Universidad

ucdm | Carlos il

de Madrid Digital Communications 2089

Chapter 2 : Solutions of the Exercises

Exercise 2.1 (Solution) a) The trellis diagram and the four butterflies are plotted in the figure

c)

d)

Y7 = [+1,+1,+1] Y7 =[+1,+1,+1]@ o Yr=[+1,+1,+1]@ °
=[-1,+1,+1] =[-1,+1,+1]e® ° =[-1,+1,+1]e@ °
= [+1,—1,+1] =[+1,-1,+1]e® ) = [+1,-1,+1] )
g =[-1,-1,+1] =[-1,—1,+1] ° =[-1,-1,+1]® °
= [+1,+1,—1] =[+1,+1,-1]e® ° =[+1,+1,-1]e®
Yo = [—1,+1,—1] =[-1,41,-1]® o UYp=[-1+1,-1]@
= [+1,-1,-1] =[+1,-1,-1]e = [+1,-1,-1]
=[-1,-1,-1] =[-1,-1,-1] =[-1,-1,-1]e °
Y7 = [+1,+1,+1] @ ® Y7 =[+1,4+1,+1]
Yo = [—1,+1,+1] Yo =[-1,+1,+1]®
s = [+1,—-1,+1] @ vs = [+1,—-1,+1] @ ™
Ya=[-1,-1,+1]e® s =[-1,-1,+1] @ °
¥y = [+1,+1,—-1] @ 3 = [+1,+1, —1] °
Y2 = [—1,+1,—1] Y2 =[-1,+1,~1]@ °
=[+1,-1,-1]® =[+1,-1,-1] @ °
Yo=[-1,-1,-1]e@ Yo =[-1,-1,-1]@ °

In this particular case, a butterfly connects the states with the following shape
la,b, 2] = [y, a,]
where a and b are fixed values, and x,y € {£1}.
In the general case, a butterfly connects the states
[Aln =1}, Aln = 2], -+, Aln — (K = 1)}, 2] = [y, Aln — 1], A[n — 2], - -, A[n — (K, — 1)]]

where [Aln — 1], A[n — 2],--- ,Aln — (K, — 1)] is fixed and with x and y taking all possible
values of the alphabet of the transmitted constellation (the M possible values of A[n — K] for
x, and the M possible values of A[n] for y).

There are M nodes at the input (one for each value of x) and M nodes at the output (one for
each value of y).

The number of butterflies is
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Exercise 2.2 (Solution) a) Noiseless output: o[n] = 3 A[n] — 3 Aln — 1] + 0,8 A[n — 2]

+1]+0,8

Aln] Aln—1] A[n—2] | o[n] [+1, +1]

+1 41 +1 +0,8 —1]-0.2
1 +1 +1 | 02 1. 41] +1[+18
1 -1 1 +138 i+o8
-1 -1 +1 +0,8 +1]— 08

1 41 —1 —0,8 [+1, —1]

-1 +1 -1 -1,8 —il—évg
-1 1 | 40,2 f1-1] o o
-1 -1 -1 -0,8 :

WY[n] —11-08 p[n + 1]

b) For the constellation of errors {[n] = A;[n| — A;[n]
In this case &[n] € {+2,0,—2} Now o[n] = 3 &[n] — 3 £[n— 1] + 0,8 {[n — 2

€[] €n — 1] [n — 2] o[n]
+2 +2 a1 = +1,6
+0 +2 +2 az = +0,6
-2 42 +2 a3 =—-04
+0 +2 b1 = +2,6
+0 40 +2 by = +1,6
-2 40 +2 bs = 40,6
—2 +2 c1 =+3,6
+0 -2 +2 co = +2,6
—2 —2 +2 c3 =+1,6
+2 +0 d1 =40
+0 +2 +0 do = —1
-2 42 +0 dz = —2
+0 +0 e1 = +1
+0 +0 +0 ex = +0
-2 40 +0 ez = —1
—2 +0 fi=+2
+0 -2 +0 fo=+1
-2 —2 +0 fa=+40
+2 —2 g1 =-—16
+0 +2 —2 g2 = —2,6
-2 42 —2 g3 = —3,6
+0 —2 h1 = —-0,6
+0 +0 —2 ho = —1,6
-2 +0 -2 hs = —2,6
—2 —2 i1 =404
+0 —2 —2 iog = —0,6
-2 —2 -2 i3 = —1,6

¢) Minimum distance D,,;, = /3,92 = 1,9799

Exercise 2.3 (Solution) a) Noiseless constellation: o[n]| = A[n] % p[n] = Aln] — Aln — 1]

