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PAM digital communication system
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@ Discrete-time equivalent model
» Symbols Aln]
» Equivalent discrete channel p|n]
» Discrete-time noise z[n]
* Real in baseband PAM
*  Complex in bandpass PAM
Aln] o[n] q(n]
,,,,,,,,,,, z[n]
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Typical set up for linear channels

@ Receiver uses a matched filter f(¢) = g(—1) with r¢(t) = r,(2)
fulfilling Nyquist condition

Aln s r n
H. (1) . ’ (t)[f(t):g(_t)}q(t) r qln]
n(1)

» Common choice: root-raised cosine filters
Q, a,T
g(t) = hRRTC(t) — f(t) = hgpe(t)

g(0) + £ (1) = rg(t) = rp(r) = g (1)
@ Consequences:

» This ensures discrete filtered noise z[n| is white
» ISl is present in the system (joint response p(r) then does
not meet Nyquist condition)
* Receivers can be specifically designed to deal with ISI (as it
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Detection under ISl - Problem statement
@ Receiver: matched filter f(r) = g(—t), normalized, and r¢(t) = r,(z)
satisfies Nyquist (i.e., r¢[n] = d[n])
No/2, Aln] €R
> z[n] white and Gaussian: o2 = o/ "]
Ny, A[n] cC
@ Sequence of symbols A[n]: constellation with M symbols
» Stationnary white sequence with mean energy E; = E [|A[n]|2]
Ralk] = E [Aln + k] A*[n]] = Ey 8[n]
Sa (¢) = E;
@ Response p(¢) is causal and time-limited (7, seconds)
» p[n] causal of length K, + 1, = K, = |T,,/T|
» Observation at the output of the demodulator
qln] = Aln] * pln] + z[n] = o[n] + z[n]

* Noiseless output of the equivalent discrete channel

o[n] = Aln] * p[n] = Zp
nnnnnnnnn K, = memory of the equivalent discrete channel
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Memory of the equivalent discrete channel (K,)

K, memc;,ry terms

oln] = Aln| pl0] + Aln — 1] p[1] + A[n = 2] p[2] + - -- + Aln — K} p[K,)]
—_—— - ~ _
current K, previous

@ Symbols with influence in o[n] at instant n:

> The symbol at the same instant n: (A[n])
» The K, previous symbols

[A[n 1), A[n—2],--- ,Aln — KP]J

@ Aln] has influence on o[n] (and ¢[n]) at K, + 1 instants

» At its current instant: n
» At K, posteriorinstants:n+1,n+2,--- ,n+ K,
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Memoryles symbol-by-symbol detector

qln) (= Aln—d|
o

Aln] oln]

-

z|n]

@ Detector is based on decision regions
» 1D constellations : regions are defined by thresholds
» 2D constellations : regions are defined by 2D boundaries
@ Design parameters
» Delay d associated to the decision
* Decision rule is applied to g[n]
* The result is the decision for symbol A[n — d|

[Processing of ¢[n] — A[n — d] (decision for A[n — d])]

» Decision regions
* A region per symbol: /; for a; Vj
* Determine the decision rule
I gln) € 1~ Aln — d) = )
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Memoryles symbol-by-symbol detection - Delay d
@ From observation ¢[n] a decision is made for A[n — d]
» Detector has a delay d
@ Ideal channel with delay d lags:

[p[n]:ca[n—d] - q[n]:CA[n—d]-l—z[n]]

@ Non ideal channel

qln) = pld] Aln —d] +_ plk] Aln — k] + z[n]
———— ~—~

. k£d ‘
desired term - ~  noise

IS|

@ Optimal choice for delay d
» Looking for the symbol with the greatest contribution on g[n]
» Alternative interpretation:
* Normalization of observation to compensate gain p[d]

Y.
ol = J = A=)+ 52 T Aln = +

2ln]
pld]

* Once d is selected, term p[d] divides ISI and noise
> Optimal choice: select d such that (|p[d]| > |p[n]|) for all n
* Minimizes the joint effect of ISI and noise
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Choice for optimal delay - Example

@ Transmission of 2-PAM through p[n] =

%5[11] +0n—1]+ %5[11 —2]

@ o[n] = Aln] xp[n] = 1 Aln] + Aln — 1] + § Aln — 2]
Delay d =0 Delay d = 1 (optimal)

Aln] An—1] Aln-2] | o[n] Aln] An—1] Aln—2] | o[n]
+1 +1 +1 +4 +1 +1 +1 -+
+1 Rl -1 [ +3 +1 Sl -1 [ +3
+1 —1 +1 —3 +1 —1 +1 ~1
+1 —1 —1 —3 +1 —1 —1 —3
—1 +1 +1 +2 —1 +1 +1 —
—1 +1 —1 —\ —1 +1 —1 +3
—1 —1 +1 —2 —1 —1 +1 —2

7 7
—1 —1 —1 —7 —1 —1 —1 —7

Blue : A[n —d] = +1 Red : A[n — d] = —1

@ Symbol associated to highest |p[n]| has the highest contribution in o[n]
» Sign of o[n] in this case depends on A[n — 1] (d = 1)
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Choice for optimal delay - Example (ll)

@ Without ISI (p[n] = d[n])
@ Aln]=+1
I @ I ® i _
-2 1 0 , @ A=At
@ With ISI (p[n] = 16[n] + d[n — 1] + 16[n — 2]): delay d = 0
@ Aln]=+1
—to—0Pe0—01 00— —— -~
2 1 0 , @ A=
@ With ISI (p[n] = 16[n] + d[n — 1] + 16[n — 2]): delay d = 1
@ An—1]=+1
—to—0e0—0 10 00— — o
2 1 0 1 , @ Armi=A
@ With ISI (p[n] = 16[n] + 6[n — 1] + 16[n — 2]): delay d = 2
@ An-—2]=+1
—to—0ooe0—01+0 00— — o
2 1 0 1 , @ ArmA=A
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Effect of the cursor’s value p[d|: scaling

@ Example: 4-PAM constellation : A[n] € {£1, £3}

@ Equivalent discrete channel: p[n] = 0.1 d[n] 4+ 0.6 6[n — 1] — 0.05 5[n — 2]
» Optimal delay for decision: d =1 (p[d] = 0.6)

O An—d =43
@ Aln—d =+1
® An—d=-1
@ An—d=-3
4-PAM constellation
O i @ i @ I O
-3 -2 —1 0 1 2 3
value for p[d] x A[n — d] (contribution without ISI)
$ +tO —@ i | OH ¢
-3 -2 —1 0 1 2 3
extended constellation
& €EEEEEEEEoF ccacaanl  TEeeEeLd(Ce ¢
-3 -2 —1 0 1 2 3

@ Value of the cursor determines a general scaling of the received constellation
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Effect of the cursor’s value p[d|: sign of the cursor

@ Example: 4-PAM constellation : A[n] € {+1,+3}

@ Equivalent discrete channel: p[n] = 0.1 6[n] — 0.6 §[n — 1] — 0.05 §[n — 2]
» Optimal delay for decision: d = 1 (p[d] = —0.6)

O An—d =+3

@ Aln—d =+1

@ An—d=-1

@ An—d=-3

4-PAM constellation
O i @ i @ I O
-3 -2 —1 0 1 2 3

value for p[d] x A[n — d] (contribution without ISI)
$ +HO ¢—@ i @9 OH ¢
-3 -2 —1 0 1 2 3
extended constellation

$ QOCO-eHE8E8EE80 | GSEBERERED-CCRrT0 $
-3 -2 —1 0 1 2 3

@ A negative sign for cursor “inverts” the constellation
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Effect of the cursor’s value p[d|: options
@ Example: 4-PAM constellation : A[n] € {+1,+3}

@ Equivalent discrete channel: p[n] = 0.1 6[n] — 0.6 §[n — 1] —

» Optimal delay for decision: d = 1 (p[d] = —0.6)
@ There are two options to take into account the cursor

0.05 8[n — 2]

» To scale decision regions according to the cursor (considering sign)
» To normalize the observation before decisions: dividing by cursor

O An—d =+3
® An—d =+1
@ Aln—d =-1
@ An—d =-3
4-PAM constellation
O I @ I @ I O
—3 -2 —1 0 1 2 3
Scaling of decision regions
O} esesEsesss | GaEsEEEsEd | COCnD

—1.2 0 1.2

Normalization of the observation o[n]/p[d]
0 1 2
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Normalization of the observation: effect over noise

@ Normalization of the observation
q[n]

pld]

o|n]

pld]

qnln] = = 0y[n] + z,[1]

z|n]

pld]

@ Effect over noise: power (variance) is modified
1

pld]|?

» Important to evaluate probabilities of error

on|n] Za[n] =

_ 2
—O'ZX

2
O-Zn
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ISI Ievel YISI
@ Quantifies the ISI distortion introduced by a channel

Dea
Vist = —2 £ >0
n

> Dyear: pPeak distortion for a delay d

peak E

k;éd

Depends on the equivalent discrete channel and selected delay for decision (d)
» 1. constellation efficiency

{77 _ (dmin/z) > O}

|A ‘max

Depends on the constellation used to transmit data
*  |Almax: maximum modulus of a symbol in the constellation

|Almax = méx{|A[n][}

*  dni: minimum distace between two symbols in the constellation

nnnnnnnnn dmin = min ’A[n [k“
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~visi- Measuring effect of ISl on the decision regions

@ ISI level measures the effect of ISI in terms of how it affects
to the received constellation (extended constellation
generated by ISI)

@ Value ~;5; = 1 indicates the point where the extended
constellation achieves the limits of the original decision
regions

» vis1 < 1:1SI does not move symbols out of its decision region
* Without noise unmodified symbol by symbol detector does
not make erroneous decisions
» 57 > 1: 1SI does move symbols out of its decision region

* Unmodified symbol by symbol detector makes erroneous
decisions even without noise

* In this case, a re-definition of the decision regions, taking into
account the underlying ISI, is necessary to guarantee a
maximum performance using memoryless symbol by symbol
detectors
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Example

@ ISl level will be presented for the following case
» Transmitted constellation: 2-PAM (A[n] € {£1})
* Efficiency n =1
* Constellation and original decision regions (I, 1_1)
f f L f f f L f f
—1 (|) +1
|

<

Y

I
» Equivalent discrete channel

Iy

pln] = %5[;1] +oln—1]+cdn—2]

* Several values for ¢ will be tested: ¢ = 1, c = 1, and ¢ =
- In all cases, optimal delay is d = 1.

@ Points of the extended constellation generated by ISI

AW

Plot of values for o[n] = A[n] * p[n] = %A[n] +An— 1]+ cAln—2]

Universi idad
veom | et @GO \farcelino Lazaro, 2023 UC3M Digital Communications Detection under ISI 17/146

_ 1
Example - c = ;

Aln] An—1] An—-2] | o[n]
+1 +1 +1 +7
+1 +1 —1 +3
+1 —-1 +1 —1
+1 —1 —1 —2
—1 +1 +1 +3
—1 +1 —il -
-1 —1 +1 —2
—-1 i —1 —
o An—1|=+1
. A%n—l{:—l TSE= g
—o—+—0 X900 100 Ko 0
-2 —1 0 +1 +2
) - I .
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Example - ¢ = ]
Aln] An—1] Aln—2] | o[n]
1 +1 1 | 2
1 +1 —1 | +1
TR +1 0
1 -1 -1 | -1
1 +1 1| +1
1 +1 —1 0
-1 -1 1| -1
R — -1 | =2
o An—1]=+1 —
o An—1]=-1 st
| | , | 9 |
o —— &+ &+
—2 —1 0 +1 +2
) I_; I "
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Example -c =3

4
Aln] An—1] Aln—-2] | o[n]
+1 +1 +1 -
+1 +1 —1 -,
+1 —1 +1 |+
+1 ~1 —1 —2
=1 +1 +1 -+
—1 +1 —1 —
—1 —1 +1 —2
—1 —1 —1 —2
o An—1]=+1 5
.Ah—d:—l TsE= g
——+——+—0— %010+ 10Kk 0+—1—0—
-2 ~1 0 +1 +2
) I I -

veom| catestil (OO \forcelino Lizaro, 2023 UC3M Digital Communications Detection under ISI 20/146



Re-defining decision regions
@ Decision regions must be re-defined based on the location
of points of the extended constellation defined by ISl

o An—1]=+I1 ]
e An—1]=-1 vis1 = 3
—e— KOO8 & X 0 ——
-2 —1 (|) +1 +2
I | I

RE-DEFINITION OF ||3ECIS|ION REGIONS

Iy | Iy | I | Iy

@ The new decision regions depend on:
» Values of points for the extended constellation

» Variance of the noise sequence

ddddddddddd
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Redefinition of the decision regions

@ Design of decision regions depends on:
» Probabilities of transmission for symbols pa(a;)
» Conditional distributions for observation given each symbol

Jala(qla:)
@ Designrules: g, € I;if forall j # i
» General case: Maximum A Posteriori (MAP) criterion

pa(ai) fga(qolai) > pa(a;) fg14(qola;)

» Equiprobable symbols (p4(a;) = 1/M): Maximum Likelihood

(ML) criterion
JqlA (qolai) > fqla (q0la))

* Under Gaussian noise and o[n] = Aln — d]: Minimum
Euclidean Distance criterion

d(qy,a;) < d(qy,a;)
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Conditional distributions f, 4 (¢|a;) under Gaussian noise

