al Agln]]

@ Two baseband PAM signals are generated using g(r)

{Sl(f) —S Al gt —nT)  solt) =3 Agln] gt — nT>}

s;(t): in-phase component, sy (¢): quadrature component
@ Generation of the bandpass signal, x(z), from s;(¢) and sy (t)

V2 cos(wet)

A][n] — S](t)

;/g(t) & + A x(1) x(1)= V2 s5;(t) cos(w,t)
AQ[”] N SQ(t) N — — 2SQ(I) sin(wct)

—1 (1) X

,,,,,,,,,,,
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Complex notation for bandpass PAM
@ Complex sequence of symbols
[Aln) = Adln] + jagln]|

> Afln] = Re{Alnl},  Agln] = Im{A[n]}
@ Complex baseband signal, s(¢):

{s(t) = s5;(t) + jso(t) ZA g(t — nT)

@ The bandpass PAM signal can be written as follows

x(1) = V2 Re {s(1) eith} — V2 Re {ZA[H] g(t — nT) d‘wcr}
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Bandpass PAM modulator

By[/] Aln] o s(1) x(t)
ENCODER g(1) (%)
Bits — \/_\T/
2 et
V2 cos(wet)
Re{Aln]} <0 sy(1) (X%
B A[[l’l] +
bl4] x(1)

— { ENCODER H—

— V2 sin(wet)

,,,,,,,,,,,
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Relationship with a 2D signal space

@ Signal in a 2D signal space can be written as

ZA() qb() l‘—l’lT —|—ZA1 o1 t—l’lT)

» ¢o(t) and ¢;(t) are orthonormal signals
@ In this case, this only happens if
wc:2?7r x k, withk e Z
In this case
Ao[n] = Ailn], Ag[n] = A[n]
¢o(t) = g(1) cos(wer),  ¢1(t) = —g(t) sin(wet)
¢o(t —nT) = g(t — nT) cos(w.(t —nT)) = g(t — nT) cos(w,t)
nT))

¢1(t —nT) = —g(t — nT) sin(w,(t — = —g(t — nT) sin(w,t)
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Modulator 2D signal space

0
Re{A[n]}
Po(t)
A][I’L] +
By x(t)
ENCODER G;—>
Im{Aln]} —
¢1(1)
Agln]
~—
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Bandpass PAM constellations

@ 2D plotting of possible combinations for A,[n] and Ay[n]
@ Typical constellations
» QAM (Quadrature Amplitude Modulation) constellations
* M = 2" symbols, with m even

» Symbols arranged in a full squared lattice (2”/? x 2"/? levels)
- Both A;[n] and Ag[n] use baseband PAM constellations
- Independent symbol mapping, bit assignment, and definition of decision

regions are possible
[ M- JJ
3

» Crossed QAM constellations
* M = 2" symbols, with m odd

* Symbols arranged in a non-full squared lattice
- Independent symbol mapping, bit assignment, and definition of decision

regions are not possible
2 (31
Es=—-(—=M-— 1) J
3\32

» PSK (Phase Shift Keying) constellations
* Symbols are drawn as points in a circle (radius /Ej)

- Constant energy for all symbols [E; = |A[n]|?

vesm| Caricsf @loEe) Marcelino Lézaro, 2023 ~ OCW-UC3M Digital Communications  Linear modulations (Bandpass) 134/167




QAM constellations

Im{Aln]}
Im{A[n]} 7 [ ) [ ) [ ] [ 2 ) [ ) [ ) [ )
hd hd b 5 ® o o o0 o o o
3 e o o o0 o o o
1 | ° ° °
1 e o o o -0 o o o
| | R e e e e ete o e eme(an)
-3 e e o o -0 o o o
_ ° ° ° -5 e © o o:0 o o o
-7 [ ] [ ] [ ] [ e J [ ] [ ] [ ]
-0 — 00— 00 0 0 0 0 0 0
3 I I 3 -7 =5 =3 —1 1 5 7
4-QAM 16-QAM 64-QAM
(2-PAM) x (2-PAM) (4-PAM) x (4-PAM) (8-PAM) x (8-PAM)
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Gray coding for QAM

0001 0101 1101 1001

o (] ([ [
0000 0100 1100 1000

00 [ [) ° )
0010 0110 1110 1010

10 ° ° ° °
0011 0111 1111 1011

11 ° ) ) °

00 01 11 10
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Crossed QAM constellations