Aln] Aln—1] | o[n]
+1 +1 0
—1 +1 —2
+1 -1 +2
—1 —1 0

Probability of error

b) Trellis diagram
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110
Yo = [+1] |
—1] -2
+1|+2
Yo = [-1]
1|0
Yn] Yln +1]
Probability of error for sequence detector
2
Pe =~ k’o Q \/_
No/2
ZF equalizer without constraints
) e—jwd
W () = ————
(6 ) 1 — e Jw
1
Pe — Q(O) - §

MMSE equalizer without constraints

. (1 — elw)e—iwd
Jw) —
W (") 2,01 — 2 cos(w)

1
P, =
@ <0,2235>

MMSE equalizer with 3 coefficients

w(0] )
wyMEE = | wll] | = (PP + M) P¥ ¢,
w(2] ;%
where A = 0,01, and the matrices are
100 c[0] 0 pl0] 0 0 +1 0 O
c[1] 1 p[1] p[0] O -1 +1 0
I=]10 1 0], cg= = , P= =
00 1 c[2] 0 0 p[1] pl0] 0 —1 +1
c[3] 0 0 0 p[l] 0 0 -1
Solving the system coefficients are
w[0] [—0,2512
wiMSE — | w[1] | = [40,4951
w|2] | +0,2463
Coefficients of the joint channel-equalize response are
—0,2512]
| +0,7463
€= | -0,2488
—0,2463 |
02 =02 x 0,3689 = 0,003689, o07¢; = E, x 0,1857 = 0,1857
0,7463
P, ~ —_—
@ <\/0,1893)
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Exercise 2.4 (Solution) a) A memoriless symbol-by-symbol detector

1) The noiseless output is

Aln] Aln —1] o[n] Aln] Aln —1] o[n]
+1 +1 | +1+408 ([ +5  +1 18
1 -1 | 41508 45 -1 +50,2
+1 +j +0,2 +jJ +J —0,84+7
+1 —j 11,8 +j —j | 408+
“1 41l | —1+408]| —j  +1 ~50,2
1 1 | —1-j08 | —j 1 1,8
1 4y 1.8 —i 4 | -08—j
1 —j —0,.2 —j —j | 408—

Received constellation, along with the trasmitted one, is shown in the figure

11) The probability of error is

1 1
Pe ZP61+ZP82+§P63
with
2/v/2 2/v/2
P =2Q 0.2/v2 — Q7 0.2/v2
No/2 No/2
2 2
Py =20 28V2) _ e (08/v2
No/2 Ny/2
0,2/v2 0,8/v2 0,2/v2 0,8/v2
Pa=q (Y2 (D2 U202 o (%
No/2 No/2 No/2 No/2
b) ZF linear equalizer without constraints
1) Equalizer response
- i efjwd
(") = 5 joser

11) Approximation for the probability of error: as |P(e/*|> = 1,64 + 1,6 sen(w) (squared real
part plus squared imaginary part)

P, ~20Q V2
24/2,TTT8 N,y /2
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¢) Maximum likelihood sequence detector

1) Trellis diagram is shown in the figure

a1 = +1]+ 1+ 50,8
az = —1] — 1+ 50,8
a3 = +j|+ 71,8

a4 = —j| — 70,2

b1 =+1]+1-40,8
by =—-1]—1-40,8
b3 = +j| + 50,2

by = —j| — 41,8

c1 = +l| +0,2
co=-1]-18

cs = +j| — 0,8+
ca=—-j|—08—3j
di =+11+1,8

dp = —-1]-0,2

ds =+j|+0,8+ 7
dg =—j|+08—3j

Minimum euclidean distance between the noiseless outputs generated by two different

sequences 18

Pe%kOQ<

Din = /3,28

11) The approximated probability of error is

Exercise 2.5 (Solution) a) Equivalent discrete channel

A~ w

5n] — }l Sn — 1.

V3,28
2/ No/2

b) Memoryless symbol-by-symbol detector: delay d = 0, and decision regions

= +
| |
W W
- |
I Iy
Probability of error
4 1/8 3/8 1/8
Po=-Q LB -Q / + / :
9 No/2 No/2

c¢) Trellis diagram
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+1 P a+1 o CL+1E+1| +1/2
ap=0] —1/4
‘Z— a,=-1] -1
+1 b+15+1| —|—3/4
0 bO bo =0 | 0
b—l =-1 ‘ — 3/4
10771 cai=+1] +1
p co=0] +1/4
L1 e = u coi=—-1] —1/2
Yln] Gln +1]

Approximated probability of error

0,3953
e = k - )
p 0Q< N0/2>

d) Viterbi’s algorithm

1,025 4
- 1,3725
2025 S

0,3025 0,7225 2,7475 0,7225 ;

+1 ° °

(0,2 — (+3/4))2 0,025

0,04 0;4250

0

(0,2 — (—=3/4)) 052025
-1 ° & °

0,0225 0 0,0225 1,4475
0,2 Q
e
(0] p[1] ¥[2] (3] (4]

Decoded sequence

A

Alo] =0, A[1] =0, A[2] =0.