Conditional distribution for Ajn — 1] = —1

)

Bl

faalal =) = 2N (=5, 2) + IV (-3, 2) + Iv (-3 %) + v (+

N|OZ
N

-2 —1 0 +1 +2
Conditional distribution for A[n — 1] = +1

faatal + D) = 3N (+3,2) + 40 (45, 2) + IV (45, 2) + 4 (-5 %)

uedm | %ncl;relgg?ﬁ @@@
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Conditional distributions f, 4 (¢/a;) under Gaussian noise (ll)

Conditional distribution for A[n — 1] = —1

faalal = 1) = IV (=3,%) 1IN (<3, %) 1A (<3, %) + I (44, %)

Conditional distribution for A[n — 1] = +1

flalgl +1) = 3N (+§, %) + N <+§, %) +iN (+§, %) + AN (‘3‘1» %)
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Conditional distributions f, 4 (¢|a;) under Gaussian noise (lll)

Example for relatively low noise variance

Universi idad
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High SNR (low noise) : approximation for decision regions

@ Under a high SNR (low noise variance) the design of the
new decision regions with a minimum distance criterion with
respect to the different points of the extended constellation
is a reasonable approximation

@ When SNR decreases (noise variance increases), typically
the decision regions tend to the initial decision regions
designed without ISI
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Maximum likelihood sequence detection (MLSD)
@ Optimal detection under ISI: MLSD

@ Sequence to be detected: L symbols (M~ possible sequences)
(4 = aoL,A[1], - Al - 1))
@ Sufficient statistic for detection: N, = L + K, observations
(4= a0 qlll, -+ qlN, = 1)), N, =L+K]

q[0] =p[0] A[0] + p[1] + p[2] + - plKp] + z[0]
q[1] =p[0] A[1] + p[1] A[0] + p[2] <o+ plKy) + z[1]
q[L + Kp — 1] =p[0] + p[1] 4+
+ plKp — 1] + plKp] A[L — 1] +2[L + K, — 1]

@ Side (additional) information that is necessary:
» Known channel with memory K, (K, + 1 coefficients)

(b= Dpl00,p1), 21,7
> Previous K, symbols and posterior K, symbols
(Al-1,41-2), -, Al-K,) and A[L], AL + 1], AL+ K, — 1]

*  Cyclic header of K, symbols between blocks of L information symbols
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Maximum Likelihood (ML) sequence

@ M" possible sequences
A=A AN, AL, =01, M 1]

» Noiseless output generated by each sequence
0iln] = Ailn] % pln] = Zp Ailn — K]

* |tis known if A;[n] and p[n] are known!!!
@ ML sequence: the one with the highest likelihood:
» Sequence

A :Ai - [AI[O],AI[I], e 7Ai[L o 1]]T
that satisfies the following condition
[fqlA(‘I|A ) 2 fqa(glA)); j= 0,1, M1 i']
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Estimation of the maximum likelihood sequence
@ Conditional distribution for each observation: g[n] = o;[n] + z[n]

el = N (0. 72) = —— exp{ =50 bl - mwfﬂ

> Conditional independency: f,(,114 (¢[n]|a:) indep. of f.114 (¢[n]lax) Yk # i
@ Likelihood for data sequence a;

fq|A q|A H fq[n |A |az

1 Ng—1
Jaa(qla;) = W 28y 202 Z q[n] — oiln

ZnO

@ Maximum likelihood sequence

Nq_l P
A = arg mln Z \g[n] — oi[n]|*, with o;n] = Zp[k] Ailn — k]
n=>0 =
veom | Gl Marcelino Lazaro, 2023 UC3M Digital Communications Detection under ISI 29/146

Detection of the ML sequence - Summary
@ Sequence to be detected: L symbols (M possible solutions)
(4 = a0, 411, - Al - 1))
@ Sufficient statistics: L + K, observations
(4= 14000, q1], -+ gV, — 1)), N,=L+K,)
@ Side information: channel and K, previous and K, posterior symbols
(0= 0] pl1), . pIK )
[A[—l],A[—Z], .. A[-K,] and A[L],A[L+ 1], -+ ,A[L + K, — 1]]

@ Maximum likelihood sequence

N,—1

A= argmm Z lg[n] — o;]n]|?
n=0

A= [Al[O],Al[l], 000 ,Ai[L — 1]]T and Oi[l’l] = pr[k] Al[l’l — k]
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Example: 2-PAM K, =1, L =4

@ Constellation: 2-PAM (BPSK):
@ Channel: p[n]

@ Sequence to be estimated: (A

Aln] € {£1}
=0[n] +0.58n—1],K, =1

A[0],A[1],A[2], A3]]), L = 4

@ Statistic for detection (L + K,): (g = [g[0], q[1], 4[2], 4[3

1, l4]])

[q[—u

= A[-1]+ 0.5 A[-2] + z[—l]]

(4l0]
q(1]
q[2]

=A[0] 4 0.5 A[—
=A[1] 4 0.5 A[0]
—=A[2] 4 0.5 A[1]
q[3] =A[3] + 0.5 A[2]
g4 =A[4] + 0.5 A]3)

[q[5]

= A[5] + 0.5 A[4] + z[s]]

@ Assumption: the following values are known (A[—l} =

= +1)

@ Problem: to decide the ML sequence when the sequence of observations is

(q[O] — 10.5¢[1] = —0.4 g[2] = +0.1 ¢[3] = —1.7 q[4] = +0.3]

Universidad
ucdm ‘ Carloslll W . 4
de Madrid —@ rarwew Marcelino Lazaro, 2023
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Brute force detection: comparison of ¢[n| with o[n]

gl0]  q(1]  q¢[2]  q[8]  q[4]

105 —04 +0.I —17 +03

| Ng—1

oln] = Aln] + JAln 1], Likelihood Metric = > lqln] — oln)|?
n=0

A[0] A[] A[2] AP] || o[0] o[l] o[2] o@3] o[4] || Likelihood Metric
1 +1 1 +1 || 1.5 +15 F15 +15 +15 1825
—1 41 41 41 || =05 405 +15 +15 +15 15.45
+1 —1 +1 +1 +15 —-05 405 +1.5 +1.5 12.85
—1 =1 41 41 || =05 =15 +05 +15 +15 14.05
+1 +1 —1 +1 +1.5 415 =05 405 +1.5 11.25
—1 +1 —1 +1 -05 +05 -05 405 +1.5 8.45
+1 —1 —1 +1 +15 -05 -—-15 +05 +1.5 9.85
~1 -1 -1 41 || =05 =15 —15 405 +15 11.05
+1  +1 41 —1 || +1.5 +15 +1.5 —05 405 8.05
—1 41 41 -1 || =05 405 +15 —05 +05 5.25
+1 -1 41 -1 || 415 —05 405 —05 +05 2.65
~1 -1 41 -1 | -05 =15 +05 —05 +05 3.85
+1  +1 -1 -1 | +15 +15 —05 —1.5 +05 5.05
~1 41 -1 -1 || =05 405 —05 —15 405 2.25
+1 -1 -1 -1 | 415 —-05 —15 —15 405 3.65
-1 -1 -1 -1 -05 =15 -15 -15 405 4.85

Universi idad
ucdm ‘ Carlos Il -m . 2
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Brute force detection: comparison of ¢[n] with o[r]

qlo]  q[1]  ql2]  q[3]  q[4]
—04 —14 +0.6 —-04 +04

Ng—1
o[n] = Aln] + lA[n — 1], Likelihood Metric = Z |q[n] — 0[n]|2
2 n=0
Al0]  A[l] A[2] A[3] 0[0] o[1] 0|[2] o[3] ol4] Likelihood metric
+1 +1 +1 +1 +1.5 415 +1.5 +1.5 +1.5 17.65
-1 +1 +1 +1 —-05 405 415 415 +1.5 9.25
+1 —1 +1 +1 +1.5 —-05 405 +1.5 +41.5 9.25
—1 —1 +1 +1 —-0.5 —-1.5 405 +1.5 +1.5 4.85
+1 +1 -1 +1 +15 415 -05 405 +1.5 15.25
-1 +1 -1 +1 -05 405 —-05 405 +1.5 6.85
+1 —1 —1 +1 +1.5 —0.5 —-1.5 405 +1.5 10.85
-1 -1 -1 +1 -05 -—-15 —-15 405 +1.5 6.45
+1 +1 +1 -1 +1.5 415 +1.5 =05 +0.5 12.85
—1 +1 +1 —1 -05 405 +15 -05 405 4.45
+1 —1 +1 —1 +1.5 —-0.5 +40.5 —-0.5 +40.5 4.45
—1 —1 +1 —1 -05 —-15 405 —-05 405 0.05
+1 +1 —1 —1 +1.5 +1.5 —0.5 —1.5 +0.5 14.45
—1 +1 -1 —1 -05 +05 -05 —1.5 +05 6.05
+1 —1 -1 -1 +15 -05 —-15 -—15 405 10.05
-1 -1 -1 -1 -05 —-15 -15 -15 405 5.65
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Example: 2-PAM K, =2, L =4

@ Constellation: 2-PAM (BPSK): A[n] € {&1}
@ Channel: p[n] = &[n] + 0.5 8[n — 1] +0.25 §[n — 2], K, = 2
@ Sequence to be estimated: (A [A[0], A[1], A[2],A[3]D ,L=14

@ Statistic for detection (L + K,): (q = [¢[0], q[1], q[2], q[3], q[4],q[5]D

[q[—l] — A[~1] + 0.5 A[~2] + 0.25 A[3] + z[—1]]

(4[0] =A[0] + 0.5 A[—1] + 0.25 A[—2] + 2[0])
g[1] =A[1] + 0.5 A[0] + 0.25 A[—1] + Z[1]

[
[
[
[
[
[

q[2] =A[2] + 0.5 A[1] + 0.25 A[0] + z[2]

q[3] =A[3] + 0.5 A[2] + 0.25 A[1] + z[3]

ql4] =A4] + 0.5 A[3] + 0.25 A[2] + z[4]
] ] [

4[5 =A[5] + 0.5 A[4] + 0.25 A[3] + 2[4]

gl6] = A[6] + 0.5 A[5] + 0.25 A[4] +z[5]J

@ Assumption: (A[—1] = A[-2] = +1 and A[4] = A[5] = +1) are known

@ Problem: to decide the ML sequence when observations are

[q[O] — 024 ¢[1] = —1.15g[2] = —1.75 g[3] = +0.26 q[4] = +1.27 ¢[5] = +1.55]
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Brute force detection: comparison of ¢[n] with o[r]

g0]  q[1]  q2] 48] 44  4[5]

—024  —1.15 —1J5 +026 +127 +1.55

1 1 p

o[n] = Aln] + SA[n — 1] + ~Aln — 2], Likelihood Metric = >_ |g[n] — o[n] |’

2 4 o
A0 Al A2l AQ] || o0] o[l o2] 03] o[ op || L Metric
+1  +1  +1 +1 || 1.75 1.75 1.75 1.75 1.75 1.75 || 27.1106
~1 41 41 41 || -025 075 125 175 175 1.75 || 15.1006
+1 —1 41 41 || 175 025 075 125 175 1.75 | 12.2706
—1 -1 41 +1 || 025 -125 025 125 175 175 | 5.2606
+1 +1 -1 41 || 175 175 025 075 1.25 1.75 | 14.9006
~1 41 -1 41 ||-025 075 -075 075 125 1.75 || 4.8906
+1  —1 -1 1 | 175 -025 -1.25 025 125 1.75 || 5.0606
-1 -1 -1 41 ||-025 -125 -1.75 025 125 1.75 || 0.0506
+1 +1 41 —1 || 175 175 175 -0.25 0.75 1.25 || 25.2406
~1 41 41 -1 || -025 075 125 -025 075 1.25 || 13.2306
+1 -1 4+1  —1 | 175 025 075 -075 075 1.25 | 12.4006
-1 -1 41 -1 | -025 -125 025 -075 075 1.25 || 5.3906
+1 41 -1 —1 | 175 175 025 -1.25 025 1.25 | 18.0306
-1 4+1 -1 -1 | -025 075 -075 -1.25 025 1.25 || 8.0206
+1 -1 -1 -1 | 175 025 -1.25 -1.75 025 1.25 | 10.1906
-1 -1 -1 1] -025 -125 -1.75 -1.75 025 1.25 || 5.1806

Universidad
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Brute force detection: comparison of ¢[n| with o[n]

g0]  4ql] 42l  ¢B] 4[4  4[5]
155 —0.15 4085 127 +1.65 +1.45
1 1 Nl
o[n] = Aln] + SA[n — 1] + ~Aln — 2], Likelihood Metric = >_ |q[n] — o[n]|*