Zm{alm} Zm{al} Zm{al}
¢ b i : : e |0 o o o
o o N P
[ ] e | e e e e e e|ee e e e o0
b ® & i e e e e eleeee e
o | o Re{at} © O O R} e eeeeafeeeee e R}
o o N P
® [} [} [ ] [ ]
Constellations: 8-QAM, 32-QAM y 128-QAM
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Phase shift keying (PSK) modulation

@ PSK constellation

[A[n] — \/ES 6790[”]}

» Constant modulus
» Information is conveyed in the symbol phase

@ Waveform for PSK modulations

x(t) = \/Z_ESRe Zg(t — nT) o/ (wetteln])
— \/Z_ESZ g(t — nT) cos(w.t + @[n])

» Phase shifts in transitions from symbol to symbol
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PSK constellations

Zn{aln} Zn{am} Zn{am}
® °
[ ) [ ) [ ) [ )
[ ] [ ]
Ref{AM} Re{a[m} ° o Relam}
[ ) [ ) [ ) [ )
® d
Constellations: 4-PSK (QPSK), 8-PSK 'y 16-PSK
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Gray coding for PSK
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Im{A[n]}
® 000
100 ® 001
101 011
® ®
Re{A[n]}
111 ® 010
110 @




Other constellations

Im{Aln]} Im{Aln] }
[ J [ J
[
(] [ [ ] [ J [ J [
i e o o o o o
L 4 L L L *— @ L L
Re{Aln Re{Aln
o {ap1} ° e o o o ° {ap1}
L] [ [ ] [ J [ J [
[ ]
[ [ ]
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Spectrum of a bandpass PAM
@ Condition for cyclostationarity of signal x(¢):
E [Alk 4+ m] Alk]] = 0, for all k,m,m # 0

» Conditions for QAM constellations
* Symbol sequences A;[n] and Ap[n] are mutually independent
* Autocorrelation functions of A;[n] and Ay |[n| are identical

» Conditions for PSK constellations
* Samples of ¢[n] are independent

@ Under cyclostationarity the power spectral density function is

[sx(m = 5 IS5 — ju) + S3(— (i +jwc>>1}

{Ss(iw) = % Sa (e1) |G(jw)2J

REMARK: A[n] is a complex sequence in bandpass PAM
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Spectrum of a bandpass PAM (lI)
@ For white sequences of symbols: S, (¢) = E;

i) = 5 6P

» G(jw) is responsible of the shape of the spectrum
* Sg(jw) is real and symmetric
. L Es : : : :
[sxow = =2 (16w — jwe) P + |G +ch>\ﬂ

2T

@ Example using pulses of raised cosine family

Weg = Z(1+ ) SS(](’{A)/M W = 2Z(1 + o) rad/s Sx(j)

Beq—’i(1+a>/— B =R(1+a) Hz W = 2Weg
w / | \ . ! \ w
o,

T Al ‘ T I hl

—Weq qu We — Weq we We Tt Weq

% Bandpass bandwidth W is double of equivalent baseband bandwidth W,,

* Spectral efficiency is the same: now two sequences are simultaneously transmitted
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Transmitted power

@ The mean transmitted power is

1 00
Py = — '
X o /_OO Sx(]w) dw}

@ If symbol sequence A[n| is white

S () = Ee Ss(iw) = 2 I6(w)

» Power for a white symbol sequence
E 1
T 27

Es

) G(jw)|* dw = == % 5{g(t)}J

Px
o T

* For normalized pulses (with unitary energy)

E
{PX — ?‘ = E, X R, Watts]
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Demodulator for bandpass PAM

@ Demodulation and a baseband filter structure can be used
» Complex notation and implementation by components can
be seen in the following pictures

~

y() /\? r(t) W q(t) r q(n] @ﬂ
V2 e wet t =nT
V2 cos(wet) —
Lo —— a0 )
() f(1)
(1) Re{q(n]} A[n]
— DETECTOR ——
2 ro(1) (WQQ(I) qoln]
Im{qln]}
—/2sin(w,t) { = nT —_—
veom | G5eET Marcelino Lézaro, 2023 ~ OCW-UC3M Digital Communications  Linear modulations (Bandpass) 145/167

Equivalent alternative demodulator
@ Signal at the input of the sampler (using complex notation)
a(t) = ((1) e7) + (V21(1)
@ Expression for the convolution

o)) = V2 [ f) 1= m) e et ar

@ Rearranging terms, an equivalent demodulation scheme is
obtained

g(t) = e /%! /_OO \/Ef(T) T y(t — 1) dr

a() = e (y(0) * (V2£ (1) 1))