Exercise 2.6 (Solution) a) ZF linear equalizer without constraints and performance

—jwd
W) =
% — e w4 %e‘ﬂw
1
Pe — Q(O) — 5

b) ZF equalizer with 2 coefficients

wiF = { zm ] — (P"P)'P" ¢,

Universidad Carlos III de Madrid (UC3M) 6 Marcelino Léazaro, 2021
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where 0 0 12 0
c[1] 1 ~1 1/2

=l | T 1ol Folipe o

c[3] 0 0 1/2

wiZF — wl0] | _ [-038
Wi T ) | T [-0.2
Exercise 2.7 (Solution) a) Memoryless symbol-by-symbol detector

1) Noiseless output constellation

Aln] Aln—1] A[n—2]| o[n]
N | 1 | 103
+1 +1 -1 +0,7
1 1 113
T | 1 |09
1 41 +1 | 409
1 41 1 | +13
1 -1 1| —o07
1 -1 1 |-03

® = A =+1
O =Ahn=-1
~1 —0,5 0 0,5 1

11) Conditional power spectral density of the observation for A[n] = +1
1 1 1 1
fq[n]\A[n]:—i—l = ZN(+O737 O-,z) + ZN(+O77a Uz) + ZN(_Ougu 0-3) + ZN(_1737 O-g)
111) Conditional power spectral density of the observation for Ajn| = —1

Jam)|Afn)=—1 = }LN(—O,&UE) + %N( 0,7,0%) + N(+0 9,0%) + N(+1 3,02)

1v) Deciding A[n], the probability of error is

reto(9) o ()i [ - ()] 4 o ()

Deciding A[n — 1], now the probability of error is

+0,3 +0,7 +0,9 1 +1,3
-0 +30 e 20
Oz O 4 O, 4 g,
Performance is better (lower probability of error) deciding A[n — 1] because d = 1 is the
optimal delay for this channel (the maximum value of |p[n]| is at n = 1). Moreover, for a

delay d = 0, given that p[0] is negative, to obtain the best performance it is necessary to
invert the decision regions.

Universidad Carlos III de Madrid (UC3M) 7 Marcelino Léazaro, 2021
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b) Linear equalizer

1) The coefficients of the equalizer are obtained solving the system
i) 1
w[l]| = (P"P) P ¢,

w [2] T/

wiF =

where the channel matrix does not depend on the delay

03 0 0
+08 —03 0
P=|-02 +08 —0,3
0 -02 4038
0 0 —02

and the joint channel-equalizer vector are

c[0] 1 0
c[1] 0 1
cqa= |c2]|, withcy= |0]| ford=0,and ¢; = [0] ford=1.
c[3] 0 0
c[4] 0 0
If the system is solved, coefficients are
wl0] —0,5732 1,1525
wZF = [w[1]|, con wi¥ = [-0,3761| y w?F = [0,2225
w|2] —0,1507 0,0258

11) Power of filtered noise is
0% = 0% x1,3713

Power of the residual ISI is
o7 = 0,1234

Exercise 2.8 (Solution) a) Optimal delay d = 1, and probability of error

1 3/2 1 1 1 1/2
P€‘4Q< No/2>+2Q< N0/2)+4@( No/2>

b) Unconstrained ZF equalizer

efjwd

W () =

Tteiv— e
Parameter d is the minimum necessary delay to make causal the inverse Fourier transform of
the equalizer response. Probability of error (approximation) is

1
Pra=Q(— ).
Q(0,08944>

c¢) Constrained ZF equalizer

wl0]
w it = w[l] | = (PHP)_IPH “Cq
w[Q] —

Universidad Carlos III de Madrid (UC3M) 8 Marcelino Léazaro, 2021
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w(0]
wll] | = (PTP + A1) P ¢,
P)\

WZlWMSE _

w|

where in this case A = 2 x 1073 and where

+1/4 0 0

+1 +1/4 0
JP=| —1/4 +1 +1/4
0 —1/4 +1
0 0 —1/4

e
Il
o O =
o = O
—_ o O
o
8
|
O O = OO

Exercise 2.9 (Solution) a) Received constellation for the two channels are, respectively

Aln] An—1] Aln—2]| o[n]

1 41 1| 10,1

Aln| Aln—1] | o[n] -1 +1 +1 —-0,3

T 41 | 101 1 ) 1| +07

For pi[n]| —1 +1 —0,3 | and for po[n]| —1 -1 +1 +0,3
+1 —1 | +03 N | 1 | —03

1 -1 | -01 1 41 1| 07
- 1 103

-1 -1 -1 | -01

b) Probability of error for p;[n] is
1 /+01\ 1_/+03
() 502
2 o, 2 o

with o, = 1/Ny/2, and for py[n]
1 +0,1 1 +0,3 1 +0,7\ 1 0,3 11 +0,1 1 +0,7
P - ) - ) - ’ 1= e e ) - )
5o e la) e () -e(R) =rae () e (5

Performance is worse for second channel, because for this channel the optimal delay for decisions
isd=1.