2 4 s
A[0] A[l] AR] AB] || o0] o[l] o2 oB] o[A] o] || L Metric
1 +1  +1  +1 || 1.75 175 175 175 1.75 1.75 || 4.7904
—1 41 41 +1 || -025 075 125 175 175 175 || 4.5404
+1 -1 41 41 || 175 -025 075 125 175 175 | 0.1604
—1 -1 41 +1 || 025 -125 025 125 175 175 | 4.9104
+1 41 -1 41 || 175 175 -025 075 125 1.75 | 5.3804
—1 41 -1 41 ||-025 075 -075 075 125 175 || 7.1304
+1 -1 -1 41 || 175 -025 -125 025 125 175 | 5.7504
~1 -1 -1 +1 ||-025 -125 -175 025 125 1.75 || 12,5004
+1 41 41 -1 || 175 175 175 -025 075 125 | 7.6204
~1 41 +1 -1 ||-025 075 125 -025 075 1.25 || 7.3704
41 -1 41 -1 || 175 -025 075 -075 075 1.25 || 4.9904
~1 -1 41 —1||-025 -125 025 -075 075 1.25 || 9.7404
+1 41 -1 -1 | 175 175 -025 -1.25 025 1.25 | 13.2104
~1 41 -1 -1l -025 075 -075 -125 025 1.25 || 14.9604
+1 -1 -1 -1 | 175 -025 -125 -1.75 025 125 || 155804
-1 -1 -1 -1 ||-025 -125 -175 -175 025 1.25 || 22.3304

Universi idad
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Efficient estimation - Definition of system state v [r]

@ To compute the likelihood metric for each possible sequence is uneffient
@ Noiseless output is a finite state machine

K

o] = Aln] p[0] + S plK] Aln — &
k=1

@ Definition of system state at discrete instant n
Set of K, previous symbols contributing to the value of o[n]

(0] = Al — 1), 4] 2], Al — K]

Number of possible estates is MX»
@ Some dependencies

oln] = f(A[n], ¢[n))
oln] = g(¢|n], [n + 1])
Yln+1] = f(W[n], Aln])

Universi idad
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State diagram / Trellis diagram
Drawing of the evolution of system state under ISI

(0l = (Al — 1Al — 2], Al — K, + 1], Aln — K, )]

(0l + 1] = [Aln), Al — 1], Al — 2], Al — K, + 1) |

@ The diagram depends on two parameters

» The constellation that is transmited
» The equivalent discrete channel p[n]

@ There are MX» possible states

@ M arrows go out of (and arrive at) each state
» Each arrow is labelled with the following two-sided label

(Label : Afn] | ofn]) [Diagram : ] AT o 1]]
* Aln]: the value of current symbol that forces the state transition
* o[n]: noiseless output that is generated in that case
> Arrows going out of an state: one for each possible value of A[n]
> Arrows arriving at each state: all of them with the same value of A[x]
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State diagram - Example A
@ Diagram for A[n] € {£1} and p[n] = 6[n] + L6[n — 1]
» Statesatnandatn+1
) =An—1], ¢h+1]=A[n

» Noiseless output

,,,,,,,,,,,
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State diagram - Example B
@ Aln] € {£1}, p[n] = 6[n] + 30[n— 1] + 30[n — 2]

> Yln] = [Aln— 1], Aln = 2])", [n + 1] = [A[n], A[n — 1]
> oln] = A[n] + 3A[n — 1] + JA[n — 2]

+1]1.75

+1]0.25
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Trellis diagram - Example A
@ Represents the time evolution of states

1] 8 g 1 1)

g
@ Example: A[n] € {£1}, p[n] = 6[n] + 36[n — 1]
» Definition of state: ¥)[n] = A[n — 1]
» Transition from states: ¢[n] = A[n — 1] — ¢¥[n + 1] = A[n]
> Labels: A[n]|o[n]. In this case o[n] = A[n] * p[n] = A[n] + JA[n — 1]

o] = Afn — 18 1) = A

{ )

‘ A (A =1 | ol +1| 4+ 1.5
Y1 = [+1]
+1 +1 +1.5
1 +1 —-0.5
+1 —1 +0.5
1 —1 —1.5
Yo = [—1]
oln] = Aln] + 3A[n — 1] Y[n] —1f=13 Yin+1]
“‘3’“‘5"{?5“3 Marcelino Lézaro, 2023 UC3M Digital Communications Detection under ISI 41/146

Trellis diagram - Example B

2-PAM and p[n] = 6[n] + 16[n — 1] + 16[n — 2] (K, = 2)

vln] = [Aln — 1], Aln — 2] 28" ln + 1] = [A[n), Al — 1]

oln] = Aln] + JA[n — 1] + JA[n — 2]

( )
-

Aln]  Aln—1] |An—2] o[n]
+1 +1 +1 +1.75
—1 +1 +1 —0.25
+1 —1 +1 +0.75
—1 —1 +1 —1.25
+1 +1 —1 +1.25
—1 aFll —1 —0.75
+1 —1 —1 +0.25
—1 —1 —1 —1.75

Q . )
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Trellis diagram - Representation of a sequence

n |0 1 2 3

Example, 2-PAM : AnH—l I p—

@ A given sequence can be drawn as a path through the trellis

» Example for L = 4 (Channel of Example A)
» Periodical header: A[—1] = +1, A[4] = +1
> Initial state: 1[0] = 41/ Final state: ¥[5] =

Pl =+1 l]=-1 JR[=+1  PBl=—-1 Y@ =-1 P[5 =+1
Alj=-1 _ Alll=+1 _ ARQJ=-1 _ AQ3]=-—

Yl =-1 @ °
o[0] = —0.5  o[l] =405 o2 =—-05 o3]=-15 o[ =+0.5
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Trellis diagram - Representation of a sequence (ll)

n | 0 1 2 3
Afn] | =1 +1 -1 —1

Example, 2-PAM :

@ A given sequence can be drawn as a path through the trellis

» Example for L = 4 (Channel of Example B)
> Periodical header: A[—2] = A[—1] = +1, A[4] = A[5] = +1
> Initial state: ¢[0] = +1/ Final state: ¥[6] = +1

o = [—1 —1] 1/)1 = [+1, —1] Yy = [—1,+1] Y3 = [+1, +1]
AR = —1 A[] = —1 A4] = +1 Al5] = +1

‘\\ 7 /
o NN >/

¥[0] Y1 ¥[2] ¥[3] Y[4] P[5] 6]
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Brute force detection: comparison of ¢[n] with o[r]

qlo]  q[1]  ql2]  q[3]  q[4]
+0.5 —04 +0.I —17 +0.3

Ny—1

o[n] = Aln] + lA[n — 1], Likelihood Metric = Z |q[n] — o[n]|2
2 n=0
Al0]  A[l] A[2] A[3] 0[0] o[1] 0[2] o[3] ol4] Likelihood Metric
+1 +1 +1 +1 +1.5 415 +1.5 +1.5 +1.5 18.25
-1 +1 +1 +1 —-05 405 415 415 +1.5 15.45
+1 —1 +1 +1 +1.5 —-05 405 +1.5 +1.5 12.85
—1 —1 +1 +1 —-0.5 —-1.5 405 +1.5 +1.5 14.05
+1 +1 -1 +1 +15 415 -05 405 +1.5 11.25
—1 +1 —1 +1 —-0.5 +0.5 —-0.5 405 +1.5 8.45
+1 —1 —1 +1 +1.5 —0.5 —-1.5 405 +1.5 9.85
-1 -1 -1 +1 -05 —-15 —-15 405 +1.5 11.05
+1 +1 +1 —1 +1.5 415 +1.5 —-05 405 8.05
—1 +1 +1 —1 -05 405 +15 -05 405 5.25
+1 —1 +1 —1 +1.5 -0.5 405 -05 +0.5 2.65
-1 -1 +1 —1 -05 —-15 405 —-05 405 3.85
+1 +1 -1 —1 +15 415 -05 —1.5 405 5.05
—1 +1 —1 —1 —0.5 +0.5 —0.5 —1.5 +40.5 2.25
+1 —1 -1 -1 +15 -05 —-15 -—15 405 3.65
-1 -1 -1 -1 -05 —-15 -15 -15 405 4.85
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MLSD using the trellis diagram

@ Maximum likelihood sequence
N

N,—1
A =arg min ) |g[n] = > plk] Ailn — ]
" on=0 k=0

~ S/
v~

0;[n]

> New labels in the trellis - branch metric: |¢[n] — o:[n]|°
» Likelihood metric for a sequence: addition of branch metrics of its
path through the trellis

1 3.61 1.96 10.24 1.44

+1

1.21 2.56 0.04
ql0] = +0.5 ¢[1] =—-0.4 ¢[2] =+0.1 ¢[3] =—-1.7 ¢q[4] =+0.3

veom| catestil (OO \forcelino Lizaro, 2023 UC3M Digital Communications Detection under IS| 46/146



MLSD using the trellis diagram

@ Maximum likelihood sequence :
N,—1 N
A=arg min Y |qln] = plk] Ailn — k]
" on=0 k=0

[\ J/
v~

o;[n]

> New labels in the trellis - branch metric: |g[n] — o:[n]|*
» Likelihood metric for a sequence: addition of branch metrics of its
path through the trellis

1 3.61 1.96 10.24 1.44

+1

1.21 2.56 0.04
ql0] = +0.5 ¢[1] =—-04 ¢[2] =+0.1 ¢[3] =—-1.7 ¢q[4] =+0.3

ddddddddddd
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Obtention of the ML sequence - Viterbi algorithm

@ Evaluation of the likelihood metric for the M~ possible
sequences
» Analytically, or by means of the path metric of M paths
through L + K, transitions of the trellis diagram
» Computationally expensive
@ Efficient obtention of the ML sequence - Viterbi algorithm
» Efficient obtention of the shortest path through a trellis
@ Basic foundations of Viterbi algorithm
» A trellis includes a set of nodes (states in our problem) and
branches linking nodes
» Branch metric: defines the metric associated to each branch
» Path metric: the addition of branch metrics for all branches in
a path
» Survival path for a node: the path arriving at that node
having the lowest accumulated path metric
» Accumulated metric of a state: the metric of its survival path
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Viterbi algorithm - A simple example
10 Km

5Km 5Km

7 Km 8 Km
6 Km

@ Goal: finding the shortest path through a trellis
@ Some example metrics

Universidad
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Viterbi algorithm - A simple example

5 Km

5 Km

7 Km ‘

7 Km

@ First step

» Computing the metrics at first stage after opening the trellis
» Accumulated metric for the nodes are framed in a squared
box
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Viterbi algorithm - A simple example

5Km

7 Km

@ Second step
» Computing survival paths (black) for each node in next stage

5 Km

7 Km

10 Km

10 Km

6 Km 10 Km

* Upper node: |7 Km
* Lower node: |5 Km

+ 3 Km is shorter than

+ 5 Km is shorter than

UC3M Digital Communications

Viterbi algorithm - A simple example

@ Third step
» Computing survival path (black) for node in final stage

*

5Km

7 Km

10 Km

10 Km

10 Km

6 Km 10 Km

5 Km

8 Km

5Km

7 Km

+ 10 Km
+ 6 Km

Detection under ISI 51/146

+ 5 Km is shorter than| 10 Km |+ 8 Km
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Viterbi algorithm - A simple example

5Km 10 Km 10 Km

7 Km 6 Km 10 Km

@ Fourth step
» Going back through the survival path

* |dentification of the only survival path (black)
* Remove branches linking forward non-survival paths (red)

ddddddddddd
vesm ‘ shea @ Marcelino Ldzaro, 2023 UC3M Digital Communications Detection under ISI 53/146

Viterbi algorithm - A simple example

5Km 10 Km

10 Km
o

15 Km

7 Km 6 Km 10 Km

@ Final step
» The shortest path is identified
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Viterbi algorithm - A simple example - Different metrics
10 Km

5Km 5Km

7 Km 8 Km
6 Km

@ In previous example, identification of each branch of the
survival path requires to process up to the final node
» Partial paths can be identified previously under some
conditions

Universic idad
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Viterbi algorithm - A simple example - Different metrics

5 Km

5 Km

7 Km ‘

7 Km

@ First step
» Computing the metrics at first stage after opening the trellis
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Viterbi algorithm - A simple example - Different metrics

5Km 10 Km 10 Km

5Km 5Km

7 Km 8 Km

7 Km 6 Km 13 Km

@ Second step
» Computing survival paths (black) for each node in next stage

* Upper node: |7 Km |+ 3 Km is shorter than |5 Km |+ 10 Km
* Lower node:|7 Km |+ 6 Km is shorter than |5 Km |+ 9 Km

ddddddddddd
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Viterbi algorithm - A simple example - Different metrics

5Km 10 Km 10 Km

5Km

8 Km

7 Km 6 Km 13 Km

@ At this point the survival path are fused at the lowest node
of first stage (the one with metric |7 Km |)

» We now know which is the first branch of the shortest path !!!
» This is known without processing the last stage
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Viterbi applied to ISl receiver - Example

@ Previous example with the following parameters
» Equivalent discrete channel with memory K, = 1
» Sequence to be decoded: length L = 4 symbols

Al0], A1}, A[2], A[3]

» Cyclic header of K, symbols determining initial (:/[0]) and final
(Y[K, + L]) states

Header A[—1] = A[L] = +1 — ¢[0] = +1,¢[5] = +1

» Branch metrics for each observation (|g[n] — o[n]|?)
* L+ K, transitions (observations) are processed

+1 1 3.61 1.96 10.24 1.44
1
1.21 2.56 0.04
q[0] = 40.5 g[1] = —0.4 ¢[2] = +0.1 ¢[3]=—1.7 g[4] = +0.3
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Viterbi applied to ISl receiver - Example (ll)
1 3.61 1.96 10.24 1.44

+1

-1 e

1.21 2.56 0.04
q[0] = +0.5¢[1] = —0.4¢[2] = +0.1¢[3] = —1.7 q[4] = +0.3

@ Application: survival paths and accumulated metrics for each state

4.61 3.717 11.41 8.45

— 2.21 3.57 -
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Viterbi applied to ISl receiver - Example (lll)

|I| 4.61 3.77 11.41 8.45

@ Metric of survival path for each state is highlighted
@ Path associated to maximum likelihood sequences is in red
» This defines the associated transmitted sequence