Bandpass filtering and then demodulation

ddddddddddd



Equivalent alternative demodulator (ll)

y(1) ) o @ q(1) r qln] @ﬂ

\/i e_jwct t — nT

—/2sin(w,t)
0
) qr|n]
{Re {£(r) e}
Re{qg|n A
(1) {aln]} Aln]
—  V2cos(wet) DETECTOR ——
; qo(n]
{ T {£(s) et}
ZIm{q[n]}
N
t =nT
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Noise characteristics at the receiver

(0 PN A
—{\/Ef(t) e’thJ @ r

@ Some definitions: e Wt t =nT

£(6) = V2 £(1) €, Fo(jw) = V2 F(jw — jw,)

@ Properties:

@ :(v) is strict sense stationary only if £(¢) es circularly
symmetric

NOTE: A complex process X(t) is circularly symmetric if real and imaginary parts, X, (¢) and X;(z), are jointly
stationary, and their correlations satisfy

Rx,(T) = Rx,(7), Rx, x,(T) = —Rx, x,(T)

Q /(1) is circularly symmetric if w, is higher than bandwidth of
filter f.(¢) (narrow band system)

Se(jw) = 2 Sa(jw) |F(jw — jewe)|?
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Noise signal z(7) at the receiver

(200 = 2(0) + zo(0)

@ z(r) is circularly symmetric and its power spectral density is

S.(jw) = 2 Su(jw + jewe) |F(jw)|’

» If the process is symmetric, its real and imaginary parts, z;(¢)
and zo(t), have the same variance and are independent for

any time instant ¢
» In general, z(¢;) and zo(t2), for #; # 1, are not independent
» If spectrum is hermitic, S;(jw) = S} (—jw), zi(t1) and zg (), for
11 # t, are also independent
* If n(z) is white, this is fulfilled when f(¢) is real
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Discrete noise sequence z[n| at the receiver
2l = zln] +J 20l
@ z[n] is circularly symmetric
27k w27k |
P s (g5 =) P (i -F)

For white noise n(t)

Sampled noise z[n| can be white
» This happens if the ambiguity function of f(z), r¢(t) = f(t) * f*(—1),
satisfies the conditions of Nyquist ISI criterion at symbol rate

(5.0) = No x £ {7 (0)}]

* z7[n] and zp[n] are independent for any instant n
* z7[mi] and zp[ny], for ny # ny, are independent

[sz, () = Sz (jw) = % w € {f(;)}]

esm | Carcet QIoEe) Marcelino Lézaro, 2023 ~ OCW-UC3M Digital Communications  Linear modulations (Bandpass) 150/167




Variance and distribution of z[]

@ The variance of complex discrete noise is

O‘ZZ = % S, (ei“> dw

—T

@ In noise n(t) is white, with S, (jw) = Ny/2 W/Hz, and if r¢(z) is normalized
and satisfies the Nyquist ISI criterion at R (T)

N,
{03 — No (agl — o2 = 7())}

REMARK: remember that z[n] = z;[n] 4 j zo[n]

@ If noise is circularly symmetric

> Real and imaginary parts (z;[n] and zp[n]) are independent and both have variance
No/2
> Probability density function of noise level is

1 _ k2

fz(z) = No

= —e
7TN()

NOTE: If receiver filter is not normalized, noise variance is multiplied by £{f () }
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Equivalent discrete channel
@ Sampled signal at the output of the matched filter

gln] = q(t)‘t:nT = q(nT), with ¢(t) = ZA[n] p(t —nT) + z(1)
@ Bandpass equivalent discrete channel:

[pln] = p(1)],_,r = P(nT)) (qln] = Afn] * pln] + z[n]
@ Definition of the complex equivalent baseband channel, A, (t)

g = h) F Higliw) = Hiw +jo)|

The behavior of the channel around central frequency w, is shifted down to baseband

@ Joint transmiter-channel-receiver response

2() = 80 ¥ ha0 250 T Pw) = Gljw) HoylG) ()|
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Complex equivalent baseband channel