¢) Channels are
pin] = 0,28[n] — 0,1[n — 1], pa[n] = 0,25[n] — 0,35[n — 1] 4+ 0,26[n — 2].

d) Approximated probability of error is

Dmin
Pe%kOQ( 2% )7

where D,,;,, = 0,4472 for first channel, and D,,;, = 0,6325 for the second channel. Using a
maximum likelihood sequence detector, performance will be better in the second channel.

e) Viterbi’s algorithm is applied. The estimated sequence is
Al0]= -1, A[l]=-1, A)2]=-1, A@3]=-1, A[4]=-1, A} =-1
Details of the application of Viterbi’s algorithm are shown in the figure:

Universidad Carlos III de Madrid (UC3M) 9 Marcelino Léazaro, 2021
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» Green: branches to be considered during decoding (and corresponding branch metric)

ucdm

» Black: survival paths for every state

= Blue: path associated to the maximum likelihood sequence

a0 = —0,5 g¢[1] = —0,2 ¢[2] = —0,3 ¢[3] = —0,7 q[4] = —0,5 q[5] = —0,2 q[6] = +0,5 q[7] = +0,1
SECUENCIA ML (L)
Ao =-1 A[l]=-1 A]2)=-1 A@B]=-1 A4 =-1 A}5=-1
l 0,36 ‘ l 0,45 ‘ l 0,61 ‘ 1,25 ‘ 1,17 1,26 ‘ 1,42 ‘ 1,42

[+1, +1] 0,85 1,37 1,34 1,74
Y3

0,29 0,73 1,45 1,29 1,10

l 0,33 ‘ ‘ 0,69 ‘ ‘ 0,85 ‘ ‘ 0,86 ‘

Exercise 2.10 (Solution) a) Equivalent discrete channel is
1
pln] =d[n] —2dn—1] + 5 d[n — 2J.
b) Probability of error is
1 105 1 1,5 1 25 1 35
P=- + 2 + o + 2 .
i© ( N0/2> 19 < N0/2> i ( N0/2> i@ < N0/2>

¢) ZF equalizer with 3 coefficients is obtained solving the system

w|0]
w/l = [wl]| = (P"P) P ¢4
w[Q] T

1

where channel matrix and joint channel-equalizer response are

+1 0 0 c[0] 0
—2 41 0 o[1] 1
P=|+1/2 -2 +1 |, cqg=|c[2]|,conc; = |0]| parad=1.
0 +1/2 =2 c[3] 0
0 0 +1/2 c[4] 0
Solving the system (it is not necessary) coefficients are
w|0] —0,3951
wit = [w[1]| , con wZF = | -0,0205
w|2] +0,0259
d) The MMSE equalizer is now
w) 1
wyMEE = wll]| = (P"P+AI)  PY ¢,
wl2 ~

Universidad Carlos III de Madrid (UC3M) 10 Marcelino Léazaro, 2021
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where channel matrix is the same one as in previous section and now

c[0] 0

c[1] 0 10 0
ca= |c[2]|,conc3= |0 parad=3,I=1]0 1 0

c[3] 1 00 1

cl4] 0

and regularization parameter is A = 0,01.

e) Approximated probability of error is

1
ﬂx@&mm%)

Exercise 2.11 (Solution) a) Channel coefficients are:

1
Mm=+57MH=—Q1pP%:+QL

The trellis diagram is

Vs = [+1, 41] a _ a=+1/-0,1
; b=—1]—1,1
Wy = [=1, +1] ¢ c=+1+13
d d=-1]+0,3

e = _
¥y = [41, 1] e=+1/-0,3
Jg“ =-1/-13
do=[-1,-1 N
w[n] h w[n 1 1] h = —1| + 0,1

b) The values of symbols for sequences are
Ay ={+1, -1, +1, +1} A, ={-1, -1, -1, —1}.

¢) The probability of error, for a delayd = 0

1 0,1 1 1,3 1 0,3 1 1,1
P=-11- - 4+ = — )+ -(1-= - + = A
4( Q(VN0/2)> 4Q (\/No/z) 4( Q(VNO/Q)) 4Q (VN0/2>
d) Equalizer is obtained by solving
WgF = P#Cd,
where operator # denotes pseudo-inverse of a matrix, which is defined as
P# — (P"P)" P,

where # denotes the hermitian operator (transposition + conjugation). In this particular pro-
blem, the values are

pl0] 0 1 0

_ | ol oD 0 oo |?
Pl sy T o YT o
0 p[2] 0 0

Universidad Carlos III de Madrid (UC3M) 11 Marcelino Lazaro, 2021
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Solving the system

e | 40,75 —0,42 Hov -1 [ 1,9425 1,0878
P P_[—o,42 0,75  (PPP) = 1,0878 1,9425 |

p# — +0,9713 —0,8159 —0,5672 +0,1088
| 40,5439 40,2098 —1,2510 +0,1943 |’

and therefore

—0,8159

7F +0,9713
o +0,2098

_ _ ZF _
+0.5439 } for d =0, and wi" = [

} for d = 1.