(A0) = —1, A1) = +1, AP = —1, A3] = 1]

nnnnnnnnn

U ik
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Truncated Viterbi algorithm

@ To ensure proper decoding of L data symbols
» Initial and final states have to be known
* Cyclic header of K, known symbols between data sequences
of L symbols (which defines initial and final state)

* L+ K, transitions of trellis are processed to decode L data
symbols

* Delay and memory constraints
@ Decision for symbol A[n] before processing the L + K,
observations requires the merging of all survival paths at
hln+ 1]
» Introduction of arbitrary delay
» Need for information storing
@ Truncated algorithm with truncation length (depth) d
» After processing observation at discrete instant » (transition

from v [n] and ¥[n + 1] in the trellis), a decision is made for
estimation of symbol A[n — d]

* Choice of symbol associated to survival path with lowest
length
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Truncated Viterbi - Example d =2
4.61 3.77 11.41 8.45

+1
¥[0]

—le
2.61

— 2.21 3.57 -

@ Metrics of survival paths are maintained

@ Decided sequence may not be the ML sequence
» Discontinuity in the path trough the trellis

[A[O] = +1, A[1] = +1, A2] = —1, A3] = —1]

Universi idad
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Truncated Viterbi - Example d = 1
4.61 3.77 11.41 8.45

+1
¥[0]

—le
2.61

- 2.21 3.57 -

@ Metrics of survival paths are maintained

@ Decided sequence may not be the ML sequence
» Discontinuity in the path trough the trellis

[A[O] =41, A[l] = -1, A2) = -1, A[3] = —1]
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Truncated Viterbi - Example d = 0

4.61 3.77 11.41 8.45
e . . . .
P[0] Pl[1]
—le

2.61

— 2.21 3.57 -

@ Metrics of survival paths are maintained

@ Decided sequence may not be the ML sequence
» Discontinuity in the path trough the trellis

[A[o] =41, A[l] = —1, A2] = +1, A3] = —1]

REMARK: For A[0] both values have same likelihood (random decision)
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Detection of a sequence of L symbols

@ Equivament discrete channel with memory K,
» K, + L observations are processed
* K, + L transitions through the trellis
» Cyclic header of K, symbols is transmitted
* Determines the initial estate
* Determines the final state

@ Example for K, =1, L =5 and 2-PAM A[n] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header:[+1]

» Initial and final states: ¢[0] = ¢[K, + L] = +1
o = —1 Y1 = +1

A[O] &? A3] = =¢? Al5] =
p[4]

Y]
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Detection of a sequence of L symbols

@ Example for K, =2, L =5 and 2-PAM A[n] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header: [+1,+1]

* [Initial and final states: ¥[0] = ¢¥[K, + L] = [+1,+1] = v3

tho = [_1’_1] = [+1’_1] Py = [_17+1] Y3 = [+1a+1]
Al0] =47 All] =47 Al2] =47 A[3] =47 Al4] =¢7? Al5 Al6] = +1

) '\\\\ / //'
AN >

Y1
Po \ ~
P[0] Pll] P[2] P[3] P[4] P[3] P[6] P[7]
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Detection of a sequence of L symbols

@ Example for K, =2, L =5 and 2-PAM A[n] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header: [+1, —1]

= Initial and final states: ¥[0] = Y[K, + L] = [-1,+1] = ¢,

Yo = [—1,—1] P = [+1,—1] Py = [—1,+1] Y3 = [+1, +1]
Al0] =¢7? / All] =¢7? A2] =¢7? A[3] =¢7? Al4] =¢7? Al5] = +1 Al6] = —1

3

"N L >
AN S

e »e Wl 5] 6] ]
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Detection of a sequence of L symbols

@ Example for K, =2, L =5 and 2-PAM A[n] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header: [—1, +1]

» Initial and final states: ¢[0] = ¢¥[K, + L] = [+1,—1] = ¢,

Yo = [—1 —1] = [+1, —1] ¢z—[ 1, +1 +1 +1]
H— Al2] = [3 Aﬁzzfl ] = +1
P3 °
()
fé>/

Y1
Yo

P [0] P [2] P[5]
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Detection of a sequence of L symbols

@ Example for K, =2, L =5 and 2-PAM A[n] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header: [—1, —1]

= Initial and final states: ¥[0] = ¥[K, + L] = [—1, —1] = 1o

Yo = [—1,—1] P = [+1,—1] ¥y = [—1,+1] Py = [+1,+1]
Al] =¢? Al =¢? ARl =¢? ARl=i? A =7 Al =1 Al6] = 1

3

. /. N
" P 2N\
%o o/ / \

(0] Y[1] 2] ¥[3] P [4] 5] ¥[6] P[7]
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Detection of a sequence of L symbols
@ Example for K, =3, L =5 and 2-PAM An] € {£1}
Sequence A[0],A[1],A[2],A[3],A[4]
» Header: [+1,+1, +1]
A[-3] = A[-2] = A[-1] = A[5] = A[6] = A[7] + 1
* Initial and final states: ¥[0] = ¢[K, + L] = [+1,+1,+1] = 7

¢4 - [_15 _17+1 ¢5 - [+17 _1a+1] ¢6 - [_17+17+1] ¢7 - [+1,+1,+1]
Yo = [—1

]
:_17_1] ¢1 :[+l:_1a_1] ¢2:[_17+17_1] ¢3:[+1a+17_1]
Al0] =¢?7  A[l] =¢?

A2l =¢7 APl =¢?7 A =¢? A[S] = 41 Af6] = 41 A[7] = +1
Y7

b6
ps
Py
b3
()

Y1
Py ) ) > ;
b IO (1] P[2] P[3] P[4] P[5] P [6] P[7] (8]
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Trellis for M = 4 in a channel with memory K, =2

Aln] Aln — 1] Aln — 2] oln] Aln] Aln — 1] Aln — 2] oln]

+3  +3 +3 ag +3  +3 —1 io [+3, +3]

Fl+3 +3 ay L 43 —1 i

-1 43 +3 ap -1 +3 -1 i [+1, +3]

-3 43 +3 a3 -3 43 —1 iz

+3 41 +3 by +3  +1 —1 Jo [—1, +3]

+1 41 +3 by +1 41 -1 Ji

-1 41 +3 by -1 41 —1 7 [—3,+3]

-3 41 +3 by -3 41 —1 73

+3 -1 +3 co +3 -1 —1 ko [+3, +1]

Jr] —1 —|—3 (] Jrl —1 —1 kl

-1 —1 +3 e -1 -1 —1 ky [+1, +1]

-3 -1 +3 3 -3 —1 —1 ks

+3 -3 +3 dy +3 =3 —1 I [—1, +1]

—+1 —3 +3 dl +1 -3 —1 ll

-1 =3 +3 dy e —1 b [—3, +1]

-3 -3 +3 d3 -3 -3 —1 I

+3  +3 +1 €0 +3  +3 -3 mg [+3, —1]

+1 +3 +1 eq +1 +3 -3 my

-1 43 +1 e —1 43 -3 oy [+1, —1]

-3 —|—3 +l €3 -3 —|—3 -3 ms3

+3  +1 +1 fo 3 +1 -3 noy [—1, —1]

+1  +1 +1 h +1 +1 -3 n

-1 +1 +1 1y -1 41 -3 ny (-3, —1] \

-3 41 +1 B -3 +1 -3 n3 e >\

T +1 20 +3 -1 -3 00 [+3, —3]

- +1 g1 +1 =1 -3 o1

-1 =1 +1 & -1 =1 -3 0 [+1, =3] ' :
-3 -1 +1 23 -3 —1 -3 03 / \
+3 =3 +1 ho +3 =3 -3 1o [—1, =3] \\
-3 +1 Iy 3 -3 1 \\
-1 =3 +1 hy -1 =3 -3 P2 -3, —3]

-3 -3 +1 s -3 -3 -3 3 Y[n] Pl + 1]
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Probability of error - Erroneous event

@ A path through the trellis (associated to a given symbol sequence) can
be described by a sequence of states through the trellis

@ Erroneous event: different sequence of states for transmitted sequence
and detected sequence

e=(P,9)

@ Each erroneous event has two associated parameters
» Length of the event (¢(e))
» Number of erroneous symbols in the event (w(e))
@ Definition of erroneous event of length /(e)
Number of different states between two paths: example, /(e) = ¢

A

> ol = dlm]
> Ylm+ L+ 1] =Plm+ L+ 1]
> o[n] # Y] param < n < m+ ¢

@ The number of errors of an event, w(e), fulfills 1 < w(e) </

nnnnnnnnn

U ik
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Probability of detecting an erroneous sequence

@ Approximation

Dmin/2

P{erroneous sequence} ~ k Q
{ q } No 2

» D,.;,. minimum euclidean distance between noiseless
outputs of two different symbol sequences {o;[n], 0j[n]}, j # i

» k: maximum number of sequences whose noiseless outputs
are at distance D,,;, of the noiseless output of the noiseless
output of a symbol sequence

@ When L grows up, k grows up, and therefore the probability
of detecting an erroneous sequence goes to infinity when L
grows up

uuuuuuuuuuu
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Probability of symbol errors

@ In general it is more usefull to estimate

(P = P{An] # Aln]})

@ Definition for ML sequence detection

P, % " wie) Ple}

ecé

» P{e}: the probability of erroneous event e
» £ set of all erroneous events that can happen in the trellis

@ Probability of an erroneous event e = (v, 7))

(Ple} = P{$[) P(} ]

» Difficult to evaluate — Bounds and approximations for P,

ddddddddddd
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Bounds and approximation for P,
@ Bounds for the probability error for symbols

D, . D
k min . k min
{2Q<2 N0/2> =Fe= 1Q<2 No/zﬂ

» ky is the ratio of trellis paths having associated an erroneous
event at distance D,,;,. It always fulfills k&, <1
» k; averages the number of errors produced in the erroneous
events with minimum distance k; = ) ~ w(e) P{¢}
eEEmin

Dmin
e =k
{P o (2 No/zﬂ

» ko: constant such that k, < kg < k;.

» Both k; and k, are independent of the noise variance
usies| o Marcelino Lézaro, 2023 UC3M Digital Communications Detection under IS 76/146

@ Aproximation for P,




Minimum euclidean distance with respect to the noiseless
output of a given sequence

@ Reference sequence A = A;

4 2\
N,—1 K,
Diin(A;) = HI}EH Z oiln] — Zp[k] Ajln — k]
it n=0 k=0 )
oj[n]

@ It can be found by using Viterbi algorithm

> Branch metric: |o;[n] — o;[n]|*

» Reference: o;[n]

» Algorithm looks for the erroneous event including the
reference sequence having lowest distance

Universic idad
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Minimum distance D,,;,
@ It is the minimum value of D,,;,(4;), fori = 0,1, ,MF — 1

2
N—1| K,
Dinin = i z% kzgp[k] (Ailn — k] — Aj[n — k)
J#i n= =

I.e., the minimum distance between the noiseless output of any two
different sequences

@ If trellis diagram is symmetric

» Calculation using a single reference sequence

2
K

@ In general, D,;, depends on |> " p[k] (Ailn — k] — Aj[n — k])
k=0
> Noiseless output if transmitted sequence is {[n] = A;[n] — A;[n]
@ A trellis diagram can be defined using this error constellation

(&0n] = Ain] - 4]

» Reference: sequence of zeros (associated to sequence detection without errors)
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Example A (L =4,K, = 1)

q0] 4[] q[2] 48]  q[4]

405 —-04 401 —-1.7 403

| Ng—1

oln) = Aln] + -A[n — 1], Likelihood Metric = >~ |g[n] — o[n]|2

2 n=0
Al0]  A[l] A[2] A[3] 0[0] o[1] 0|[2] ol4] Likelihood Metric
+1 +1 +1 +1 +1.5 +1.5 +1.5 +1.5 +1.5 18.25
-1 +1 +1 +1 —-05 405 415 415 +1.5 15.45
+1 —1 +1 +1 +1.5 —-05 405 +1.5 +41.5 12.85
—1 —1 +1 +1 —-0.5 —-1.5 405 +1.5 +1.5 14.05
+1 +1 -1 +1 +15 415 -05 405 +1.5 11.25
—1 +1 —1 +1 —-0.5 +0.5 —-0.5 405 +1.5 8.45
+1 —1 —1 +1 +1.5 —0.5 —-1.5 405 +1.5 9.85
-1 -1 -1 +1 -05 -—-15 —-15 405 +1.5 11.05
+1 +1 +1 -1 +1.5 415 +1.5 —-05 405 8.05
—1 +1 +1 —1 -05 405 +15 -05 405 5.25
+1 —1 +1 —1 +15 -05 +05 -0.5 405 2.65
-1 -1 +1 —1 -05 —-15 405 —-05 405 3.85
+1 +1 -1 —1 +15 415 -05 —1.5 405 5.05
—1 +1 —1 —1 —0.5 +0.5 —0.5 —1.5 +40.5 2.25
+1 —1 -1 -1 +15 -05 —-15 -—15 405 3.65
-1 -1 -1 -1 -05 —-15 -15 -15 405 4.85
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Example A - Calculating D,,;,, by brute force