Aln] s(1) x(1) (1) r(1) q(1) q[n]
(1) () h(t) @ () 1)
0 T L
T V3 elwet n(t) /2 e—iwet t=nT
Ss(jw) . / \
—We _ % + % +we
Sx (jw) (complex notation) / \
—We _ % + % +we
w
. «—
—We +we
Sr(jw) . P | =q Ss(jw) X |Heq(jw)|?
—We — %’ + %/ +we
Fw)? 1T\ |
......... —We -4 +¥ twe
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Complex equivalent baseband channel (Il)

s() x0T ¥(1) r(1) q(1) qln]
) &6 )
7 T

\/_ e]wC \/E e—jwcl t=nT
_/_ )

o T

w
Aln s(t r(t) (t) [n]
heat) —@D—— 1) |- T ’
' T
Neg(1) t=nT

/\'jQ(jw) = |H(jw + jwc)|

—(I.d.)c ¢ VIV ’ _HI'UC



Equivalent discrete channels - baseband and bandpass PAM

Aln] oln

pln] | %@

[

q[n]

N

@ Identification of baseband and bandpass PAM
» Symbols A[n]

» Equivalent discrete channel p[n]
» Discrete noise z[n]

* Are real in baseband PAM
* Are complex in bandpass PAM

‘‘‘‘‘‘‘‘‘

O o —+ O (0] O o —+ O o
LI )
LIS )

(0] o T e (0] O O T o e o (0]
LI )

! ! ! ! ! ! ! !

1 1 1 I 1 1 I

o o —+ O (0] O o —+ O O

(0] o —+ O (0] O o —+ ©O (0]

@ Example of ISI (memory fo p|n], K, = 1)
pln] = d[n] +a dln — 1], oln] =Aln] +aAn— 1]

» Transmission of a symbol at A[n]
* At the receiver an extended constellation is seen around this symbol : the
point in each instant will depend on the value of the previous symbol (M
posibilities))
* Noise will also be introducing additional distortion
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ISI: Extended constellation (ll)

@ Example of ISI (memory of p[n|, K, = 1)
pln] = d[n] + a dln — 1], oln] =Aln] +aAn— 1]

> If a increases the points of the extended constellation will separate more from it
» If memory of p[n] increases, the size of the constellation increases exponentially

M%» possible values for each symbol

Universi idad
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ISI: Extended constellation (lll)

o | o o | o
O O I O O O O O O
o | o o | @
eo0o0/j0oo 0000 oe
o | o o | o
o | o o | o
OO OO
o | o o | @
O (] == [ ] O O (@] O O
o | o o | @
OO
| | | | e | & o | o
T T T T o (oG
OO
o | o o | @
O O —I= O O O O O O
o | o o | @

@ Example of ISI (memory of p[n], K, = 2)
plnl =dé[n] +adn—1]+bdon—2]
on] =Alnl +aAn— 1]+ b Aln — 2]

» If memory of p[n] increases, the size of the constellation increases exponentially

M*X» posibles valores por cada simbolo
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Scattering diagram

@ Monitoring tool for bandpass system
» Plotting of Re(g|n]) versus Zm(q[n])
» ldeally: the transmitted constellation must be plotted
» Allows to monitor noise level, ISI level, synchronism errors

2 — 2

1.5¢ 1 1.5¢

- . im’é ﬂm,r
I * | R Y
;:\0.5- -%05-
5-0.8 . 1 505

a 5 AE R
S S R I 5 S 48

2151050 051 1.5 2 -ziaﬁb5do£i152

Re{q([n])} Re{q([n])}
[n] = J[n] pln] = d[n] — 0.256[n — 1]
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Review - Product with a sinusoid

@ To multiply with a sinusoid of frequency w. generates, spectraly, two replicas of the signal
spectrum, shifted +w,

x(t) = m(t) x cos(wet) b X(jw) = %M([’w —jwe) + %M(}'w + jwe)

1 1
Power spectral density: Sx (jw) = ZSM(jw — jwe) + ZSM(jw + jwe)
Am

[T\

mt)

x(1) |

.

wmwvwwmm nliny

—Wc +Wc w

uuuuuuuuuuu
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Analysis of modulation / demodulation

@ Block diagram for transmitter and receiver

V2 cos(we) V2 cos(wet)
Afln] T si(t) /L ri(t) qu(t) qi(n]
— g X
- J e + é x(l‘) y(l‘) - J
Apoln| —s — r T n
oln] <0 Q(f)&\ o(1) 0 qo(t) qo(n]
V2 sin(wet) —V2sin(wer) r=nt

@ Transmitter multiplies two baseband signals by two orthogonal
carriers

@ Receiver demodulates each component and then filters with f(¢)