e) For the specified values of n and with coefficients obtained for d = 1
u[l] = o[1]w[0] + o[0]w[1] = 0,8765
u[2] = o[2]w[0] + o[1]w[1] = 0,8765

It can be seen that the exact values of the transmitted sequence are not recovered. This happens
because with only two coefficients, the joint channel-equalizer response is different from the
ideal one. In particular, for d = 1, coefficients of this joint response are

—0,4079
+0,6760
—0,2284 |
40,0210

c=Pw=

which means the the level of residual ISI is relatively high.

Exercise 2.12 (Solution) a) Optimal delay is [d = 1], and the probability of error is

1 1/2 1 2
P, == + - .
2° ( No/2> 2° (FN /2)
b) Now optimal delay is . The exact probabiilty of error is

1 0,64 1 1,36
Pe - _Q + _Q .
2 (o9 2 O

0% = 0,8704 x %

where

c¢) Trellis diagram is shown in the following figure

by = [41, 1] +1| + 0,64
—1]+ 1,3
+1] 40,64
Yo = [—1,+1]
~1|+1,3
+1] — 1,
1 = [+1, —1]
—1] - 0,64
+1) - 1,36
Yo = [-1, 1]
~1] - 0,64
¥[n] Y[n +1]

Universidad Carlos III de Madrid (UC3M) 12 Marcelino Lazaro, 2021
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Probability of error can be approximated by
D .
Pe~ ko Q = |,
No/2

d) To decode this sequence of observations, Viterbi’s algorithm is used. The figure show the
branch metrics, the survival paths and the path for maximum likelihood sequence. Accumulated
metrics for each state are also provided. Boldface remarks the metric of the survival path.

where D,,;,, = sqrt4,5184

0,2209 0,1296 0.3844 3,24 2,6896

Y] V2] V3] Y[4] V5]

U3 | 0.2209 0.3505 0.7349/7.0565 3.9749/0.7749 3.4645/0.5301
¥y | 0.0625 0.3525 0.3605/3.9605

b 0.1921 0.7349/7.0565 3.6005/0.4005

Yo 0.1921 0.3605/3.9605

Therefore, the solution (maximum likelihood sequence) is:
Al0] = 41, A[1) = -1, A[2] = —1.

Exercise 2.13 (Solution) a) Taking into account the values of the two equivalent discrete chan-
nels, the noiseless output is

o[n] = Ai[n] * pi[n] + As[n] * pa[n] = 0,9 Ay[n] — 0,1 Ay[n — 1] + 0,8 Aln] — 0,2 Ay[n — 1]

This output depends on the values of the two transmitted data sequences. The 16 possible
values are shown in the table

Aq[n] Asz[n] Ajln—1] Asn—1] o[n] Aq[n] Asz[n] Ajln—1] Asn—1] o[n]
+1 +2 +1 +2 a=+2,0 +1 +2 +1 -2 i1 =428
1 42 +1 12 | b=402 1 42 41 2 | =410
+1 -2 +1 +2 c=-1.2 +1 -2 +1 -2 k=-04
-1 -2 +1 +2 d=-30 -1 -2 +1 -2 =-22
+1 +2 -1 +2 e=+272 +1 +2 -1 -2 m=+3,0
1 42 1 2 | f=404 1 42 1 2 | n=+12
11 -2 1 12 |g=-10 41 -2 1 2 | o=-02
1 2 1 12 | h=-28 1 -2 1 2 | p=-20

If both sequences are decoded simultaneously, the system has two inputs, A;[n] and As[n]
(columns 1 and 2 in the table), and one output, o[n], being the state of the system

¥ln] = [As[n — 1], Ag[n — 1]]

which means that ¢[n] corresponds with columns 3 and 4 in the table, and that ¢[n + 1]
corresponds with columns 1 and 2. Therefore, the trellis diagram is shown in the figure

Universidad Carlos III de Madrid (UC3M) 13 Marcelino Léazaro, 2021
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QL O D
N
+
—_ = e
|
~
|
=
[N}

>
1T T

+

v)—‘

|

~

I

\.}—‘

o

+1,42| +2,8
~1,42|+ 1,0
=+1,-2|- 04
—1,-2[—2,2

—_ X =
1/

m=+1,4+2|+ 3,0
n=-1,42/+1,2
0=+1,-2| - 02
p=—1,-2|—20

b) To evaluate the probability of error for user 1, with a delay d = 0, the conditional probabilities
of error are averaged