77T 0 1 2 3 4 5 6 7 8 9 10 11 2 13 14 15
0 5 5 14 5 10 14 23 5 10 10 19 14 19 23 32
1 5 6 5 10 5 15 14 10 5 11 10 19 14 24 23
2 5 6 5 6 7 5 10 10 11 5 10 15 16 14 19
3 14 5 5 15 6 10 5 19 10 10 5 24 15 19 14
4 s 10 6 15 5 s 14 6 117 16 5 10 10 19
5 10 5 7 6 5 6 5 11 6 8 7 10 5 11 10
6 14 15 5 10 5 6 5 15 16 6 11 10 11 5 10
7 23 14 10 5 14 5 5 24 15 11 6 19 10 10 5
8 5 10 10 19 6 11 15 24 5 5 14 5 10 14 23
9 10 5 11 10 11 6 16 15 5 6 5 10 5 15 14
10 10 11 5 10 7 8 6 11 5 6 5 6 7 5 10
11 19 10 10 5 16 7 11 6 14 5 5 15 6 10 5
12 14 19 15 24 5 10 10 19 5 10 6 15 5 5 14
13 19 14 16 15 10 5 11 10 10 5 7 6 5 6 5
14 23 24 14 19 10 11 5 10 14 15 5 10 5 6 5
15 32 23 19 14 19 10 10 5 23 14 10 5 14 5 5

N,—1
2
Value for g |oi[n] — o;]n]|
n=0
[Dmin(A0> = \/5]
[Dmm =5 ]
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Calculating D,,;, using the trellis - Example A

+1] 415
Y1 = [+1] Header defines initial/final state: [+1]
—1] =0 Reference sequence: o, [n]
D,in: branch metric
2
1]+ |oref[n] — oi[n]|
Yo = [—1]
—1]—15 1
Y[n] Yn+ 1] [|+1.5—(—0.5)|2:4]
[| +1.5— (40.5)%> = 1] [| +1.5—(=1.9))* = 9]
orfl0] = +1.5 0[] = +1.5 0,2l = +1.5 03] = +1.5  0p[4] = +1.5
[+1] ) o o O)
1 7
,’ [Dmin(AO) — \/g]
/7
NEEIE
-le @ -------- ° ° °
9 9
¥[0] Y[1] Y[2] Y[3] P4] Y[5]
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Trellis for error constellation - Example A
@ Error constellation for a 2-PAM
&[n]) € {+2,0,—-2}
@ Noiseless output for p[n] = 6[n] + 1 d[n — 1]

ocln) = plr] » €ln] = €ln] + 5 €ln— 1

@ Definition of states over the error constellation

Yeln] = En — 1], Yeln + 1] = ¢[n]

n n—1 o¢ln a=+2| +3
SO N EHIRE
+0 42 +1 c=-21-1
—2 +2 —1 d=+2| +2
+2 +0 +2 e=+40] 40
+0 +0 +0 f=-2| -2
—2 +0 —2
+2 -2 +1 g§=+2| +1
+0 -2 —1 h=+0] -1
9 9 _3 i=-2| -3

1#5[114—1]
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Example B (L =4, K, = 2)

g0]  q[1]  q2] 48] 44  4[5]
—-024 —1.15 —175 4026 +1.27 +1.55
1 1 N
o[n]| = A[n] + =Aln — 1] + -A[n — 2], Likelihood Metric = Z |q[n] - o[n]\2

2 4 s
Al0]  A[l] A[2] A[3] 0|0] o[1] 0|[2] o[3] ol4] o[3] L. Metric
+1 +1 +1 +1 1.75 1.75 1.75 1.75 1.75 1.75 27.1106
-1 +1 +1 +1 -0.25 0.75 1.25 1.75 175 1.75 15.1006
+1 —1 +1 +1 1.75 -0.25 0.75 125 1.75 1.75 12.2706
—1 —1 +1 +1 -0.25 -125 0.25 125 175 1.75 5.2606
+1 +1 -1 +1 1.75 1.75 -025 075 125 1.75 14.9006
—1 +1 -1 +1 -025 075 -0.75 075 125 1.75 4.8906
+1 —1 —1 +1 1.75 -025 -125 025 125 1.75 5.0606
—1 —1 —1 +1 -025 -125 -175 025 125 1.75 0.0506
+1 +1 +1 -1 1.75 1.75 1.75 -025 0.75 1.25 25.2406
-1 +1 +1 —1 -0.25 0.75 1.25 -025 075 1.25 13.2306
+1 —1 +1 —1 1.75 -0.25 0.75 -0.75 0.75 1.25 12.4006
-1 —1 +1 —1 -025 -125 025 -0.75 0.75 1.25 5.3906
+1 +1 -1 -1 1.75 1.75 -025 -125 025 1.25 18.0306
—1 +1 -1 —1 -0.25 075 -075 -125 025 1.25 8.0206
+1 —1 -1 —1 1.75 -025 -125 -175 025 1.25 10.1906
-1 —1 -1 —1 -025 125 -175 -1.75 025 1.25 5.1806
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Example B - Computation of D,,;, by brute force

;T 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 5.25 5.25 15.5 5.25 12.5 15.5 27.75 5.25 10.5 12.5 22.75 15.5 22.75 27.75 40
1 5.25 5.5 5.25 8.5 5.25 13.75 15.5 10.5 5.25 12.75 12.5 18.75 15.5 26 27.75
2 5.25 5.5 5.25 5.5 7.75 5.25 12.5 8.5 8.75 5.25 10.5 13.75 16 15.5 22.75
3 15.5 5.25 5.25 13.75 5.5 8.5 5.25 18.75 8.5 10.5 5.25 22 13.75 18.75 15.5
4 5.25 8.5 5.5 13.75 5.25 5.25 15.5 5.5 8.75 17.75 16 5.25 10.5 12.5 22.75
5 12.5 5.25 17.75 5.5 5.25 5.5 5.25 12.75 5.5 10 7.75 10.5 5.25 12.75 12.5
6 15.5 13.75 5.25 8.5 5.25 5.5 5.25 13.75 12 5.5 8.75 8.5 8.75 5.25 10.5
7 |27.75 15.5 12.5 5.25 15.5 5.25 5.25 26 13.75 12.75 5.5 18.75 8.5 10.5 5.25
8 5.25 10.5 8.5 18.75 5.5 12.75 13.75 26 5.25 5.25 15.5 5.25 12.5 15.5 27.75
9 10.5 5.25 8.75 8.5 8.75 5.5 12 13.75 5.25 5.5 5.25 8.5 5.25 13.75 15.5
10 | 12.5 12.75 5.25 10.5 7.75 10 5.5 12.75 5.25 5.5 5.25 5.5 7.75 5.25 12.5
11 | 22.75 12.5 10.5 5.25 16 7.75 8.75 5.5 15.5 5.25 5.25 13.75 5.5 8.5 5.25
12| 15.5 18.75 13.75 22 5.25 10.5 8.5 18.75 5.25 8.5 5.5 13.75 5.25 5.25 15.5
13 ]22.75 15.5 16 13.75 10.5 5.25 8.75 8.5 12.5 5.25 7.75 5.5 5.25 5.5 5.25
14 | 27.75 26 15.5 18.75 12.5 12.75 5.25 10.5 15.5 13.75 5.25 8.5 5.25 5.5 5.25
15 40 27.75 22.75 15.5 22.75 12.5 10.5 5.25 27.75 15.5 12.5 5.25 15.5 5.25 5.25

N,—1
2
Value for g |oi[n] — o;]n]|
n=0
[Dmm(AO) =V 525]
[Dmin =V 525]
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Calculating D,,;, using the trellis - Example B
+1| +1.75

Y3 = [+1, +1] Header defines initial/final state: [+1, +1]

[+ 1.25 Reference sequence: o,.[n]

D,.in: branch metric

—1| —0.75 2

+1| +0.75 {Oref[”] — 0 ["H

p +1.75 — (—0.75)|* = 6.251| +1.75 — (—1.75)|* = 12.25]

p[n] —1] —1.75 Y+ 1

0ref [0] = +1.75 0, [1] = +1.75 0,07 [2] = +1.75 0,7 [3] = +1.75 0, [4] = +1.75 0, [5] = +1.75
o

—
[+1, +1] 5.25 ,’ ® @
/7
0.2%
-1,+1] @ < ¥ [ ] @
N -
¢ -
5 25,<<6.>2S \1 [Dmin(AO) = \/5.25]
[+1,-1] @ e ° °
2.2%.7
7\
EETR
-L,-1¢ @ @ | ®¥—e------ ° ° )
12.25 12.25
P[0] Pl[1] P[2] P[3] P[4] P[5] P[6]
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Calculating D,,;, using the trellis - Exercise 2

+1] +0.8

11)3 = [+1a +1]

Header defines initial/final state: [+1, +1]
Reference sequence: o,.f[n]

D,in: branch metric

|0res ] — oin]|*

[| +0.8 — (—0.8)|> = 2.56] [| +0.8 — (+0.2)|> = 0.36]
(

[| +0.8 - (—1.8)> = 6.76] | +0.8 — (—0.8)]* = 2.56]

$ln] —1]-038 $ln + 1]

0rf[0] = 40.8 0,6 [1] = +0.8 0,0[2] = +0.8 0,7[3] = +0.8 0,0[4] = +0.8 0,¢[5] = 40.8
® @@ @ ®

756 3792
Se |I| . 8.12
®

[+1,-1] @ (] [ ] @
fn
-1,-1] @ [ J (] o
2.56 2.56
(0] (1] p[2] (3] p[4] P[5] p[6]
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Matched filter bound
@ Provides a bound for probability of symbol error under ISI

P,>kQO Amin ||pH
°T 2 /No/2

» k: maximun number of symbols at minimun distance d,,;, of any
symbol in the constellation

» Channel norm is defined as follows: ||p|| =

@ This allows to bound D,,;,
[Dmin S dmin HPH]

@ The increase in signal to noise ratio required to achieve the same
P, than in a system without ISl is

{ASNR — 201ogyq —d”g*p”J

min

nnnnnnnnn
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Channel equalizers
@ Simplest solution for a receiver under ISI

» Memoryless symbol-by-symbol detector (optimal delay + re-design
of decision regions)
» Low performance for high level of ISI

@ Optimal solution

» Maximum likelihood sequence detection (MLSD)

» Complexity of Viterbi algorithm is exponential with M and K,
* There are MX» states
* M branches go out of each state
* M branches arrive to each state

@ Sub-optimal alternative

» Channel equalizer + memoryless symbol-by-symbol detector
» Performance is lower than with MLSD, but higher than with a
memoryless symbol-by-symbol detector

ﬂD ) foaimer = A=
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Equalizer structure

@ Linear equalizer
» LTE: Linear Transversal Equalizer
» Equalizer is a linear filter

@ Nonlinear equalizer with decision feedback
» DFE: Decision Feedback Equalizer

@ Other nonlinear structures

» Bayesian equalizer
» Neural networks (MLP. RBF, etc.)
» Support vector machines

> ...

Universic idad
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Blind / Non-blind equalization

@ Non-blind equalization
» Channel is known (p[n] is known)
» A reference sequence for transmitted symbols is available
@ Blind equalization
» Channel is unknown
» A reference sequence for transmitted symbols is not
available
» Available information is reduced to statistical information
about A|n]

uuuuuuuuuuu
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Non-blind linear equalization
Aln] o o]~ ) | uln] =" Aln - d|
2 U e

@ The channel, p[n], is assumed to be known (non-blind)
@ Structure of the equalizer (linear)
» Linear system: causal, with K,, 4+ 1 coefficients (memory K,,)
K,

uln] = gln] x win] = wik] qln — k] = w' g,
k=0

@ Criteria for equalizer design (to obtain the equalizer
parameters)

» Zero forcing (ZF)
» Minimum mean squared error (MMSE)

Universic idad
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Linear equalizer
@ Equalizer is a causal discrete time linear filter of K,, + 1 coefficients, w{n]

uln] = gln] + win] = (A[n] * pn] + z[n]) + win]

uln] = Aln] * p[n] x wn] + z[n] * win]

@ Definition: joint channel-equalizer response
cln]| =wln] xp[n], 0<n<K,+K,

Causal response with K, + K,, + 1 coefficients (memory K, + K,,)

K,+K, K,
uln] = Aln] % c[n] + z[n] x win] = > c[k] Aln — K] + > wlk] z[n — A]

@ Output of the equalizer - delay d in the decision

Ky+Ky K

uln) = cld] Aln—d] + > clk] Aln— k] + Zw:w[k] z[n — &]

k=0

g

. k=0
desired term kstd —~
~ —~ filtered noise 7’ [n

residual ISl ]

- J
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Design criteria for linear equalizers
@ Zero forcing (ZF) criterion
» Aims at eliminating intersymbol interference (ISI)
» Mathematically, this means to look for an ideal joint
channel-equalizer response

[c[n] = p[n] * wn] = é[n — d], for some arbitrary delay d]

Zeros are forced in the joint channel-equalizer response
@ Minimum mean squared error (MMSE) criterion
» Aims at minimizing the joint effect of resigual ISI and filtered
noise
» Error at the output of the equalizer for a delay d

[ed[n] . d]]

Difference between equalizer output and the transmitted symbol (considering d)
» Mathematically, MMSE minimizes expected energy of
observation error e;[n]

[min Elleql]
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Design using ZF criterion with unlimited equalizer length
@ Ideal response (in time domain)

[c[n] = p[n] xwn] = d[n — d]J

@ Equalizer ideal response can easily be obtained in frequency domain

e—jwd
{C(eiw) = P(e™) W(¥) = e — W(¥) = 5 (ej‘“)J

@ Selection of delay d
» Decomposition of P(z) in minimum and maximum phase systems

(1-5:7)

J/

1>

1

P(z) = Py ﬁ (1-exz)
k=1

N

( ~
I

Ppin (2) Piax(2)

lag| < 1, paral <k <Ky, |Be| > 1, paral < ¢ <K,

> Puin(z), @ minimum phase system, has an stable causal inverse
» Stable inverse of P4 (z), @ maximum phase system, in non-causal

uuuuuuuuuuu @oice of d to have a causal stable inverse of the channel
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Design using ZF criterion with unlimited equalizer length (Il)

@ Procedure to obtain the ZF unlimited linear equalizer:
» Obtain the inverse (frequency) response of channel p|n]

{W(O) =5 (i,-wJ

» QObtain its corresponding time response
[w@) n =F7"! {W<0> () }]

* |f this is a non-causal response, evaluate the length of
non-causal side, i.e., look for the maximum value for k such

that w(©O[—k] # 0
* Then, choose delay as d = k.