» Receiver filter f(7) has a baseband characteristic
» Typical set-up: root-raised cosine filter

aaaaaaaaa

Analysis of modulation / demodulation (ll)

@ Undistorted received signal (modulated signal) has the shape
y(t) = A cos(wt) + B sin(w,t)
@ At the receiver, signal processing is splitted in two components
qi(t) = filter [A cos(w,t) + B sin(wt)] x cos(w.t)
qo(t) = filter [A cos(w.t) + B sin(w,t)] x sin(w,t)
@ Trigonometric identities and removing (filtering) of bandpass terms

X X
X cos(wet) cos(wet) = 5 + 5 cos(2wet)
-~ —

. )
Desired ~ Bandpass at 2w, X sm(wct) COS(UJCI) = E sm(2w(.t)
. . X X N———
X sin(wct) sin(wet) = ) cos(2wet) Bandpass at 2w,

2
~ ——

Desired Bandpass at 2w,

mo U m

_jwc _(IJJC O +w€ +2Iwc w

uuuuuuuuuuu



Analysis of modulation / demodulation (lIl)
@ The product of two carriers allows to recover the transmitted baseband

signals
» Products cos(w¢t) x cos(wet) Of sin(w¢t) X sin(wet) introduce a % factor
* Factors v/2 are introduced at transmiter and receiver to compensate it

» Complex notation fails to represent this scaling
* Mathematically: v/2 é“c x /2 e /e =2
- 2 times the amplitude of the product of cosines or sines
* This has to be taken into account

Modulator Demodulator Joint effect (for p[n])
s(t) x(t) y(1) r(t) s(t) r(t)
:T/ > :(}E > :C}f) >
V2 éi(wet+0r) V2 e~ i(wet+6k) o/ (01 —0R)

@ Non-coherent receivers
> Receiver whose demodulator has a phase that is different than phase at modulator

» Produces a rotation in the received constellation
> A coherent receiver needs to recover the phase of received signal (with a PLL)
* Additional cost for PLL (Phase Locked Loop)

Universi idad
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Sinusoids with different phases or frequencies

Carriers with same frequency and phase shift of 20°

Carriers with same frequency and phase shift of 45°

Carriers with different frequencies: “variable” phase shift

vesm| Caricsf @loEe) Marcelino Lézaro, 2023 ~ OCW-UC3M Digital Communications ~ Linear modulations (Bandpass) 164/167



Binary transmission rate (R, bits/s)

@ Binary transmission rate is obtained as (R, = m x R,) bits/s
» Symbol rate: R, bauds (symbols/s)
» Number of bits per symbol in the constellation: m

m = log,(M)

M: number of symbols of the constellation
@ Limitation in the achievable binary rate
» Limitation in R,: available bandwidth (B Hz)
Using filters of the raised cosine family

BASEBAND BANDPASS
__ _2B —
Rs|max — Tfa Rs|max — TFa

» Limitation on the number of symbols M (and therefore in m)
* Power limitation limits mean energy per symbol E; = E [|A[n]|2}

- This limits the maximum modulus of the constellation
* Performance requirements limit the minimum distance between symbols

dmin
{Pe ~re (zw—/z)]

* E; and P, determine a maximum constellation density

Universi idad
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Constellation density - Example - QAM
4-QAM (2 bits) 16-QAM (4 bits)

. ° ° ° ° °
01 11 0011 O111]1111 1011
° ° ° °
0011 Q11111111 1011
° ° ° °
0001 0101|1101 1001
. ° ° ° ° °
00 10 0000 010011100 1000

64-QAM (8 bits)

Universi idad
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256-QAM (16 bits)
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Constellation density - Example - QAM

@ Increasing constellation size (M symbols):
» Binary rate is increased
* Number of bits per symbols is increased m = log, M
» Lower performance for a given E;
* Distance between points of the constellation is reduced
Example for M-QAM constellations
M (symbols)  m (bits/symbol) | E; with normalized levels (dyin = 2) | dmin With E; = 2
4 2 2 2
16 4 10 0.8944

64 8 42 0.4364
256 16 170 0.2169

4-QAM 16-QAM 64-QAM 256-QAM

e o o o e o o o
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e o o o 0o o o o
L] L] L] L] L] L] L] L]
e o o o | e o o o
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Universi idad
veom | caietll @GO \farcelino Lazaro, 2023 OCW-UC3M Digital Communications  Linear modulations (Bandpass) 167/167