1 1
Py = §P6|A1[n]:+1 + Sl A=t
To compute these conditional probabilities, it is necessary to know which points of the extended
constellation are obtained given that A;[n] = +1 or A;[n] = —1. This points are shown in the
figure
Al[n] =+1 ®
Po——ob o000 00O o000 An]=—1 ©
-3 -2 —1 0 +1 +2 +3

Conditional probability of error is

Pampiess =5 |(1= Q(0.2) + (1 - Q(0:4) + (1= Q(1)) + (1 - Q(1.2)

+Q(2)+Q((22)+Q(28)+Q(3)

In this case Py, nj=—1 = Leja,[nj=+1, and therefore P,y = P4, nj=+1-

Probability of error for user 2, with delay d = 0, is

1

Py = §P6|A2[n]:+2 + 3 Felaam=—2-

To compute these conditional probabilities, it is necessary to know which points of the extended

constellation are obtained given that As[n] = 42 or As[n] = —2. This points are shown in the
figure
Asnj=+2 @
Ho oo oo ootee oo ¥ L 2 Asln] = -2 ©
-3 -2 -1 0 +1 +2 +3

Universidad Carlos III de Madrid (UC3M) 14 Marcelino Lazaro, 2021
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Conditional probability of error is

ucdm

Puaierz =5 |Q0.2)+ Q04+ Q) +Q(12) +Q(2) +Q(2.2) + Q(28) + Q(3)

In this case Pja,nj=—2 = Pejasnj=+2, and therefore Py = Pyl ,n)=+2-

Clearly, P.; > P.o, because the energy of the constellation is higher for sequence As[n], which
makes higher its contribution to the noiseless output.

¢) Now the ZF equalizer with 2 coefficients is obtained by solving

w = (PYP))'PH ¢4,

P}
where
7|0 0 +0,9 0 1
P1: pl[l] pl[O} = —0,1 +0,9 , Cq1 — 0
The solution is
| +1,1109
~[40,1219| ¢

Now, joint response between channel p;[n] and the equalizer is

c[n] = p1[n] x win| = wa[k] pn — kl.

In vectorial notation
+1
Ci = P1 W = —0,0014
—0,0122

It can be seen that residual ISI is relatively low.

Taking into account that channel matrix for user 2 is

0] 0 +08 0
Py = |p2[l] po[0]| = [-02 +08],
0 pll] 0 02

joint response between channelpy[n] and equalizer is

40,8888
Co = P2 W = —0,1246
—0,0244
When there is a single user
K+ Ky Ky
uln] = cld] Aln—dj+ Y clk] Aln— K]+ > wlk] 2[n — k]
~ k=0 k=0
gain kd ~

N

~ filtered noise 2’
residual ISI ered noise 2'[n]

The approximated proabbility of error is

g%kQ<(mmww|)

2 2
2 0, + 071

Universidad Carlos III de Madrid (UC3M) 15 Marcelino Léazaro, 2021
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where
Ky
0% =02 Y |wlk])®
k=0

K+ Ky

O-%SI Eq Z|

k;éd

and

Now, with two users, and considering the contribution of user 2 as ICI for user 1, the output
of the equalizer is

K+Ky K+ Ky Ky
uln] = aifd] Aifn —d] + Z crlk] Arfn — k] + Z calk] Az[n — K]+ > wlk] 2[n — K]
i = k=0
gain o N ~
~ ~~ d ICT user 2 filtered noise 2'[n]

residual ISI

Therefore, the approximation is now

dmin cild
o it
2\/0% + 0t + 01y

where
Ky
O-z’ = 0-3 Z |U}[/{J]|2 )
k=0
K+Kw
ois; = Ea e [K][
k=
k#d
and
K+Ky

olor =Ea Y lealk])®
k=0

Involved values are, dpin1 = 2, Eq = 1, B = 4, 0% = 1,2491, 07¢; = 1,5x 1074, 075, = 3,2241,
and therefore
P, ~ Q(0,4727) = 0,3182.

Now, it is necessary to consider that the ICI introduced by user 2 has to be cancelled. It is
convenient to remember that for user 1
Ci = P1 W,
and that for user 2
= P2 W

when all this coeflicients are desired to be zero.

Therefore, the system to be solved is

(p1[0] O (40,9 0 1

pi[1] pi[0] —0,1 +0,9 0

B : 1o m| | 0 =01 10
cgr = Prw, with Pr = w0l 0 | = |+08 0 cear= |
p2[1]  p2[0] —0,2 +0,8 0

L0 ] [0 -02 0

Universidad Carlos III de Madrid (UC3M) 16 Marcelino Léazaro, 2021
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Solution is given by
w = (PEP;)'PE c4r.