» Obtain the causal stable ZF equalizer as follows
[w[n] = w0 — d]]

Universi idad
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Main drawback of ZF equalizer
@ ZF equalizer basically inverts the channel frequency response
» The equalizer affects the transmitted data signal but also has
an effect on the noise

@ Power espectral density of the filtered noise 7'[n]

2
SZF () = S,() |W(e)|? = — 22—
7 (¢%) (€) |W(e™)] P

@ Power of noise sequence z[n] is

1 [7 : 1 [T 1
{O'ZZ/|ZF = —/ S?F () dw = o2 x — —)|2 dw}

27 J_ 21 J 7 |P(e

» Noise amplification can happen if channel has strong attenuation

for some frequencies
NOTE: Infinite noise power is analitycaly obtained for channels with spectral nulls
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Design using ZF criterion with K, + 1 coefficients

@ Equation system given by the joint channel-equalizer response

cln) =) plk] wln — k]
k=0

» There are K, + K,, + 1 equations, one for each value of n

@ Equation system

c[0] = w(0] p[0]

c[1] = w(0] p[1] + w(1] p[O]

c[2] = w(0] p[2] + w(1] p[1] + w[2] p[0]

c[3] = w(0] p[3] + w(l] p[2] + w[2] p[1] + w[3] p[0]

c[K, + K] =w[K,] p[K})]

UC3M Digital Communications Detection under ISI 97/146

Design using ZF criterion with K,, + 1 coefficients (ll)

@ Equation system given by the joint channel-equalizer response
Kp
cln] = > pli] wln — K
k=0

» There are K, + K,, + 1 equations, one for each value of n

@ Equation system in matrix notation

[ pl0] 0 0 0
pll] pl0] 0 0
c[0] pl2] p[1] p[0] 0 o)
o o 5 ]
: plKp]  plKy — 1]  plKp — 2] 0
Ky + Kol 0 Pl Pl 1] POl || i)
\CE(Kp—i—‘Igw—i—l)xll m
L 0 0 0 plKp]

J/

P=(K,+Ky+1)x (Ky+1)

-~

Matrix P is called CHANNEL CONVOLUTION MATRIX or simply CHANNEL MATRIX

UC3M Digital Communications
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Design using ZF criterion with K,, + 1 coefficients (lll)
@ Desired response for joint response with delay d
c[n] =d6n—d] = c4=1[00---010---0]"
d
Equation system for this ideal response ¢;, = P w

@ This is an overdetermined equation system

» K, + K,, + 1 equations (one per each n in c[n])
» K, + 1 unknowns (one per equalizer coefficient win])

@ Least squares (LS) solution

w4t = argmin ||c; — P w||> = P* ch
w

» Solution is provided by Moore-Penrose pseudo-inverse
[P# = (P p)”! PH]
The obtained solution does not fulfills all equations, i.e.
[Joint response c5' = P w4 +# ch

s ey M residual IS is still present because of limitation in number of coefficients
vedm | calfsl Marcelino Lzaro, 2023 UC3M Digital Communications Detection under ISI 99/146

Design using MMSE criterion with unlimited equalizer length

q[n] un] eq[n]
win| )
m

Aln —d]

@ Error sequence at the equalizer output for delay d
[ed[n] — ufn] — Afn — d]]

@ MMSE optimal linear filtering: [minimization of E [\ed[n]\z]]

@ MMSE solution - Orthogonality principle:
» Error sequence ¢,[n| is orthogonal to system output u[n|
» Error sequence ¢,[n| is orthogonal to system input g[n]

El(uln] — Aln — d)) ¢°10]] = 0, V¢
eq[n]

This equation can be written as follows
E|A[n —d] q"[{] = Eluln] ¢7[€]], V¢
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Orthogonality principle - first term
@ Initial assumptions
» Data sequence A[n] is white: R4 [k] = E; 0[k]
» Noise sequence z[n] is white: R [k] = o2 §[K]
» Data and noise sequences, A[n] and z[n], are independent
This means that R4 ;[k] = E [A[n + k] 2"[n]] = 0, Vk
@ Development of the first term of orthogonality principle

K, *

E[Aln —d) ¢"[] =E |Aln—d] | > plk] Alf — K] +2[¢]

p k] E[Aln—d] A"[( — k]]
Ra[n—d—0-+A]
[Aln —d] 27[(]]

RA,z[n—d—E]
=E; p*[{ +d — n]

b

fmy:

Note that because R4 [k] = E; d[n], then Ry[n —d — £+ k] # O justforindexk =¢+d —n
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Orthogonality principle - Second term

(iw[k] aln — k]) 7 m]

k=0

Eluln] ¢"[f]] = E

= Zw[k gln —kq* [5]1 = (wlk] * Rg[k]) ],

[nkﬁ]

@ Autocorrelation function for observations g[n]
Ry[n] = E gl + n] ¢"[4]]

Ky K, *
—E [(Zp[k] All+n—K] +z[€+n]> (Zp[]] All —j] +z[€]) :|

=0 =0
K, K,
=>" plK p*[j] EA[L+n— k] = +E[R[+n] (]
(=070 Ryl k] R[]
Kp
— B S pl p*lk — ] + 02 8l = By (pla] % p*[—n]) + o2 ]
k=0

Note that because R4 [k] = E; é[n], then Ry[n — k +j] # O just forindexj =k — n
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Orthogonality principle - MMSE equalizer
@ Combining both terms
E,pll+d—n) = wn) * [E, (plk] * p*[—K)|;_,_p + 0% O[n — 0]
—(n—t—d)
@ Making change of variable k = n — ¢, and dividing by E;
=) = wlk) (ol (4 + 2 ol

» This is equivalent in the frequency domain to

P(e) e = W(e*) x [P(ej‘“) P*(”) + Z—Z]

@ The expression of equalizer in the frequency domain becomes
P*(e]w) e—jwd
P(elv) P*(el) + %

W(e™) =

Delay d: causal implementation of wn]

Universi idad
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Linear MMSE equalizer without limitation in K,

@ Solution expressed in the frequency domain
P*(e) e/t P*(el) eI

o2

P(ei) P*(e*) + 3 |P(e) + 7

W(ev) =

Delay d: causal implemtation of w[n]

@ For )\ = 2—2 = 0 (Null power noise for z[n], o2 = 0)

s

W(e™) =

P*(el) e7iwd  gmiwd
P(elv) P*(ev) — P(el*)

[MMSE equalizer becomes ZF equalizer!!!J

veom| catestil (OO \forcelino Lizaro, 2023 UC3M Digital Communications Detection under ISI  104/146



Design of linear MMSE equalizer without limitation in K,

@ Procedure to obtain the MMSE unlimited linear equalizer:
» Frequency response without delay
P*(e")

P(e) P*(el) + %

WO () =

» Time domain response is obtained
{w(o) [n] = TF ! {W(O) (J“’) }]

* If this is a non-causal response, evaluate the length of
non-causal side, i.e., look for the maximum value for k such

that w(®[—k] # 0
* Then, choose delay as d = k.

» Obtain the causal stable ZF equalizer as follows
[w[n] = w0 — d]]

ddddddddddd
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Design using MMSE criterion with K,, + 1 coefficients
@ Orthogonality principle can be written as follows

Ky

Raqln—d] = wlk] Ryln — k]
k=0

» System with K,, + 1 equations for the K,, + 1 unknowns
{rﬁ,q =R, w— w{,‘,’IMSE = (Rq)_1 rﬁ,q]

REMARK: definition of involved vectors and matrix are in next slide

@ Solution can also be found through channel matrix P

SINE

(WAMSE — (P p L AT)"! P ) | =

[Regularized pseudo-inverse: P¥ = (P P+ A 1)~! PH]

[)\ =0 — wiIMSE — wZF (szo = P#>]
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Matrix equation system

RA,q[_d]
Ryq[—(d —1)]
RA7‘][_(d - 2)] =
RA,q [KW - d] .
[ R,[0] R[] R;21 - RY[Kwl ] [ wl0] ]
Rl R,0) R - RiKw—1 | | wll
R,[2] R,[1] R0 - Ri[Kw—2] w(2]
| RKw] Ry[Kw—1] Rk, =2 - R | | wiK] ]
R, w
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Estimation of performance for equalizers
@ Ideal situation, without ISI

{q[n] —Aln—d] +z[n] = P, ~ k Q <dm,~n>}

20,

> d.in: Minimum distance between symbols in the constellation
> k: maximum number of symbols at distance d,,,;, of a symbol
> Gaussian noise z[n] has variance o2 for each dimension

@ Equalizers with unlimited length

{u[n] —Aln—d| +eqn] = P.~k Q (jmmﬂ

€d

> It is assumed that e,[n] zero mean Faussian distribution with variance o2 d

@ Equalizers with a limited number of coefficients (Kw + 1)

{u[n] = Aln —d] cld] + ISI +[n] = P. ~ k Q (dzm_c[d”ﬂ
OISI4-z7/

> |t is assumed that the addition of IS| and filtered noise has a zero mean Gaussian

. . . . . 2
distribution with variance TSt et

veom| catestil (OO \forcelino Lizaro, 2023 UC3M Digital Communications Detection under ISI  108/146



Asymptotic performance of linear equalizers
@ Analysis based on the characterization of e,[n] = u[n] — A[n — d|
@ Equation output

uln] = Aln] * p[n] * win] + z[n| * w|n|
@ Error sequence at equalizer output
ealn] = Aln] * (wln] % pn] — é[n — d]) + z[n] * win]

@ Power spectral density of of error sequence

(50 () =51 () W () P () = F 5. () W ()]

@ For white data sequences and white noise

(5., ()

@ Power of the error sequence

1 ™
2 _

Ey [W () P(e) — e 4 o2 |W (e)]']

— T

Se, (¢*) de
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Asymptotic performance of linear equalizers (ll)

@ Power spectral density of the error sequence

Seg (6%) = By [W (&) P (%) — e[ 402 |w (&)’

@ ZF and MMSE equalizers
—jwd

ZF = W(e¥) = S~ MMSE = W(e*) =

p* (e]w) e—jwd
P(éjw) |2

] 2
P + 7

@ Replacing W (&) for ZF equalizer

ejw e—jwd w jwd 2 e—jwd 2 1
S = E, - —e + o - =
e (¢°) " | P(ev) (") © | P(e) “|P(eiw)]?
@ Replacing W (¢) for MMSE equalizer
. P* () eI : » P* (%) eI
oy () = | ZLLET p () o]y 2 | D T >2 -
|P(e)]* + 2 |P(e)]* + 25
iwon |2 2 . 2
|P(e)] | )
=E |—————— — | fo; |—5
[P + 2 [P + %
2 2 2 2 L2
o . (e
_ i | ey |, e |
=Es — 7 + o | T 22 Tr T o2
— |P(ei)|” + 2= |P(ei)|” + 2= |P(e)]? + 7 |P(ei)|* + 2=
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Asymptotic performance of linear equalizers (lll)

@ Replacing W (¢) for ZF criterion

1 [" 1
2 2
o, (ZF) = 0 % dw

@ Replacing W (¢) for MMSE criterion

1 [7 1
2 2
o, (MMSE) = o7 X — dw
“ Cm)a P+

@ Probability of error - Approximation for P,

dmin
Perm k@ (20 )
€d

> duin: Minimum distance between symbols in the constellation
> k: maximum number of symbols at d;, of a symbol in the constellation
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Performance of linear equalizers with K,, + 1 coefficients

@ Equalizer output is now

~

Kp+Ky K
uln] = cld] Aln—dl+ Y clk] Aln—k]+ Y wlk] z[n —
\/./ k=0 k=0
gain k#d ~ o Y,
\ residTJrz:lI S| filtered noise 7' [n] |

@ Assumptions
» ISl and filtered noise are independent
» Distribution for ISI is Gaussian

@ Approximation for the probability of error

din_|c|d]|

[ 2 2
2 O-Z/ —|— O-ISI

k: maximum number of symbols at minimum distance of another symbol in the constellation

P,~kQ
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Mean y variance for filtered noise 7'[1]

@ Mean of 7/[n]

J

SO Refj~K=o? 5[}
K,
=o7 ) |wlK]?
L k=0
com | e Marcelino Lézaro, 2023 UC3M Digital Communications

Mean and variance of ISI| term

@ Mean of ISI term

Detection under ISI 113/146

Kp+Kw
E[SI) = ) c[k] E[A[n— k] =0
k=0
ks£d
@ Variance of IS| term
K,+K,, K, +K,
olg =E || > clk]An—K] > AT -]
k=0 j=0
k#d J#d
K,+K, K,+K,

=3 > el e E[Aln—k A"[n - j]]

~~

ktd

J

Ralj—k|=E; 5[j—k]
Kp+Kw
2
k=0
k#d
o | Caisll (OO0 Marcelino Lézaro, 2023 UC3M Digital Communications
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Equalizer ZF without limits - Example - Channel A

@ Channel p[n] = d[n] + % dln — 1]

@ Channel frequency response

@ Equalizer response without delay: w(® [n] = TF ' {W©® (&)}

2 T T T |ﬁ (e]‘b)‘ T T T T 1 T T T T . T T T T
. w(® ]
— (W ()]
1.5 | 405 i
1 L i
0.5 I I I I I I I I I
-7 0 +7
w rad/s
» Causal response - Delay d = 0
» Relevant coefficients ~ 7 (K,, =~ 6)
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Equalizer ZF without limits - Example - Channel B

@ Channel p[n] = d[n] + % dn— 1]+ % d[n — 2]

@ Channel frequency response

: I _; | ; 1
W) — v — —jw2 (0) wy - -
P (™) 1+2e e , WO (v) P (@)
@ Equalizer response without delay: w(® [n] = TF ' {W©® (&)}
2 T T T T T T T T T 1 T T T T . T T T T
1.8 [P (e¥)] - O
16 |

1.4 105 i

1.2 .
1
0.8 i
0.6 §
0.4 I I I I I I I I I

— 0 +m
w rad/s
» Causal response - Delay d = 0
» Relevant coefficients =~ 7 (K,, ~ 6)
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Equalizer ZF without limits - Example - Channel C

@ Channel pln] % 5] + ln — 1] — % 5n — 2]
@ Channel frequency response

P(6) = 5+ e — L e WO () =

L
P (e)

@ Equalizer response without delay: w(® [n] = TF ' {W©® (&)}

1.25 T T T T T T T T T 1 T T T T T T T T
11-125 0.8 | w( [y 1
1.1 0.6
1.05 | 0.4
1 0.2
0.95]
0
0.9
0.85 1-0.2
0.8 I I I I I I I I I -04 ! | | | | | | | |
-7 0 +7m -10 -8 6 4 -2 0 2 4 6 8 10
w rad/s n

» Non-causal response - delay d ~ 5
» Relevant coefficients ~ 9 (K,, ~ 8)
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Equalizer ZF without limits - Example - Channel D

@ Channel p[n] = % d[n] — % dn— 1]+ 6n—2] + % dln — 3]

@ Channel frequency response

P () =

Q| =
N =

w rad/s
» Non-causal response - delay d ~ 9
» Relevant coefficients ~ 13 (K, ~ 12)
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Equalizer ZF with 4 coefficients (K, = 3) - Channel D-4d =0

1 1 1
@ Channel p[n] = 3 d[n] — 5 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 0

S +f 0 0 0
0 -2 41 0 o0
0 +1 =3 +% 0
c=|0 [, P=| +1 41 -3 +1
: o+l 41 -
8 0 0 +i 41
L J 1
Nl Lo o o +3]
7>l 7;4
@ ZF solution
[ FO0T08 7 2 B 0.0657
4+0.2123 —0.0988
' +0.1975 s
Wi = P# ¢y = i—ggﬁ; L —Pw= | +0.1257 o7, = 07 x 0.0463
0.0243 +0.0119 Jc[d]
e —0.0299 ———— = 0.1334
—0.0121 | Vewstey
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Equalizer ZF with 4 coefficients (K, = 3) - Channel D-d =1

1 1 1
@ Channel p[n] = 3 d[n] — 3 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 1

1
r 0 7 +$ ()1 0 0
1 —3 3y 00
0 +1 -2 +$ 0
e FA R N S I
0 0 +4 +1 -1
0 0 0 +5; +I
L 0 | REREENE
@ ZF solution
r —0.0988 T
0.2963 +0.2077 Ufs; = E; x 0.1646
‘0. —0.3736 s o
ng — P# Ccy = 18(1);21 R chF =Pw= +0.0207 Uz’ =07 X 0.1217
+0:0252 18.(1)411;21 .
| Loons | VTN
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Equalizer ZF with 4 coefficients (K, = 3) - Channel D -4 =2

1 1 1
@ Channel p[n] = 3 d[n] — 5 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 2

0 T +1 0 0 0
0 —> 4% 0 0
1 +1 -3 +$ 0
_ _ 1 1
Ca = 0 ) P= +§ +1 3 +§
0 0 +i +1 -1
0 0 0 +5 +I
L 0 L0 0 0 41 ]
@ ZF solution
[ HO1975 0 s g 01834
—0.3736 1s1
+0.5925 07581
_ : 2 _ 2
Wi =Pty = | om0 | —pw=| —0.0213 | T =0 x 048
+0.1488
+0.0498 .
—0.0339 40,0405 el 0.7969
| oogo | Wt
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Equalizer ZF with 4 coefficients (K,, = 3) - Channel D - d =3

1 1 1
@ Channel p[n] = 3 d[n] — 3 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 3

r 0 T +% 0 0 0
0 -3 +% 0 0
0 +1 =3 —I—% 0
X 0 +3 41 =3
0 0 0 43 I
L 0 0 o0 o 41|
@ ZF solution
- 18'(1)38; - o7, = Es x 0.0200
+0.3771 0.0213
_0. .
ng = P# Cq = +0.6278 y chF =Pw= 4+0.9796 O'Z, =o; X 0.6126
—0.2536
+0.0057
+0.1092 .
—0.0176 Nt
| +0.0546 SITo
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Equalizer ZF with 4 coefficients (K, = 3) - Channel D - d =4

1 1 1
@ Channel p[n] = 3 d[n] — 5 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 4

1
r 0 7 +§ 01 0 0
0 -5 *3 0 0
0 +1 -3 +$ 0
e R R A
! 0 +i +1 -1
0 0 0 +5 +I
L 0 L0 0 0 41 ]
@ ZF solution
[ H0OL9 7 s B % 0.0357
+0.1132 ISI
+0.0358 40,0498
: 2 _ 2
Wi = p# ¢y = +0.3933 1 A —Pw= | +0.0057 o2 = 0% x 0.6274
+0.6317
+0.9629
—0.2690 10,0468 el | 5341
Coa34s | WoTE
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Equalizer ZF with 4 coefficients (K,, = 3) - Channel D -d =5

1 1 1
@ Channel p[n] = 3 d[n] — 3 dn—1]+6n—2] + 5 d[n — 3]
@ Involved matrices and vectors - delay d = 5

r 0 7 +% 0 0 0
0 -3 +% 0 0
0 +1 =3 —I—% 0
0 0 +4 +1 -3
: 0 0 +5; +I
L 0 | o 0 o 41|
@ ZF solution
- —0.0299 T
00834 |l =Es x 01191
e o | et
ng — P# Cq = +O3838 , chF =Pw= —0.0176 O'Z, = UZ .
' +0.0468
+0.6699 OB |y o
. 4]
| o340 | VRN
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Equalizer ZF with 4 coefficients (K, = 3) - ChannelD-4d =6

@ Channel p[n] = % d[n] — % dn—1]+6n—2] + % d[n — 3]

@ Involved matrices and vectors - delay d = 6

@ ZF solution

Cq =

|
—oococooco

—0.0364
—0.0168
40.0331
+0.3184

Universidad
ucdm ‘ Carloslll W : 4
de Madrid —@ rarwrw Marcelino Lazaro, 2023

ZF _ —
, ¢ =Pw=

|+

B =t D=0 —

| + o o
D= et N —0 [ —

ot

—0.0121 T
+0.0126
—0.0170
+0.0546
—0.1345
+0.3349
40.1592

UC3M Digital Communications

Channel D - Pseudo-inverse matrix

@ Channel p[n|

1
3

@ Matriz de canal

p# =P p)~! pH

+0.2123
+0.0221
—0.0112
—0.0243

—0.2963
+0.1787
+0.0364
+0.0252

-

1
2
+1
-1

0
0
| 0

(.

0 0
+3 O
1 1
+1 =3
+3  +1
1

0 +3
0 0

— DN [ =D | =

+)

Tx4=(Kp+Ky+1) x (Ky+1)

@ Moore-Penrose pseudo-inverse matrix

40.5925
—0.2319
+0.1488
—0.0339

+0.3771
+0.6278
—0.2536
+0.1092

+0.0358
+0.3933
+0.6317
—0.2690

e E bk

S o O

ol = Eg x 0.1339
0% =02 x0.1041
Z

|<[d]|

2 2
2\ oo

= 0.2096

Detection under ISI 125/146

5[11]—%5[n—1]+5[n—2]+%5[n—3]

—0.0896 —0.0364
—0.0042 —0.0168
+0.3838  +0.0331
+0.6699  +0.3184

AXT=(Ky+1) X (Kp+Ky+1)

» ZF solutions are given by columms of this matrix (according to delay d
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Joint responses for delays d € {0, 1,2, 3}

0.25 R — 0.3 R —
0.2 | c[s] 162 — ¢q||> = 0.9292 1 0.2 | c[n] T -
0.15 | 1 o1t T 1
0.1 L 1 o o ® o
0.05® 1 -0.1 ]
0 — o Rl I|¢2F — ¢q|[2 = 0.7923 1
-0.05|- 1-03L 1
0.1 o 0.4 . M
o 1 2 3 4 5 6 0 1 2 3 4 5 &
n n
1 S — 1.2 S —
0.8 | c[1] 1647 —¢gl[2 =02419 1 1 | cln] |7 @ call* = 0.0204
0.6 |- {08 1
04 | {06 | 1
0.2 {04l 1
0 . ! ® ® ] e 02, .
0.2 b l 40 o o oo ¢
0.4 o 0.2 A —

0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n

Universi idad
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Joint responses for delays d € {4,5,6}

1.2 ,

T T T T 09 T T T T i
ZF o 112 — 0.8 | ]
1} cfn] lleg” = callg=00371 4 02 Fefu] |7 — eal > = 0.1382 ]
0.8 + 4 06 L i
0.6 1 05 ¢ i
04 4
0.4 103 | ®
0.2 L 4 02 ]
01 ]
0 T ) ¢ ® P o 0 ® ® ° ®
-0.2 I I I I I _01, I I | I I
0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n
035 T T T T
03 [ B ?
005 [ el [[efF — eql > = 0.8408 ]
0.2 | 4
0.15 - ®
01 i
0.05 t ? i
0 ]
-0.05.— o :
-0.1 L 4
-0.15 I I I 1
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Equalizer MMSE without limits - Example - Channel D

1
@ Channel pln] = % 5[] — % Sl — 1]+ 8ln 2] + 5 0l 3
@ Channel frequency response
. 1 1 . 1 . P* (v
)2 (e]w) P _|_e—Jw2 + - e—]w?)7 W(O) (e]w) _ ‘ (2 .
3 2 2 ‘P (e]w)| + Iz

Equalizer response without delay: w® [n] = TF ' {W©® (&)}
0.7 ,

w(® [n] (MMSE)

w( [n] (ZF)

0 10
w rad/s n
» Non-causal response - delay d ~ 9
» Relevant coefficients ~ 13 (K, ~ 12)
Universic idad
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MMSE with 4 coefficients (K, = 3) - Channel D-4d =0

o Channel p[i] — % Sln] — 5 8Tn — 1]+ 610 —2] + 5 50— 3

@ Noise variance a? =0.1, 2-PAM con E; = 1
@ Involved matrices and vectors - delay d = 0

-1 A +1 0 0 0
1 1
0 —5 +3 0 0
0 4 1 T , 1 0 00
1 : i 1 9z 0 1 0 0
cy = 0|, P= +§ +1 -3 +§ ’A:E_:O'ly I= 0 0 1 0
1 1 s
0 0 43 +1 —3 0 0 0 1
8 0 0 +i +1 N - ”
L . 1
Lo o o +5] 4x4
7x1 x4
@ MMSE solution
40.06647 o7, = Es x 0.0579
—0.0931
18' bios +0.1862| 02 = o2 x 0.0406
WZ/IMSE — (PH P+ )\ I)—l PH cy = _00099 ’ CZJMSE = |4+0.1169
_0‘0213 -+0.0105 |c[d]] =0.1334
' —0.0263| 2/ofg+o?
| —0.0107 4 (ZF:0.1334)

veom| catestil (OO \forcelino Lizaro, 2023 UC3M Digital Communications Detection under IS 130/146



MMSE with 4 coefficients (K, = 3) - Channel D-d =1

o Channel pln] — % 5[] — % S — 1]+ 6n — 2] + % 5n — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 1