P

Solving the system

_ [+o.6171
~ 40,1029 -

Joint response betwen channel p;[n] and equalizer is

10,5554
C, = P1 W = +0,0309 s
—0,0103

and joint response betwen channel py[n] and equalizer is

10,4937
Co = P2 W = —0,0411
—0,0206

Involved values are, dpin1 = 2, Eg1 = 1, B = 4, 0% = 0,3914, 07¢; = 0,0011, 07,; = 0,9835,
and therefore

P ~ Q(0,4735) = 0,3179.

Exercise 2.14 (Solution) a) Optimal delay is

Probability of error

b) Now a channel equalizer is used

1) The MMSE equalizer is obtained solving the following system

wi) 1
wy M =1 wll] | = (PP + ) P ¢,
w(2] A
. . _ o2 _ 0,01 . .
where in this case A = =1 and matrix I is

1 00
I=]10 10
0 01

Ideal joint channel-equalizer response, and channel matrix are

c[0] 0 po] 0 0 Y12 0 0
c[1] 0 p[l] pl0] O +1 +1/2 0
ca=|c2] |=|1| P=|0p2 pl1] plo | =] +1/2 +1 +1/2
c[3] 0 0 pl2] plY 0 +1/2 +1
c4] 0 0 0 p2 0 0 +1/2

Universidad Carlos III de Madrid (UC3M) 17 Marcelino Léazaro, 2021
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11) The approximated probability of error is

ucdm

0,8
v/0,16 + 0,0176

c¢) Details of the application of Vitervi’s algorithm are given in the figure

P~1Q < ) = ((1,8933).

0,16 7.4 5,81 2,50
V3
P2
P1
Yo
¥[0] P[] P[2] ¥[3] P[4] ¥[5]

Therefore, the solution is

~

Al0] = =1, A[1] = +1, A[2] = —1,

Exercise 2.15 (Solution) a) Probability of error with a null delay is

1 0 1 1 1 1 1
Pe—ﬁQ(TO/J*iQ(TO/z)—z*éQ(TO/z)'

P =

Ford =1

1
5
b) ZF equalizer response, in the frequency domain is

efjwd 2€7jwd
P(ew) 1 —e 2w’

W (el) =

Probability of error is

Universidad Carlos III de Madrid (UC3M) 18 Marcelino Léazaro, 2021
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¢) Now for the MMSE equalizer, frequency response is

1[1 o €2jw] e—jwd %[1 o erw] e—jwd

1 cos(2w) + g_g 0,6 — § cos(2w)

and probabiity of error
1
P, ~ ——
@ ( /0,301 )

d) ZF and MMSE equalizers are now obtained solving the following systems
wit' = P# x ¢y = (P7 P)™' P x ¢,

and
wiMSE — p# s cy= (PEP+ AT PA x ¢y

The numerical values that are involved are

0 p[0] 0 0 +1 0 0

0 p[1] p[0] 0 0 +5 O 100 2
ca=| 1|, P=|p2 plA] pl0] | =] -2 0 +3 |, I=]0 1 0 ,A:E’Z:O,l

0 0 p[2] pl] 0 —3 0 00 1 s

0 0 0 p_2 o o -1

Exercise 2.16 (Solution) The block diagram for this exercise is shown in the figure, inclding
continuous time models, and discrete time models

Aln] Bin] s(t) r(t) qln]
he[n] 9(t) h(t) ﬂ?—‘ f(t) Jf
n(t) t=nT
Al [ B : gl AR [ ; gl

a) In this digital communications sytems ISI is avoided if

1
T>Ty— Ty < —=10"3s.
Ry,

b) Power spectral density is

AT T

Ss(jw) = 2 (1,00 + 0,6 cos(wT)) sine? | 2= ) .
4 47
This response is plotted in the figure
169 A27 | e
=
=
0
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¢) Optimal delay is d = 1. For a MAP detector and assuming a high SNR decision regions are

B An—1]=-1 @ An—1]=+1
—a—= I ne ue I *—|—0—
|«
>
+

I I

d) The MMSE equalizer is obtained by solving

Wg\l/IMSE _ P)\# X Cg = (PH P+)\I)_1 P « Cq

where
0 pf0] 0 0 1 0 0
0 pe[l] pe[0] O 1,06 1 0 100
ca=| 1|, P=|p[2] pel] pf0]| =1]0225 105 1 |, I=]0 1 0
0 0 pf2] pefl] 0 0225 1,05 00 1
0 0 0 pe[2] 0 0 0,225

the regularization parameter is A = ¢2/F, = 2]%05 = 0,05 (Es =1).
e) For each value of delay d, a different vector c, is used. Given this vector, the equalizer is
wa = (PP, + A1) Pllc,,
Now, coefficients of the joint channel-equalizer response are
caln] = pen] * wqln).
Finally, the delary d that maximizes

TN
2\/o5 + o7g;

or, equivalently,

is chosen. Here

4
otsr = Es ) lean]|*.
nzd
Usually, the best performace is obtained when delay is located at the central positions of the
joint channel-equalizer response.