-0 T +% 0o 0 0
1 —3 oty 00 1 0 0 0
0 +1 -3 +3 0 2
w=lo |, p=| 41 41 -1 41| x=Z_o1,1=|2 L OO0
d ) 2 2 ) o 0 0 1 0
0 0o +i 1 _i E;
2 | 2 0O 0 0 1
0 0 0 +35 +I
L 0. Lo 0 0 +1]
@ MMSE solution
[—0.09317 o7y = Es x 0.1469
+0.1963
18'%3‘7‘ —0.3535| 02 =07 x 0.1084
w[(;/IMSE — (PH P+>\ I)—l PH cy = +00323 , cﬁ‘fMSE — +00212 ’
' +0.0382|  2y/07 402
| +0.0110 (ZF:0.2471)
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MMSE with 4 coefficients (K, = 3) - Channel D-d =2

o Channel pln] % 5ln] — % Sn— 1] +6[n—2) + % 5ln — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 2

- -
-0 +§ 01 0 0
0 -3 +§ 0 0
1 1 1 0 0 O
! to=y 4wy 0 o2 01 0 0
cg=| 0 |, P=| +; +1 —3 +3 |, A=—S=0L1I=| " o | ¢
0 0 43 +1 —3 b 00 0 1
0 1
0 0 0 —|—§ +1
L 0. Lo 0 0 +1 ]
@ MMSE solution
[40.18627 o7 = Ey x 0.1644
—0.3535
s +0.7176 | 0% = o2 x 0.3829
wiMSE — P PAT) T P ey = | | , cifMSE = 1-0.0245
d +0.1430| > ™
' +0.0419 | 2y/07g+07,
| —0.0148 ] (ZF: 0.7969)
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MMSE with 4 coefficients (K, = 3) - Channel D-4d =3

o Channel pln] — % 5[] — % S — 1]+ 6n — 2] + % 5n — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 3

-0 T +% 0

0 —3 +3

0 +1 -3

co=| 1|, P=] +1 +1
0 0 +3

0 0 0

L 0 o o

@ MMSE solution

wiMSE = (P PAT) T P ¢y =

0 0
0 0
1l
_i 41 A= 0_12 =0.1, 1
2 Pl OB T
+1 _E )
+; I
0 +1 ]
[+0.11697
0.0212
+0.3508 J_ro 0245
+0.5898 MMSE _ _|.o.9220
—0.2413| 7 € ~0.0006
10.1084 0.0122
| 4+0.0542]

UC3M Digital Communications

1 0 0 0
o 1 0 o0
“lo o0 1 0
00 0 1

o2, = Ey x 0.0178

o2, = o2 x 0.5409

7
Al — 17192

2 2
24 /UISI+UZ,

(ZF: 1.7181)

Detection under ISI 133/146

MMSE with 4 coefficients (K, = 3) - Channel D - d = 4

o Channel pln] % 5ln] — % Sn— 1] +6[n—2) + % 5ln — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 4

B 1

-0 - 30
0 -2 t3
0 +1 -3
c=|0|,P=]| +1 +1I
1 0 41

2

0 0 0

L 0 0 0

@ MMSE solution

whMSE — (pH ppa )~ PP ¢, =

0 0 ]
0 0
1
+§ O1 Uz2
+1 -3 ’
+3 4l
0 +3 |
+0.01057
10.0316 +0.1061
10.0467
+0.3655| sk
, MMSE — | _0.0006
40.5936
05553 140.9040
‘ 10.0415
| —0.1276.

UC3M Digital Communications

S O o=
S o= O
=N el e)
—_ o O O

o7 = Es x 0.0316

0% = o2 x 0.5522

Z

le(d]]

2 2
2, /UISI—‘,—UZ,

(ZF: 1.5341)

= 1.5345
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MMSE with 4 coefficients (K, = 3) - ChannelD-4d =5

o Channel pln] — % 5[] — % S — 1]+ 6n — 2] + % 5n — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 5

-0 - +% 0 0 0
1
0 —5 +§ 0 0
0 +1 -1 410 ) 1000
w=|0 |, P=| 41 41 -1 41| x=% o, 1=]Y L OO
d ’ 2 2 ’ " 00 1 0
0 0o +i 1 _i Es
2 | 2 0O 0 o0 1
1 0 0 +5 +I
-0 0o 0 0 41 ]
@ MMSE solution
(—0.02637 o7y = Ey % 0.1041
+0.0382
:8832? +0.0419| o2 = o7 x 0.5267
Wit = (P PAD T P e = | | s ™ = | —0.0122 '
+0.6270 004151 Il _ — 0172
' +0.8054 | 2\/oR+o?
| +0.3135 (ZF: 1.0170)
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MMSE with 4 coefficients (K, = 3) - Channel D-4d =6

o Channel pln] % 5ln] — % Sn— 1] +6[n—2) + % 5ln — 3]

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Involved matrices and vectors - delay d = 6

- -
-0 +§ 01 0 0
0 3 +§ 0 0
1 1 1 0 0 O
0 R o2 01 0 0
cg=| 0 |, P=| +; +1 —3 +3 |, A=—S=0L1I=| " o | ¢
0 0 +3 +1 —3 Es
0 2 | 2 0 0 0 1
| 0 0 —|—§ +1
L1 Lo 0 0 +1 ]
@ MMSE solution
[—0.01077 o7 = Ey x 0.1180
+0.0110
:8'8?22 —0.0148| o2 =02 x 0.0914
WZ/IMSE — (PH P—f—)\ I)fl PH cy = +00292 7 CI;IMSE = [ 40.0542
1+0.2989 —0.12761 Il __ — 0.2096
' +0.3135|  2y/o7g+07
| +0.1494 | (ZF: 2096)
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Channel D - Regularized pseudoinverse matrix

@ Channel pl] = % 5ln] — % 5n— 1] + 8 — 2] + % 5n — 3]
@ Channel matrix

+1 0 0 0
-3 +% 0o 0
+1 -5 43 0
P=| +1 +1 -1 +i
o+ o4l -]
0 0 +1 +1
1
Lo o o +3]
7x4z(Kp+K;r+1)x(KW+1)
2
@ Regularized pseudo-inverse, with A = 2= = 0.1

P =P+ P

+0.1993 —-0.2794 4-0.5587 +0.3508 40.0316 —0.0788 —0.0320
+0.0195 +0.1697 —0.2224 +0.5898 +40.3655 —0.0035 —0.0148
—0.0099 40.0323 +0.1430 —0.2413 40.5936 +0.3568 40.0292
—0.0213 40.0221 —0.0297 4-0.1084 —0.2553 4-0.6270 +0.2989

'

4xT=(Ky+1) X (Kp+Kyp+1)

» MMSE solutions are given by columms of this matrix (according to delay d)
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MMSE - Joint responses for delays d € {0, 1,2, 3}
0.25 , , , , , 0.3 , , , , ,
02 | c[n] MMSE) | 02 L i
015 ¢ c[n] (ZF) 4 01 T T i
01 | 10 : e ® o
0.059 1 -0.1 ——— ([n] (MMSE)
0 - ! ! ® 0.2 | -
¢ ° c[n] (ZF)
-0.05| 1031 -
-0.1 . . . . 0.4 ' L L L
0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n
1 : : : : : 1.2 : : : : :
08 L — ) (MMSE) | 1 L ‘—c[n] (MMSE)
0.6 + c[n] (ZF) 4 08 c[n] (ZF) -
0.4 | 1 06 | -
0.2 1 04 L i
0 . | ® ] [ ] e 02 L 4
0.2 | l 10 o ¢ o—o T
-0.4 . . . . 0.2 ' ' L L L
6

0 1 2 3 4 5 6 0 1 2
n

S W
SN
(&)
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MMSE - Joint responses for delays d € {4,5,6}

12 T T T T T

0.9 T T T T
1 L c[n] (MMSE) i 8? - c[n] (MMSE) $ |
0.8 p =——cn (2P 4 0:6 L ¢[n] (ZF) i
0.6 |1 05 t i
04 L 4
0.4 - 103 | ¢
0.2 - 4 0.2 t i
0.1 | ]
X ? o o | o I Y SRS |
-0.2 ] ] ] ] ] _01, ] 1 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n
0.35 : : : :
0.3 - (MMSE) -
0.25 1 v a
0.2 L =[] (ZF) i
0.15 1 (]
0.1 L i
0.05 L ? i
0 [ ]
-0. 05._ ® i
-0.1 L 4
-0.15 I I I 1
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Equalizers without limits - Example - Channel E

@ Channel p[n] = —0.45 §[n] + 6[n — 1] — 0.45 6[n — 2]
@ Channel frequency response

P (o) = 0454 e 4 eE 045 2

©) ( jw I © (e P* (e)

W ev) = . W ev) =

ZF ( ) P(ejw)7 MMSE( ) ‘P(e]w)‘ + 0-_2

?0 Equalizer response without delay: vzv(:) [n] = {W(O) ( )}

9 . L e WO 2R |

7 — w(O 4] (MMSE

5 1.5 E

5 1

3 0.5

2

1 0

0 -05 I I I I I I I I I
-7 0 ~ -10-8 6 4 -2 0 2 4 6 8 10

w rad/s n

» Non-causal response - delay d =~ 9
> Relevant coefficients ~ 19 (K,, =~ 18)
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Equalizer ZF with 4 coefficients (K, = 3) - Channel E-d =2

@ Channel p[n| = —0.45 §[n] + d[n — 1] — 0.45 6[n — 2]

@ Involved matrices and vectors - delay d = 2
0 —0.45 0 0 0
0 1 —0.45 0 0
o — 1 p_ | 045 1 —0.45 0
d= 1o |>" ~ 0 —0.45 1 —0.45
0 0 0 —0.45 1
0 0 0 0 —0.45
—— ~ ~ -~
6Xx1 6Xx4
@ ZF solution
—0.2202 o7 = Eg x 0.0917
+0.4893 —0.1450
F oo . | +1.4097 7 | +0.8979 0% =02 x 2.6913
wi =P% e = 106479 |7 % =PW=1 50818 : ’
+0.2118 —0.0797 c[d]] — 0.7475
—0.0953 2\ /oig ol
uc3m‘§gﬂg§ll§ Marcelino Lizaro, 2023 UC3M Digital Communications Detection under ISI 141/146

Equalizer MMSE with 4 coefficients (K, = 3) - Channel E -

d=2

@ Noise variance o2 = 0.1, 2-PAM con E, = 1
@ Channel p[n| = —0.45 6[n] + d[n — 1] — 0.45 6[n — 2]

@ Involved matrices and vectors - delay
0 —0.45 0 0 0
0 1 —0.45 0 0

! _ | —045 1 —0.45 0
=19 "P=] 0o _o45 1 —o045|
0 0 0 —0.45 1
0 0 0 0 —0.45
N—— \ ~ ~

6x1 6x4

@ MMSE solution

-+0.2387
MSE _ pH —1pH .. _ |10.9566 MMSE __
whMSE — (P P4AT) " P ¢y = Loass3| Gl =
-+0.0239

d=72

2
y= 22—
Eg

—0.2202
—0.1450
+0.8979
—0.0818
—0.0797
—0.0953

ddddddddddd
esm | CarlsTi QIOEl) Marcelino Lézaro, 2023 UC3M Digital Communications

0.1, I=

[N oS
S o= O
SO = OO

- o O O

4x4

o7 = Es x 0.0913

0% =02 x 1.0379

T

el —.8313
2\/‘71231"‘03/

(ZF: 0.7475)
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ZF/MMSE - Joint responses for delays d € {0, 1, 2,3}

0.4
0.3
0.2
0.1
0

-0.1
-0.2
-0.3
-0.4

1
0.8
0.6
0.4
0.2
0
-0.2
-0.4

T T T T T T T T T 1 T T T T T T T T T
 —ci@ {os! @)
i c[n] (MMSE) 7 06 c[n] (MMSE) -
i 0.4 | i
I i ? T2l |
i 1 0 ® o
i 102} ‘ o i

I I I I I I I I _04' I I I I I I I I I
0 051 15 2 25 3 35 4 45 5 0 051 15 2 25 3 35 4 45 5

n n

T T T T T T T T T 1 T T T T T T T T T
- cin] (ZF) ] 08 | c[n] (ZF) _
- cin] (MMSE){ 0.6 | c[n] (MMSE) -
- 4 04 ¢ .
- 4 02 ¢ .

0
$ § ¢ 3.8 v y

I I I I I I I I I -04 I I I I I I I I I

0 051 15 2 25 3 35 4 45 5 0 051 15 2 25 3 35 4 45 5
n n
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ZF/MMSE - Joint responses for delays d € {4,5}

1 — 0.4
0.8 | c[n] (ZF) 1 03
0.6 | c[n] (MMSE) ] 02
0.4 |- ] 0.1
0z | 1o
0@ ® r -0.2
0.2 | ¢ {03
04 0 804
005 1152253354455
veom | cafesi Marcelino Lazaro, 2023
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3

c[n] (ZF)
c[n] (MMSE)

i

0 05115 2 25 3 35 4 45 5
n
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Equalizers con 17 coefficients (K,, = 16) - Channel E-d =9

@ In this case solution is closer to the one without limitations
in K,
@ ZF solution forces an almost zero ISI joint response
» Noise can be seriously amplified

ZF MMSE
o7 = Es X 0.0003 | o7, = Es x 0.0895
0% =02 x 11.8850 | 02 = 02 x 1.0255

Z/_ Z/_

ddl__ — 0.4585 | —9ll__ — 0.8450

/2 2 /2 2
2\/ st 2\/Onsitoy
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Joint responses with 17 coefficients - Channel E

1'2 T T T T T T T T
1 + ) -
c[n] (ZF)

0.8 - c[n] (MMSE) | 1
0.6 i
04 .
0.2 - i
0
_02 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18

n
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