Exercise 2.17 (Solution) a) Optimal delay is
d=2.

Probabiolity of error

1 1/2 1 3/2 \ _ »
P = Q( N0/2> +2Q<\/W> ~ 1,27 x 10

Universidad Carlos III de Madrid (UC3M) 20 Marcelino Léazaro, 2021
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b) Now, equalizers without constraints and a 4-PAM constellation are used

ucdm

1) For ZF equalizer, frequency response is

iw e—jwd e—jwd
W(e ) = P(ejw) = %_’_ e—?jw'

Delay d (it is not necessary here to compute it), would be the minimal required delay to
guaranty that the inverse Fourier transform, w[n], be causal.

The probability of error is

1
P.~2Q | ——= ) = 1,075 x 107%.
@ ( 0,0667) 8

11) Now, for MMSE equalizer frequency response is

() o0 (hen) o

W Jjw — —
() g + cos(2w) + 0,01 1,26 + cos(2w)

Probability of error is

P. ~2Q ( ) =90,0223 x 107°.

1
v/0,0652

Evidently, the MMSE equalizer has better performance than the ZF equalizer.
¢) Now, a linear equalizer with 5 coefficients is considered.

1) Heuristicaly, it has been observed that typically the best performance is obtained when
the delay corresponds to the central position of the joint channel-equalizer response (this
strategy is called tap centering). Therefore, the selected delay is d = 3.

The MMSE equalizer is obtained by solvikng
wiMSE — p# ¢y = (PEP + AT PH x ¢y

In this case A = 0,01 and

0 10000
0 05000 10000
0 103100 01000
ca=|1|,P={0103% 0|, I=[00100
0 00101 00010
0 00010 00001
| 0 |00 0 0 1]

11) Optimal delay is d = 3, and the approximated probability of error is

0,85
P, ~ 2 ’ =2Q(0,2615) ~ 0,7937
@ <\/o,03252 + 3,252) @ )

Exercise 2.18 (Solution) a) Memoryless symbol-by-symbol detector

1) Optimal delay is d = 1. Decision regions are given in the figure.
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—6 —4 —2 0 +2 +4 +6
I+3 ]-‘rl I 3

The alternative option is to decide from the normalized observation

qnln] = aln] = —M, where now noise variance is o2 = iF 5 = U—g,

pld] 2 pld]]* 4

and to maintain the decision regions of a 4-PAM, I_3 = (—o0,—2), [_; = [-2,0), [, =

[07 +2)7 Iig = [+2? +OO)'

11) Probability of error is
1 1 1
P = 1Q(15) + 1Q(20) + 1Q(25)

b) Linear equalizer without constraints in the length

1) The equalizer, in the frequency domain

- i e—jwd
() = T 9w + T2
Probability of error is
P. ~ 2 (Q(10,055)

11) Delay d is the minimum integer necessary to guarantee that the inverse Fourier transform
of W (e#*), i.e., w[n], is causal.
c¢) Equalizer with the 3 given coefficients
1) Delay d =2
11) Probability of error
P, ~ 2 Q(3,7205) = 1,9884 x 10~*

Exercise 2.19 (Solution) a) Memoryless symbol-by-symbol detector

1) Optimal delay is d = 2. Decision regions are shown in the figure

® | ®
|
-1 0 +1
I, = (7007 O] I, = (Oa OO)
The alternative option is to decide from the normalized observation
] = 0 — o, se variance is 02, =
qn|n] = = = —q[n], where now noise variance is 0, = ——— = 07,
pld] [pld][?
and to maintain the decicios regios of a 2-PAM, I_; = (—00,0), 111 = [0, +00). In anay
case, the decision are
A[0] = dec(q[2]) = ~1, A[1] = dec(q[3]) = +1, A[2] = dec(q[4]) = ~1
= -1, fl[4] = dec(q[6]) = +1, A[5] = dec(q[7]) = —1

A[3] = dec(q[5])

Marcelino Lazaro, 2021
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11) Probability of error is

1_ (07 1./ 13
Po=-Q(—2=)+-0(—-2)=0,0303
2Q(ﬂm>+fdiaﬁ

b) Linear equalizer without constraints in the length

ucdm

1) The equalizer, in the frequency domain
) e—jwd
W) = ————
(6 ) 073 _ 6—]2w
Probability of error is
P. ~ (2,1331) = 0,0165
11) Delay d is the minimum integer necessary to guarantee that the inverse Fourier transform
of W (&%), i.e., w[n], is causal.

¢) The application of Viterbi’s algorithm, which is the optimal decoding algorithm in this case,
is shown in the figure

0,81 0,85 1,85

—_
[02]
el
4521
Ha

N
(1
w |

Afo] = -1
All] = +1
APl = -1
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